CM values of higher Green’s functions

Maryna Viazovska

Abstract. In this paper we study the values of higher Green’s functions
at points of complex multiplication (CM points). Higher Green’s func-
tions are real-valued functions of two variables on the upper half-plane
which are bi-invariant under the action of a congruence subgroup, have
a logarithmic singularity along the diagonal and satisfy Af = k(1—k)f,
where A is the hyperbolic Laplace operator and k is a positive integer.
B. Gross and D. Zagier conjectured in “Heegner points and derivatives of
L-series” (1986) that certain explicit linear combinations of CM values
of a Green’s function are equal to the logarithm of the absolute value of
an algebraic number. In this paper we prove the conjecture for any pair
of CM points lying in the same imaginary quadratic field.
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1. Introduction

For any integer k > 1 there is a unique function Gy on the product of two
upper half-planes ) x $) which satisfies the following conditions:

(i) Gy is a smooth function on $ x H\ {(7,77),7 € 9,7 € SL2(Z)} with
values in R.
(i) Gk(71,72) = Gr(7171,7272) for all v1,72 € SLa(Z).
(i) AGr = k(1 — k)G, where A; = —43(r)? 52— is the hyperbolic
Laplacian with respect to the i-th variable, 1 = 1, 2.

(iv) Gi(m1,72) = s log|m — 72| + O(1) when 7y tends to 7 (s is the order of
the stabilizer of 7o, which is almost always 1).

(v) Gg(m1,72) tends to 0 when 71 tends to a cusp.

This function is called the k-th Green’s function.

The significant arithmetic properties of these functions were discovered
by B. Gross and D. Zagier [10]. In particular, it was conjectured that certain
explicit linear combinations of CM values of a Green’s function are equal
to the logarithm of the absolute value of an algebraic number. To state the
conjecture, we need the following definitions.

Let f be a modular function. Then the action of the Hecke operator T,
on f is given by

1T () =mt 30 f(“”b),

+d
(g S)ESL2(Z)\Mm v

where M., denotes the set of 2 x 2 integral matrices of determinant m.

The Green’s functions G have the property
Gr(m,72) | T, = Gr(m1,m2) | T2,

m

where 7,7 denotes the Hecke operator with respect to the variable 7;,4 =1, 2.
Therefore, we will simply write Gy (71, 72)| Ti.

Denote by Sa2(SL2(Z)) the space of cusp forms of weight 2k on the full
modular group.

Proposition 1.1. Let k > 1 and A = {\,}5_, € @,_, Z. Then the following
are equivalent:

(i) Zf:;zl Am@m = 0 for any cusp form

f= Z amq™ € Sox(SLa(Z)).

m=1

(i) There exists a weakly holomorphic modular form

IA(T) = D Amg™™ + O(1) € My_p,(SL2(2)).
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The proof of this proposition can be found, for example, in [3 Section 3].
Let us outline the proof. The space of obstructions to finding modular forms of
weight 2 — 2k with given singularity at the cusp and the space of holomorphic
modular forms of weight 2k can be both identified with cohomology groups of
line bundles over a modular curve. The statement follows from Serre duality
between these spaces.

We call a A with the properties given in the above proposition a relation
for Sox(SL2(Z)). Note that the function gy in (ii) is unique and has integral
Fourier coefficients.

For a relation A denote
Gia = Z A Pt Gi(11,72) | Tin-
m=1

The following conjecture was formulated in [I0] and [9].

Conjecture 1.2. Suppose A is a relation for Soi(SLo(Z)). Then for any two
CM points 31, 32 of discriminants D1, Do there is an algebraic number o
such that

Gia(31,32) = (D1D2)% log |c|.

This conjecture was verified numerically by D. Zagier [9], [15]. In the case
k=2, D; = —4 and D5 arbitrary the conjecture was proven by A.Mellit in
his doctoral dissertaion [II]. In this paper we prove the conjecture for any
pair of points 31,32 lying in the same imaginary quadratic field Q(v/—D).

Theorem 1.3. Let 31,32 € $H be two CM points in the same quadratic imag-
inary field Q(v/—D) and let X be a relation for Soi(SLa(Z)) for some inte-
ger k > 1. Then there is an algebraic number o such that

Gr,A(31,32) = log|al.

Let us briefly explain the idea of the proof. The key technique used
in our paper is the regularized theta lift introduced in [2]. Following ideas
given in [4] we prove in Theoremthat the Green’s function is equal to the
regularized theta lift of an eigenfunction of the hyperbolic Laplace operator.
This allows us to extend a method given in [12], that is to analyze CM
values of Green’s functions using rich functoriality properties of theta lifts.
In Theorem [9.1] we prove that a CM-value of a higher Green’s function is
equal to the regularized Petersson product of a weakly holomorphic modular
form of weight 1 and a binary theta series. In Theorem [10.1| we show that the
regularized Petersson product of any weakly holomorphic modular form of
weight 1 and a binary theta series is equal to the logarithm of a CM-value of
a certain meromorphic modular function. Thus, from Theorems [0.1] and
we see that a CM-value of a higher Green’s function is equal to the logarithm
of a CM-value of a meromorphic modular function with algebraic Fourier
coefficients. This proves Theorem
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2. Vector-valued modular forms

Recall that the group SLa(Z) has a double cover Mp,(Z) called the metaplec-
tic group whose elements can be written in the form

((25) =)

where (g 2) € SLy(Z) and v/cT + d is considered as a holomorphic function
of 7 in the upper half plane whose square is ¢7 + d. The multiplication is
defined by

(A, f(1)(B, g(7)) = (AB, f(B(7))g(7))
for A, B € SLy(Z) and f, g suitable functions on $).

Suppose that V' is a vector space over Q and that ( , ) is a bilinear
form on V' x V with signature (b*,57). For an element z € V' we will write
q(z) = 3(z,x). Let L C V be a lattice. The dual lattice of L is defined as
L'={x e V|(z,L) C Z}. We say that L is even if ¢(¢) € Z for all £ € L. In
this case L is contained in L’ and L’/L is a finite abelian group.

We let the elements e, for v € L'/L be the standard basis of the group
ring C[L'/L], so that e,e, = e,4,. Complex conjugation acts on C[L'/L]
by €, = e,,. Consider the hermitian scalar product on C[L’/L] given by

(en,ev) =0uu (2.1)

and extended to C[L’/L] by sesquilinearity. Recall that there is a unitary
representation py, of the double cover Mp,(Z) of SLy(Z) on C[L’/L] defined by

pL(T)(ey) =e(qv)) e (2.2)
pr(B)(e,) =i 2D S e(—(un)en  (23)
peL’'/L
where
e () )= (0 )A) e

are the standard generators of Mp,(Z) and we use the notation e(a) := ™.

For an integer n € Z we denote by L(n) the lattice L equipped with a
quadratic form ¢ (£) := nq(¢). In the case n = —1 the lattices L'(—1) and
(L(—1))" coincide and hence the groups L'/L and L(—1)'/L(—1) are equal.
Both representations pz, and pp_1) act on C[L'/L] and for v € Mpy(Z) we
have PL(A)(’Y) =pr(7)-

A vector valued modular form of half-integral weight & and representa-
tion pr, is a function f: $ — C[L'/L] that satisfies the following transforma-
tion law:

f(‘”*b) —Ver+d oL <<“ 2) m) £,

et +d c
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We will use the notation 9y (pr) for the space of real analytic, My(pr)

for the space of holomorphic, My(pr) for the space of almost holomorphic,
and M, ,L(pL) for the space of weakly holomorphic modular forms of weight k
and representation py,.

Now we recall some standard maps between the spaces of vector valued
modular forms associated to different lattices [6].

If M C L is a sublattice of finite index then a vector valued modu-
lar form f € M (pr) can be naturally viewed as a vector valued modular
form f € My (par)- Indeed, we have the inclusions

McLcL cM
and therefore
L/McL'/Mc M /M.
We have the natural map L'/M — L'/L, p — [.
Lemma 2.1. For M =M, M, M or M* there are two natural maps

resg /v Mr(pr) — Mui(par)
trr ar: Mi(par) = Mi(pr)

given by
. ifpel//M ,
(I“eSL/M(f))# = {gﬂ zjj’z Z L';M (f € My(pr), pe M'/M) (25)
(tronr(9), = Y. gn (9 € Milpar), A€ L'/L).  (2.6)
uEﬁLf'/M

a=A

Now suppose that M and N are two even lattices and L = M @& N.
Then we have

L'/JL=(M'/M)® (N'/N).
Moreover
C[L'/L) = C[M'/M]® C[N'/N]
as unitary vector spaces and naturally
PL = pMm ® PN-

Lemma 2.2. For two modular forms f € My(pr) and g € Mi(pp(—1)) the
function

he=(f9cprmn= Y, € D fuswn

VvEN'/N  peM’'/M

belongs to My4i(pN).
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3. Regularized theta lift

In this section we recall the definition of the regularized theta lift given by
R. Borcherds in the paper [2].

We let (L, g) be an even lattice of signature (2,b) with dual L’. The (pos-
itive) Grassmannian Gr™ (L) is the set of positive definite two-dimensional
subspaces v+ of L ® R. We write v~ for the orthogonal complement of v, so
that L ® R is the orthogonal direct sum of the positive definite subspace vT
and the negative definite subspace v~. The projection of a vector £ € L ® R
into the subspaces v* and v~ is denoted by ¢,+ and £, respectively, so
that £ =+ + £,—.

The vector valued Siegel theta function ©r: $ x Gr* (L) — C[L'/L]
of L is defined by

OL(r,v") =S(1)"? > e(q(lo)T + q(lo-)7) errp- (3.1)
e’

Remark 3.1. Our definition of ©y, differs from the one given in [2] by the
multiple S(7)%2.

Theorem 4.1 in [2] says that O (7,v") is a real analytic vector valued
modular form of weight 1 — b/2 and representation py with respect to the
variable 7.

We suppose that f is some C[L’/L]-valued function on the upper half
plane $) transforming under SLy(Z) with weight 1—5/2 and representation py, .
Define a regularized theta integral as

reg
q)L(’UJra f) = / <f(T)7 @L(T7 U+)> yilib/Q dx dy7 T=T+ Zy (32)
SL2(Z)\$

The integral is often divergent and has to be regularized. In [2] Borcherds
suggested the following method. We integrate over the region

Fo={re€n|-1/2<R(1) <1/2, and |7| > 1, and ST < t}.

Note that Foo := J,5¢ F¢ is a fundamental domain of SLy(Z)\$. Suppose
that for R(s) > 0 the limit

lim [ (f(7),0L(r,v"))y~ "2 dudy

t—o00 F.
exists and can be continued to a meromorphic function defined for all com-
plex s. Then we define

reg

/ (f(r),0r(r,v") y " dady
SL2(Z)\%

to be the constant term of the Laurent expansion of this function at s = 0.

In all the cases considered in this paper the limit as ¢ goes to infinity already

exists at s =0 .
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Denote by Aut(L) the group of those isometries of (L ® Q,q) which
map L to itself. The action of Aut(L) on f is given by the action on L'/L.
We define Aut(L, f) to be the subgroup of Aut(L) fixing f. The regularized
integral ®7(vT, f) is a function on the Grassmannian Gr™ (L) that is invariant
under Aut(L, f). Let Aut(L, L) be the group of those elements in Aut(L)
which act trivially on L’/ L. Clearly, Aut(L, L’) is a subgroup of Aut(L, f).

Suppose that f € M '(Mpy(Z), pr) has a Fourier expansion
Ful) = 303 culntyen, 1)y~
neQ teZ
and the coefficients ¢, (n,t) vanish whenever n < 0 or t <0 or t > 0.

We will say that a function f has singularities of type g at a point if f—g
can be redefined on a set of codimension at least 1 so that it becomes real
analytic near the point.

Then the following theorem, which is proved in [2], describes the singu-
larities of regularized theta lift @ (v, f).

Theorem B1 ([2, Theorem 6.2]). Near the point vy € Gr* (L), the function
&y (v, f) has a singularity of type

Z Z —Ce+L <Q(€>7t) <_47T q(€v+))tlog(Q(€v+))/t! :
t20 e L’ nvy
€40
In particular @y, is nonsingular (real analytic) except along a locally finite set
of codimension 2 sub-Grassmannians (isomorphic to Gr*(2,b—1)) of Gr™ (L)
of the form -+ for some negative norm vectors £ € L.

The Grassmannians of signature (2,b) are of particular interest for us
since they can be equipped with a complex structure. A complex structure
can be introduced as follows. The open subset

P={[ZeP(L®C)|(Z,Z)=0and (Z,Z) > 0}
is isomorphic to two copies of Gr' (L) by mapping [Z] to the oriented subspace
spanned by R(2), $(2).
Next, we recall a convenient coordinate system on Grt (L) introduced
in [2]. To this end we need the additional assumption that L contains a

primitive vector of length 0. We choose m € L, m’ € L’ such that m? = 0
and (m,m’) = 1. Denote Vg := L ® Q N'm* Nm’+. The tube domain

H={z€VoerC| (3(2),3(z)) >0} (3.3)
is isomorphic to P by mapping z € H to the class in P(L ® C) of

Z(z)=z+m' — %((272) + (m/,m"))m.

We consider the lattices M = LNm* and K = (LNmt)/Zm, and we
identify K ® R with the subspace L ® R Nm* Nnm/t.
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We write N for the smallest positive value of the inner product (m,¢)
with ¢ € L, so that |L'/L| = N?|K'/K]|.

Suppose that f = Zu e, fr+u is a modular form of type pr and half
integral weight k. Define a C[K’/K]-valued function

Z fKJrIi(T) €

kEK' /K
by putting
fran(m) = > fraulr

neLl’/L

plM=x
for k € K. The notation A|M means the restriction of A € Hom(L,Z) to M,
and v € Hom(K,Z) is considered as an element of Hom(M,Z) using the
quotient map from M to K. The elements of L’ whose restriction to M is 0
are exactly the integer multiples of m/N.

For z € H denote by w™ the following positive-definite subspace of Vj
wh(z) = RS(2) € GrH(K).

Theorem 7.1 in [2] gives the Fourier expansion of the regularized theta
lift. In the case where the lattice L has signature (2,b) this theorem can be
reformulated in the following form:

Theorem B2 ([2, Theorem 7.1]). Let L, K,m,m’ be defined as above. Suppose

F= 3 e S culmy)e(ma)

peL'/L  meQ

is a modular form of weight 1 — b and type py with at most exponential
growth as y — oo. Assume that each function c,(m,y)exp(—2m|m|y) has
an asymptotic erpansion as y — oo whose terms are constants times prod-
ucts of complex powers of y and nonnegative integral powers of log(y). Let
z=u+1iv be an element of a tube domain H. If (v,v) is sufficiently large
then the Fourier expansion of ®p(vF(2), f) is given by the constant term of
the Laurent expansion at s = 0 of the analytic continuation of

Va(v) Pk (w

(nl,u—m') + (npu,m’)) x

ZEK’ EL /L n>0
wlM=t

[t exp(-”“;(“) o) F

y>0
(3.4)

(which converges for R(s) > 0 to a holomorphic function of s which can be
analytically continued to a meromorphic function of all complex s).
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The lattice K has signature (1,b — 1), so Gr™(K) is a real hyperbolic
space of dimension b—1 and the singularities of ® i lie on hyperplanes of codi-
mension 1. Then the set of points where @ is real analytic is not connected.
The components of the points where @ is real analytic are called the Weyl
chambers of @ . If W is a Weyl chamber and ¢ € K then (¢,W) > 0 means
that ¢ has positive inner product with all elements in the interior of W.

4. Infinite products

We see from Theorem [BI] that the theta lift of a weakly holomorphic mod-
ular form has logarithmic singularities along special divisors. The following
theorem relates regularized theta lifts with infinite products introduced in
Borcherds’s earlier paper [I].

Theorem B3 ([2, Theorem 13.3]). Suppose that f € Mllfb/Q(SLg(Z),pL) has

a Fourier expansion
Z Z ex(n)e(nt) ey
AEL' /L n>—00

and the Fourier coefficients cx(n) are integers for n < 0. Then there is a
meromorphic function W (Z, f) on L with the following properties:
1. U is an automorphic form of weight co(0)/2 for the group Aut(L, f)
with respect to some unitary character of Aut(L, f).

2. The only zeros and poles of ¥, lie on the rational quadratic divisors (-
fort e L, q(¢) <0 and are zeros of order

Z Ca (Q(ﬂ))~

zeRt
zlel’

3. The following equality holds:
1 (Z, f) = —41og|¥1(Z, f)] = 2¢0(0)(log [Y'| + T(1)/2 + log v2m).

4. For each primitive norm 0 vector m of L and for each Weyl chamber W
of K the restriction V,,,(Z(z), f) has an infinite product expansion con-
verging when z is in a neighborhood of the cusp of m and I(z) € W
which is some constant of absolute value

[T - e(e/ayommr
5€Z/NZ.
570

times
o(ZpEW, i) TT TT (1= el 2) + (o)) *7.

keK’' peL’'/L
(k,W)>0 p|M=k
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The vector p(K, W, fi) is the Weyl vector, which can be evaluated ex-
plicitly using the theorems in [2, Section 10].

Remark 4.1. In the case where L has no primitive norm 0 vectors Fourier
expansions of ¥ do not exist.

Remark 4.2. We say that ¢o(0) is the constant term of f.

5. Differential operators

For k € Z denote by Ry and Lj; the Maass rasing and lowering differential

operators
1 0 k 1 0
= - | = L= — (r—7)2 .
R 271 ((‘37' Tz T)’ M7 o (r=7) or

The the weight k Laplace operator is given by

0? 0
k(t—7)=.

gror T HT T ge
For integers [, k we denote by Fj j the space of functions of weight £ satisfying

= (104 K622,

We will use the following well-known properties of the spaces Fj , and
differential operators Ly, Ry.

Ap = —4n? Ry,_o Ly = —4n* (Lyyo Ry — k) = (1 — 7)?

Proposition 5.1. The spaces F i, satisfy the following properties:
(i) The space Fj, is invariant under the action of the group SLa(R),
(i) The operator Ry maps Fyj to Fj pia,

(i11) The operator Ly, maps Fjj to Fj j_o.

For a modular form f of weight k we will use the notation
R'f = Ri(f) = Reyar—20- -0 Rif.
For simplicity we drop the weight subscript in Rj.

Denote () := ﬁ%f. We have [5], equation (56)]
. o\ (k+8).—
T(F) = —_1)-s T oJr=s p(s) 1
w1 = () G 1 6.1)

where (a), = a(a+1)--- (a+m—1) is the Pochhammer symbol. For modular
forms f and g of weight k& and [ the Rankin—Cohen bracket is defined by

[fvg] = lf/g_kfg/7

and more generally

ol =0 (TN (T e

s=0
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The function [f, g, is a modular form of weight k + [ + 2r. Note that

<k> _ (k — s'+ 1)s

is defined for s € N and arbitrary k.

We will need the following proposition.

Proposition 5.2. Suppose that f and g are modular forms of weight k and I
respectively. Then, for integer r > 0 we have

R'(f)g = alf,g] +R<ZbRS RTSl()>

(k2 -2\
N r

and by are some rational numbers.

where

Proof. The operator R satisfies the following property:

R(fg) = R(f)g + [R(g)-
Thus, the sum

Z a;R'(f)R(g)

i+j=r

B X wr(IR )

itj=r—1
for some numbers b; if and only if >;_;(—1)%a; = 0. For the Rankin—Cohen
brackets the following identity holds:

[ﬁmrzﬁfvﬂf(k+r‘1)C*”””)R“ﬂMﬁR%w. (52)

S r—S
s=0

can be written as

We will use the following standard identity:

i(k+r1> (l+r1) B <k+l+2r2>
pors s r—s r
It follows from the above formula and ([5.2)) that the sum
k+14+2r -2\ _,
( )R (a - 110l

r
can be written in the form
B Y wR(RG).
i+j=r—1
This finishes the proof. O
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Proposition 5.3. Suppose that f is a real analytic modular form of weight
k—2 and g is a holomorphic modular form of weight k. Then, for a compact
region F' C ) we have

/ Ris(f) gy* 2 dudy = / a2 (d — idy).
F oF

Proof. The proposition follows immediately from Stokes’s theorem. (]

Denote by K, the Bessel K-function

SR 1Ll L)

L) = nT(v+n+1)’ 2 sin(rnv)

n=0
The function K, becomes elementary for v € Z + 1/2. We have
(m/2)

Ky (x) = Rl e " hi(z),

for k € Z>q, where hy, is the polynomial
k

(Gl L
hi(z) = ;) mxk .

The following statement follows immediately from equation (|5.1)):
Proposition 5.4. For k € Z~ the following identity holds:
R’iQk(e(nT)) = Qy% nkts Kk+1/2(27my) e(nx).

6. A see-saw identity

Suppose that (V, q) is a rational quadratic space of signature (2,b) and L C V
is an even lattice. Let V' = V; @ V5 be the rational orthogonal splitting
of (V, q) such that the space ¥ has signature (2,b — d) and the space V5 has
signature (0, d). Consider two lattices N := LNV; and M := LNV,. We have
two orthogonal projections

pryc LOR—-M®R and pry: LOR = N®R.

Let M’ and N’ be the dual lattices of M and N. We have the following
inclusions
McL NCL MoNCLCL CM @oN/,
and equalities of the sets
pry (L) = M', pry(L') = N,

Consider a rectangular |L'/L| x |N’/N|-dimensional matrix 77, y with

entries
() = Z e(—q(m)7)
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where A € L'/L,v € N'/N,7 € $. This sum is well defined since N C L.
Note that the lattice M is negative definite and hence the series converge.

Theorem 6.1. Suppose that the lattices L, M and N are as above. Then there

is a map Ty N My(pr) — Myyq/2(pn) sending a function f = (fx)rer//L
to the function g = (gu)ven'/n defined as

> Oaw(r) Arl7). (6.1)
\eL'/L

In other words,
g=TiNf
where f and g are considered as column vectors.

Proof. Consider the function
Ou-n(™) =SB = Y e Y o
peM’ /M ’mEJ\/f—‘r,u,

that belongs to Mg/2(par(—1))- It follows from (6.1)) that
Tr.n(f) = (respyman (£), Onr(-1)) e -
Thus, from Lemma we deduce that Tp n(f) is in My q/2(pn)- O

Theorem 6.2. Let L, M, N be as above. Denote by i: Gr™ (N) — Gr™ (L) the
natural embedding induced by the inclusion N C L. Then, for vt € Grt(N)

the theta lift of a function f € ]\//.fll_b/z(SLg(Z),pL) the following holds:
Cr(i(vh), f) = dn (", T (f)). (6:2)

Proof. For a vector £ € L' denote m = pry,(£) and n = pry(¢). Recall
that m € M’ and n € N'. Since v* is an element of Gr™ () it is orthogonal
to M. We have

Q(gv"') = q(nv‘*')a q(gv_) = q(m) + q(nv—)'
Thus for A € L'/L we obtain
Oryr(r,v) = Z e(q(ly )T+ q(l,-)7)

LeX+L

= Y e(g(ng)T + q(n,-)7 + g(m)7).

meM’,neN’
m+nei+L

Since N C L we can rewrite this sum as

@A_;.LTU Z ®u+N7—U) VA()

VvEN'/N

Thus, we see that for f = (fx)rer//r the following scalar products are equal:

(f,0L(r,v")) = (T n(f), On(T,0T)).
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So, the regularized integrals (3.2 of both sides of the equality are also equal.
O

Remark 6.3. Theorem works even in the case where v is a singular point
of @1 (v, f). If the constant terms of f and T, n(f) are different, then the
subvariety Grt (V) lies in singular locus of ®(v™, f). On the other hand, if
the constant terms of f and T, v (f) are equal, then the singularities cancel
at the points of Gr™ (N).

Remark 6.4. The map T,y is essentially the contraction map defined in [12]
Paragraph 3.2].

7. The lattice My(Z)

Consider the lattice of integral 2 x 2 matrices denoted by Ms(Z). Equipped
with the quadratic form ¢(z) := —detz it becomes an even unimodular
lattice.

The Grassmannian Grt(M(Z)) is isomorphic to § x $ as a complex
manifold. This isomorphism can be constructed in the following way. For a
pair of points (71,72) € $ X $ consider the element of norm zero

T1T2 T1
Z:( ™ 1)€M2(Z)®(C.

Define v (71, 72) to be the vector subspace of M3(Z) ® R spanned by two
vectors X = R(Z) and Y = $(Z). The group SLy(Z) x SLa(Z) acts on M2(Z)
by (71,72)(z) = 11274 and preserves the norm. The action of SLy(Z) x SLa(Z)
on the Grassmannian agrees with the action on $ x $ by fractional linear
transformations

(v1,72) (v (11, 72)) = v (31(71), 72 (72))-

We have

1 1
X?=Y2= 5(Z, Z) = —5(71 —7) (o — ),

(X,Y)=2?=0.

For ¢ = < “ 2) € M(Z) and vt = vt (1, 72) we have
c

_(,2)(,Z)  |dnm —cn — b tal?
=72 ~ -

Denote

9(7;71772) = @MQ(Z) (T, U+(Tl772))
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where 7 = x + iy. Considered as a function of 7, the kernel © belongs
to My (SLa(Z)) and we can explicitly write this function as

2
O(r; 11, m2)=y Z o (|a7'17'2 + b7 + cmo + d| (r = 7) — (ad — bc)r)

—(m —7)(12 — T2)

(|a7'17'2 + b1 + e +d|? laT1 72 + b1y + 7o + d|? )
Y e .- 7).

ot ez —(11 = T1) (72 — T2) —(11 = T1) (12 — T2)

8. Higher Green’s functions as theta lifts

The key point of our proof is the following observation:

Proposition 8.1. Denote by A* the hyperbolic Laplacian with respect to the
variable z. For the function © defined in the previous section the following
identities hold:

ATO(T;1, 1) = AT O(15711,T2) = A2 O(75 711, T2).

A similar identity can be found in [4].

Suppose that A = {\,, }5°_, is a relation for Sax(SL2(Z)) (the definition
is given in the introduction). Then there exists a unique weakly holomorphic
modular form gy of weight 2 — 2k with Fourier expansion of the form

Z Am @+ O(1).

Consider the function hy := R¥=1(gx) which belongs to M (SLa(Z)).
Theorem 8.2. The following identity holds:

Gia(11,72) = Paryzy (0T (11, 72), hx).
Here

@Mz(z)(v+(Tl,T2), hx) = lim ha(T) O(T; 11, 70) y~2da dy. (8.1)

t—o0 F,

Proof. We verify that the function ®y, (z)(v* (71, 72), ha) satisfies conditions (i)
to (v) listed at the introduction.

Firstly, we verify property (i). Let T,,, C SL2(Z)\$ x SL2(Z)\$ be the
Hecke correspondence. We recall that T}, is defined as

Ty = {(7'1,7'2) S SLQ(Z)\ngLQ(Z)\ﬁ | = ar; +b

ab
p—— for some (C d) € Mp}.

For a relation A consider a divisor
Dxi=Y AnTh.
m

Denote by Sx the support of Dy. It follows from properties (i) and (iv) of
Green’s function given at the introduction that the singular locus of G y is
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equal to Sx. It follows from Theorem ([2, Theorem 6.2, p.24]) that the
limit exists for all 71, 72 € $x $H\ Sx; moreover, it defines a real analytic
function on this set. Next, we apply the argument given in [2] to our setting.
The function Ay has Fourier expansion

ha(r)= Y eln,y)e(nr).

nez
n>=>—oo

Fix vT = vT (7, 72) for some 71,72 € $ x . For each ¢t > 1 the set F;
can be decomposed into two parts F; = Fy U II; where II; is a rectangle
II, = [-1/2,1/2] x [1,¢]. It suffices to show that the limit

lim ha(T) Ongy (2 (T507T) y 2dx dy

t—o0 I,

exists for all (71, 72) ¢ Sx. This can be seen from the following computation:

/hA(T) Oz (TivH) Yy dady

1T,

/Z > clny)e(n)e(q(lee )T+ q(l,-)) y~ " dudy

n€” 6e My(Z)
1/2 t

Z Z c(n,y) e(nz — q(€)z) exp(—4m q(L,+) y) y~Ldx dy

121 n€Z Le Mo (Z)

t

> clq(0),y) exp(—4mq(ly+) y) y~" dy.
1 teMa(2)

Properties (i) and (iv) follow from Theorem BI]([2, Theorem 6.2, p. 24]).

Property (ii) is obvious since the function ©(7; 71, 72) is SLa(Z)-invariant
in the variables 7 and 75.

Property (iii) formally follows from the property of theta kernel given
in Proposition [8.1] and the fact that the Laplace operator is self adjoint with
respect to the Petersson scalar product. More precisely, we have

A71<I>M2(Z)(h>\,v+(7'1,7'2)) = tli%/h)\(T)ATl@(T;T1,T2)y72dl‘dy.

Using Proposition [81] we arrive at

AT D,z (ha,vT (11, 72)) = tli)rgo/h)\(T)AT@(T;Tl,Tg)y_2d.'Edy.
Fy
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It follows from Stokes’s theorem that

/h)‘(T)AT@(T;T1,T2)y_2d$dy—/Ah)\(T)@(T;ThTQ)y_Qd{l?dy

Fy Fy
1/2
= /(hALO(G)—LO(hA)@)y_2dx
-1/2

y=t

This expression tends to zero as ¢ tends to infinity. Since gx € Fj2-of it
follows from Proposition that Ahx = k(1 — k)hx. Thus, we see that the
theta lift @y, (z)(ha,v") satisfies the desired differential equation

ATi(I)M2(Z)<h)\,v+(T1,T2)) =k(1- k)q)M2(Z)(h}\7U+(T]_,TQ)) (i=1,2).

It remains to prove (v). To this end we compute the Fourier expan-

sion of @y, (z)(hx,v" (71, 72)). This can be done using Theorem We se-

lect a primitive norm zero vector m := (}§) and choose m’ := (J9) so

that (m,m’) = 1. For this choice of vectors m, m’ the tube domain H de-
fined by equation (3.3)) is isomorphic to ) x ) and the map between £ x $
and the Grassmannian Gr™(My(Z) is given by

(11, 72) = v (11, 72).

The lattice K = (M N'm™)/m can be identified with

MﬂmLﬂm’L:{<0 b)’b,cEZ}.
c 0

Set z; = R(7;) and y; = I(7;) for i = 1,2. The subspace w* (7, 72) € Grt(K)

is equal to
0
R~ V).
y2 0

Suppose that the function gx has Fourier expansion
g = Z a(n)e(nt).

nez

It follows from Proposition [5.4] that
ha(m) = c(n,y)e(n)

nez

where
c(n,y) = a(n) y"/* n* 12 Ky jo(2mny) exp(2mny).

We write

c(n,y) = Z b(n,t)y "

t>0
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for some complex numbers b(n,t). We can rewrite equality . as

D (v +7h>\) \[717%+| ( |mv+| Z Z ((nl, m

LeK n>0

) /C(q(£)7 y) exp(—mn?/4q(m,+ )y — 47rq(€w+)y)y_3/2dy

0
= V2@ (W (11, 72), fr Z > el(nl,u)

y1y2

LeK n>0
7 2 0 0)2
X /c exp( Y2 —wy( X)) )y_3/2dy, (8.2)
. Y Y1y2

where u = R (702 701) and v = %( (1‘ Tl) We choose a primitive norm zero

vector r = () §) € K. It follows from [2, Theorem 10.2] that

Opc(wh, ha) =D b(0,8)(2r2 ) TP T (4 1) (—2m0)* 2 Byyyo / (2t + 2)!
t

=3 b0, 1) (ya/50)! A IO 1) (- 2mi) 2 B/ (2 + 2).
t

(8.3)
In the case where £,+ # 0 it follows from [2, Lemma 7.2] that

/ c(?/2,y) exp(—mn® /2ym?, — wyll, )y~ dy
y>0

— Z 2b(£2 /2, 8) (2|t | Lo | /1) V2K oy o (2mn] s |/ [y |).
t

(8.4)
In case £,,+ = 0 it follows from [2, Lemma 7.3] that
/ c(0?)2,y) exp(—mn?/2ym?, — 2myl? )y~ ?dy
y>0
= b(€?/2,t)(2m2s [mn®) AT (E 4 1/2). (8.5)
t

Substituting formulas (8.3)) to into (8.2]) we obtain
yéﬂ t+1 t!
—4 2t—1
™= ) (2t +1)!

(I)M(U+(7'1,T2

+4Z<y1yg>*fb<o, )4 >t<<2t+1>2t

+4Z Z Z y1y2) " b(ed, t)n 2 x

b (c,aez? >0
(¢,d)#(0,0)

x e(ncxy + ndxs)|necy; + ndyg|t+1/2K_t_1/2(27T|ncy1 + ndys|). (8.6)
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We see from that ®p(vT(71,72), ha) — 0 as y; — oo. This finishes the
proof. O

Remark 8.3. The Fourier expansion of higher Green’s functions is computed
using a different method by Zagier in an unpublished note [I5]. Also, we
should say that Theorem [8:2] could be deduced from the results of Bruinier
on theta lifts of real analytic Poincaré series [4].

9. CM values as regularized Petersson products

Now we can analyze the CM values of G, x using the see-saw identity (6.2).

Let 31,32 € $ be two CM points lying in the same quadratic imaginary
field Q(v/—D). Let v™ (31, 32) be a two-dimensional positive definite subspace
of Ms(R) defined as

3132 31 3132 31
+ _ <
v (31,32) = R?R( 30 1 ) —‘rR\S( 3 1 ) . (91)

In the case where 3; and 39 lie in the same quadratic imaginary field the
subspace v (31,32) defines a rational splitting of M>(Z) ® Q. So, we can
consider two lattices

N := ’U+(51,32) N MQ(Z) and M := U_(31,52) N MQ(Z)
The Grassmannian Gr™(N) consists of a single point N ® R and its
image in Gr™(My(Z)) is v* (31, 32)-
Since the lattice N has signature (2,0) the theta lift of a function

fe ]\/le(SLQ(Z), pn) is just a number, which is equal to the regularized inte-
gral

Sx(f) = / (f(7), On(r) y~ " dudy. 9.2)
SL2(Z)\$

Here O is the usual (vector valued) theta function of the lattice N. The
matrix Ty, (z),n = (Yo,)ven’/n becomes a vector in this case, given by

Yo, (1) = Z e(—tm?/2).
meM'N(—v+Mz(Z))
Till the end of this section we will simply write 9, (7) for Jg , (7).

Theorem 9.1. Suppose given two CM-points 31,32 and a lattice N C M2(Z) as
above. Let X be a relation for Sa,(SL2(Z)) and let gx € M, _,, (SLa(Z)) be the
corresponding weakly holomorphic modular form defined in Proposition [1.1].
Then, if (31,32) ¢ Sx we have

D s,z (01 (31,32), RF1(ga)) = @n (),
where f = (fu)ven/n € M{(SL2(Z), pn) is given by
fo =192 0u]k-1-
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Proof. For (31,32) ¢ Sx the constant term (with respect to e(x)) of the
product

(R (ga)(7), O(73 31, 32))

is equal to

Z Yy c(q(f), y) exp(—27ry£12)+)
LeM-s(Z)

where ¢(q({),y) are the Fourier coefficients of R*~!(gx). This constant term
decays as O(y?~*) as y — co. Thus,

Py (z) (07 (51,32), R () = tlggo/F R¥Hga)(7) O(7351,52) y~*dac dy.
It follows from the see-saw identity ([6.2]) that

Par,z) (vt (31,32), B¥ ' (ga)) = lim [ (RF'(gx) 0, On)y " dady.

t—o0 Fy
By Proposition [5.2]
k—2
Rk_l(gk) 0, = <_1)k_1[9>\7 Dylh—1 + R(Z bsR*(gx) Rk_Q_swV)) (9.3)
s=0

where b, are some rational numbers. For v € N'/N denote
k—2
Uu(7) =D bR (gx) R¥275(0,).
s=0
Using identity (9.3)) we write

lim (R*(gxa) 0, On)y~ L da dy
t—o0 F

= (—l)k_l lim ([gx,ﬂ]k_l,@]\ﬁy_ldxdy

t—o0 Fy

+ lim [ (R(¢),0n)y " dzdy.
t—o00 Fy

It follows from Proposition [5.3] that

1/2
lim [ (R(v),On)y ' dxdy = lim ((x +it), On(z +it))t ™ dx = 0,
t—o0 F, t—o00 —~1/2
which finishes the proof O

10. Algebraicity of weight one Petersson products

Theorem 10.1. Let N be an even lattice of signature (2,0) and let f € M (py)
be a modular form with zero constant term and integer Fourier coefficients.
There exists an even lattice P of signature (2,1) and a function h € Ml!/z(pp)
such that

1. There is an inclusion N C P.
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2. The lattice P contains a primitive norm zero vector.

3. The function h has rational Fourier coefficients. Moreover, 720h has
integer Fourier coefficients.

4. The constant term of h is zero.
5. We have Tp n(h) = f for the map Tp N defined in Theorem .

Proof. We adopt the method explained in [2] Lemma 8.1].

Consider two even unimodular definite lattices of dimension 24, say
three copies Fg@® Eg® Eg of the Eg root lattice and the Leech lattice Aoy, We
can embed both lattices into %Z% (equipped with the standard Euclidean
norm). To this end we use the standard representation of Eg in which all
vectors have half integral coordinates, the standard representation of the
Leech lattice and the norm doubling map defined in [7, Chapter 8, p.242]

Denote by M; and M, the negative definite lattices obtained from
Es ® Es ® Eg and Aoy by multiplying the norm by —1 and assume that they
are embedded into %6224. Denote by M the negative definite lattice 16Z24.
The theta functions of the lattices My and M, are modular forms of level 1
and weight 12 and their difference is 720A, where

A(T) = q — 24¢® + 252¢° + O(q?)
is the unique cusp form of level 1 and weight 12.
Consider the function g in M",,(SL2(Z), pnyer) defined as
g = TeS(N@Ml)/N@M(f/A) - reS(NEB]\/Ig)/NEBM(f/A)'
The maps
res(va,) Nay : ML11(SLa(Z), pyens,) = MLy (SLa(Z), pren)

for ¢ = 1,2 are defined as in Lemma [2.1] Tt is easy to see from the defini-

tions (2.5)) and (6.1) that

Tnom,n(9) = Tnom,n (res(vern) Nem (f/A) = res(varn) Nem (f/A))
= Tnom N(f/D) = Tnor, N (f/A)

T
- A(@Ml eMz)
=T720f.
Suppose that g has Fourier expansion
gu(7) =Y cu(m)e(mr), pe (N'& M')/(N & M).
meQ

By construction, the constant term of g is zero. Consider the following finite
set of vectors in M’

S = {l e M'|co41)(q(£)) # 0},
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where (0,¢+ M) denotes an element in (N’ & M')/(N & M). Note that this
set is finite and does not contain the zero vector. We claim that there exists

a vector p € M such that

1) the lattice N @ Zp contains a primitive norm 0 vector;
2) (p,0) #0forall ¢ € S.

Indeed, condition 1) is equivalent to the property that there exists a vector
n € N ®Q such that ¢g(p) = —¢(n). Condition 2) is equivalent to the require-
ment that p avoids finitely many hyperplanes Hy := {w € M®Q | (w,£) = 0}.
Since the dimension of M is 24 we know that all numbers in —16°Z> are
represented by (M, q). Moreover, for k € 162Z> the points

Y= { 2 s date) = -k}

are uniformly distributed on the unit sphere S22 as k tends to infinity. Namely,
for a continuous function f: $2> — R we have
1
lim —— = d
Jim > f@) | f @) ),
zeX}
where g is the normalized Lebesque measure. Therefore, for a sufficiently
large k € 16*Z>¢ the set X \ (UsesH;) is non-empty. In particular, this
condition holds for some k represented by (N ® Q,q). Then each point in
Xk \ (Ures H)) corresponds to a vector p satisfying conditions 1) and 2).
Consider the lattice P := N @ Zp. It follows from Theorem that
the subvariety Grt(P) of Grt(N @ M) is not contained in the singular lo-
cus of @ ygar(vF, g). Moreover, the restriction of ® e (v, g) to Grt (P) is
nonsingular at the point Grt(N).
Define h := %TN@MJJ(g). The constant term of h is zero and h has
rational (with denominator bounded by 720) Fourier coefficients. We have

1

1
Tpn(h) = %TP,N (Tnar,p(g))= ﬁTNEBM,N(g) =f

This finishes the proof. (]
Corollary 10.2. Let f, N, h, P be defined as in Theorem[10.1. Then

Dy (f) = @p(GrT(N),h) = —4log [¥p(Gr™ (N), h)],
where Wp (-, h) is the meromorphic infinite product defined in Theorem .

Remark 10.3. By abuse of notation we write
1
log |¥p(-,h)| = —log|¥p(-,nh)l

where n is an integer big enought such that nh has integer Fourier coefficients
and therefore the meromorphic infinite product Wp(-,nh) is well defined.

Proof. The corollary follows immediately from the Theorem and the
see-saw identity of Theorem O
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Theorem 10.4. Let N be an even lattice of signature (2,0) and let f € M'(N)
be a modular form with zero constant term and rational Fourier coefficients.
Then

N (f) =loga
for some o € Q.

Proof. We recall that if a weakly holomorphic modular form has rational co-
efficients then the denominators of the coefficients are bounded. Therefore
we may assume that the Fourier coefficients of f are integers. Let P and h
be as in Theorem Since the constant term of h is zero, we know from
Theorem that there exists an integer m € Z\{0} such that UB(v,h) is
a meromorphic function on the complex manifold Gr*(P)/Aut(P, P’). The
theory of Shimura varieties of orthogonal type implies that the complex vari-
ety Gr™(P)/Aut(P, P'), the point in this variety defined by Gr™ (), and the
meromorphic function ¥'Z (v, h) can be defined over a certain number field.
Therefore, the value ¥p(Grt(N),h) is algebraic. Below we give a more de-
tailed proof of this statement, which uses only the theory of modular curves.

Recall that by Theorem the lattice P has signature (2,1) and con-
tains a primitive vector of norm 0. It is easy to see that the rational quadratic
space (P ® Q, q) is isomorphic to the space

V= {(i; ii) |$1,$27$3€@}

of symmetric 2 x 2 matrices with rational coefficients equipped with the
quadratic form g(v) = —a det(v) for some a € Q<. Indeed, let p be a nonzero
element of P such that ¢(p) = 0. The dimension of the orthogonal subspace p*
is 2 and a simple computation shows that its signature is (1,0, 1) (i.e every
Sylvester basis of this quadratic space over R contains 1 vector of positive
norm, no vectors of negative norm, and 1 vector of zero norm). To see this
we consider a basis (p,p’,p”) of P® R such that p’ is in p*. In this basis the
Gram matrix of the symmetric bilinear form S associated to ¢ takes the form
0 0 Bpp")
< 0 B.p) 5(1?/»17”)) .
B(p".p) B(".p") B .p")
The determinant of this matrix is negative since the signature of P ® R is
(2,1). Therefore we see that B(p’,p’) > 0. Let r be a vector of P ® Q in p*
such that ¢(r) > 0. Then 7 is an isotropic quadratic space of signature (1,1).
Therefore, 7+ has a basis (p, s) such that ¢(p) = 0, ¢(s) = 0, and B3(p,s) = —a
for some a € Q<. Note that (p,r,s) is a basis of P ® Q and

Tl T2

g(x1p+xor + x38) = —adet (xg s

>, x1,T2,23 € Q.

Therefore, the quadratic space (P ® Q, ¢) is isomorphic to V.
Next, we observe that SL2(Q) acts on V' by

v = gug', v e V,geSha(Q) (10.1)
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and preserves the quadratic form g. Moreover, there exists a natural number n
such that the lattice

r1T X2
U= T1,To, T nZ
{(zQ mg) | 21,2, 23 € }

is contained in P and the dual of P, the lattice P’, is contained in the dual

of U
1
Ul=14 (9 92 Y2 Ys € — L v .
{(y2 s | Y1, 92, Y3 San

Therefore, the group Aut(P, P’) contains the principal congruence subgroup
of level 2an?

Tounz = {g € SL2(Z)|g = (§9) mod 2an®}.

Now we consider the Grassmannian Gr™(P) in more detail. We have
explained in Section [8| that Gr™ (P) is isomorphic to a tube domain. Since
the signature of P is (2,1), this tube domain is isomorphic to the upper
half-plane $). The isomorphism is given by mapping 7 € $ to the two-
dimensional vector subspace of V' ® R spanned by the vectors R (TT : T ) and
R (T: {) The corresponding action of SLy(Q) on $ induced by is given
by linear-fractional transformations. Moreover, the point Gr*(N) in Gr*(P)
corresponds to a CM point 7y € $). By Corollary [10.2] we have

(I)N(f) = —410g |\I’p(7']\[7h)|7

where Up(7,h) is a meromorphic modular function on $§) for a congruence
subgroup of SLa(Z) and some unitary character. Theorem 4.1 of [3] says that
this character has finite order. Part 4 of Theorem implies that ¥p(7,h)
has rational Fourier coefficients with bounded denominators. Thus, it follows
from the g-expansion principle and the theory of complex multiplication that
a = Up(rn,h) is an algebraic number. O

Remark 10.5. Regularized Petersson products of weight one modular forms
are studied in detail in [§] and [I4]. In particular, the field of definition of «
and its prime factorization are discussed in these papers.

11. Proof of Theorem [1.3]

Proof. Let gx be the weakly holomorphic modular form of weight 2 — 2k de-
fined by Proposition Consider a function hy = R¥~1(gx). In Theorem
we show that

GrA(11,72) = Pagy(z) (v (11, 72), ha) (11.1)
for (’7’1,7‘2) EHXH \ Sx.

Let v¥ (31, 32) be the two-dimensional positive definite subspace of Mz (RR)
defined in . In the case where 3; and 32 lie in the same quadratic imag-
inary field the subspace v™ (31, 32) defines a rational splitting of M(Z) @ R.
So, the lattice N := vt (71, 72) N M3(Z) has signature (2,0).
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It follows from Theorem [0.1] that
Darz) (v (31,32), B (ga)) = @ (f), (11.2)
where £ = (fu)veyx € My(SLa(Z), pu) is given by
fo=19x9u]k-1.
Let P and h be as in Theorem Corollary implies that
Du(f) = Bp(GrH(N), h) = —4log [Wp(Gr* (N), ).
Thus, from the theory of complex multiplication we know that
D (f) = log]al (11.3)
for some o € Q. The statement of the theorem follows from equations

to (IL3). 0
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