
Complex multiplication and Shimura stacks

Lenny Taelman

Abstract. We prove a variant of the reciprocity laws for CM abelian
varieties, CM K3 surfaces, and CM points on Shimura varieties. Given
a CM object over C, our variation describes the set of all models over
a given number field F in terms of associated representations of GalF .
An essential feature is that we work with Shimura stacks to deal with
objects that have non-trivial automorphisms.

To prove the result on K3 surfaces, we show that the stack of
polarized K3 surfaces of given degree is an open substack of a certain
Shimura stack. The precise statement of this folklore fact seems to be
missing from the literature.
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1. Introduction and statement of the main results

1.1. Abelian varieties

Let A be a complex abelian variety. Let F be a subfield of C. Then A may or
may not be defined over F , and if it is defined over F there may be multiple
non-isomorphic models A/F . Let B(A,F ) be the set of isomorphism classes
of models of A over F , that is

B(A,F ) := {(A, α) | A/F , α : AC
∼→ A}/ ∼= .

Let F̄ be the algebraic closure of F in C and set GalF := Gal(F̄ /F ). The
choice of a model (A, α) of A over F defines an action of GalF on H1(A,Z`).

Lemma 1.1. The map B(A,F )→ Hom(GalF , GL(H1(A,Z`))) is injective.

Proof. Let (A, α) and (B, β) be models of A over F . The isomorphism β−1α
from AC to BC is defined over F̄ . Now assume that the models define
the same action on H1(A,Z`). Then for every σ ∈ GalF the isomorphisms
AF̄ → BF̄ given by β−1α and by σ−1β−1ασ induce the same isomorphism
H1

et(BF̄ ,Z`) → H1
et(AF̄ ,Z`), and hence coincide. It follows that β−1α is de-

fined over F , and that (A, α) and (B, β) give the same element of B(A,F ). �

If A has complex multiplication, then the main theorem of CM implies
that A can be defined over a number field, and suggests that it should be
possible to describe the image of the injective map of Lemma 1.1. One of the
main results of this note is such a description, under the condition that F con-
tains the reflex field of A, and using Ẑ-coefficients instead of Z`-coefficients.
We now give the precise statement.

Assume A has complex multiplication, and let T be the Mumford–Tate
group of A. This is an algebraic torus over Q. Class field theory provides a
canonical homomorphism

rec : GalE −→ T (Af )/T (Q)

where E ⊂ C is the reflex field of A (see Section 3.2 for more details). Denote
by C the centralizer of T in GL(H1(A,Q)). This is an algebraic group whose
Q-points can be identified with the group of units in the algebra Q⊗EndA.
The map

C(Q)T (Af ) −→ T (Af )/T (Q), ct 7−→ t

is well-defined since C(Q) ∩ T (Af ) = T (Q).
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Theorem 1.2. Let F ⊂ C be a number field containing E. Then the image of
the injective map

B(A,F ) −→ Hom(GalF , GL(H1(A, Ẑ)))

consists precisely of those ρ : GalF → GL(H1(A, Ẑ)) satisfying

(1) the image of ρ is contained in C(Q)T (Af ) ⊂ GL(H1(A,Af )),

(2) the diagram

GalF GalE

C(Q)T (Af ) T (Af )/T (Q)

ρ rec

commutes,

(3) there exists a polarization Ψ: H1(A,Q)×H1(A,Q)→ Q(−1) such that
the image of ρ lands in GSp(H1(A,Af ),Ψ).

Remark 1.3. The image of a Galois representation ρ satisfying (1)–(3) need
not be abelian, and indeed it is easy to construct a CM abelian variety over
an extension F of its reflex field such that the Galois action on its torsion
points is not abelian.

For example, let A over F = Q(i) be the square of an elliptic curve
E with Z[i]-action, let γ : GalF → GL2(Z[i]) be a homomorphism with non-
abelian image, interpret γ as a 1-cocycle and let Aγ be the twist of A by γ act-
ing via GL2(Z[i]) = Aut(A). Then the representation of GalF on H1(Aγ

F̄
,Q`)

is isomorphic to the non-abelian representation V ⊗Q(i) H1(EF̄ ,Q`) with
V the two-dimensional representation over Q(i) given by γ. Note that the
Mumford–Tate group of A is not a maximal torus in GSp4.

1.2. K3 surfaces

Our second theorem is an analogue of Theorem 1.2 for K3 surfaces with
complex multiplication. The reader who is only interested in abelian varieties
and Shimura stacks, can skip ahead to Section 1.3.

Let X be a K3 surface over C. Denote by VX its (Q-)transcendental
lattice, which is defined as the orthogonal complement of (PicX) ⊗ Q in-
side H2(X,Q(1)). The endomorphism ring E := EndVX (in the category of
Q-Hodge structures) is a field [14], and we say that X has complex multipli-
cation (by E) if VX is one-dimensional as an E-vector space.

Assume that X is a complex K3 surface with complex multiplication
by E. Then the Mumford–Tate group of the Q-Hodge structure VX is the
algebraic torus T with

T (Q) := {z ∈ E× | zz̄ = 1}.

As above, class field theory gives a canonical reciprocity map

rec : GalE −→ T (Af )/T (Q),
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see Section 3.2 for more details. For a subfield F of C, define B(X,F ) as the
set of isomorphism classes of pairs (X , α) with X a K3 surface over F and
α an isomorphism XC → X. As for abelian varieties, every such pair (X , α)

defines a Galois representation ρ : GalF → O(H2(X, Ẑ(1))).

Theorem 1.4. Let F ⊂ C be a finite extension of E. Then the map

B(X,F ) −→ Hom(GalF ,O(H2(X, Ẑ(1)))

is injective, and its image consists precisely of those

ρ : GalF −→ O(H2(X, Ẑ(1)))

satisfying

(0) the image of det ρ in Ẑ× is contained in {±1},
(1) the action of GalF on VX,Af

factors over T (Af ) ⊂ O(VX,Af
) and the

diagram

GalF GalE

T (Af ) T (Af )/T (Q)

ρ|VX,Af rec

commutes,

(2) the action of GalF preserves PicX ⊂ H2(X, Ẑ(1)),

(3) the action of GalF on (PicX)⊗R preserves the ample cone KX .

1.3. CM points on Shimura stacks

Theorems 1.2 and 1.4 will be deduced from a general statement about CM
points on Shimura stacks.

Let (G,X) be a Shimura datum, K a profinite group and K → G(Af ) a
continuous homomorphism with open image and finite kernel. Then one can
form the complex holomorphic quotient stack

Shan
K [G,X] :=

[
G(Q) \

(
X ×G(Af )/K

) ]
.

See Section 2 for more details. The groupoid of complex points on Shan
K [G,X]

is equivalent to the following groupoid:

1. objects: pairs (h, g) in X ×G(Af ),

2. morphisms from (h0, g0) to (h1, g1): pairs (γ, k) ∈ G(Q)× K satisfying
γh0 = h1 and γg0k = g1.

Let Z be the center of G. In this paper all Shimura data will satisfy

Z(Q) is discrete in Z(Af ). (?)

This condition is denoted SV5 in [8], and is implied by condition (2.1.1.5)
in [4]. Under this condition, the stabilizers in Shan

K [G,X] are finite, and
this holomorphic stack can be canonically given the structure of a smooth
Deligne–Mumford stack ShK[G,X] over the reflex field of (G,X), see Sec-
tion 2 for more details.
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Remark 1.5. We have slightly generalized the usual set-up by allowing the
map K → G(Af ) not to be injective. This will be useful in the proof of
Theorem 1.4. In fact, as we will see, polarized K3 surfaces of degree 2 are
parametrized by a Shimura stack for which the map K → G(Af ) is not
injective.

Let x = (h, g) be an object in Shan
K [G,X], and let F be a subfield of C

containing the reflex field of (G,X). By analogy with the above, we define
B(x, F ) to be the set of isomorphism classes of pairs (ξ, α) consisting of an

object ξ in ShK[G,X](F ) and an isomorphism α : ξC
∼→ x. If K is small

enough (e.g. a neat subgroup of G(Af )) then ShK[G,X] is representable and
hence B(x, F ) consists of at most one element.

Assume that x = (h, g) is a special point, so that the Mumford–Tate
group of h is a torus T ⊂ G. Let C ⊂ G be the centralizer of T and let E be
the reflex field of h. See Sections 3.1 and 3.2 for a more detailed description
of T , C, and E.

Theorem 1.6. Let F ⊂ C be a finite extension of E. Then there is a natural
injective map

B(x, F ) −→ Hom(GalF , gKg−1)

whose image consists of those ρ : GalF → gKg−1 such that

(1) the image of ρ in G(Af ) is contained in C(Q)T (Af ),

(2) the diagram

GalF GalE

C(Q)T (Af ) T (Af )/T (Q)

ρ rec

commutes.

As in Theorem 1.2, the lower horizontal map in (2) is given by ct 7→ t.

Remark 1.7. The notation gKg−1 should be interpreted as the fiber product

gKg−1 G(Af )

K G(Af )

g−1(−)g

Of course, if K → G(Af ) is injective, then gKg−1 is just the conjugated
subgroup.

Remark 1.8. Consider the fiber product

gKg−1 ×G(Af ) C(Q)T (Af )

(again, if K → G(Af ) is injective, then this fiber product is the intersection
gKg−1 ∩ C(Q)T (Af ) in G(Af )), and consider the homomorphism

gKg−1 ×G(Af ) C(Q)T (Af )
δ−→ T (Af )/T (Q),
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given by (gkg−1, ct) 7→ t. The set of ρ satisfying the two conditions in the
theorem is the set of

ρ : GalF −→ gKg−1 ×G(Af ) C(Q)T (Af )

lifting the reciprocity map GalF → T (Af )/T (Q) along δ. As such, the stan-
dard observations about lifting group homomorphisms apply:

1. If ρ0 and ρ1 are two lifts, then ρ1/ρ0 : GalF → ker δ is a 1-cocycle
(corresponding to the fact that any two F -points ξ under a given C-point
x are twists of each other under Autx = ker δ, see Corollary 3.2).

2. A necessary condition for ρ to exist is that the image of GalF in coker δ
vanishes (this implies, for example, the well-known fact that the field of
definition of a CM elliptic curve A contains the Hilbert class field of the
quadratic imaginary field Q⊗ EndA).

3. Even if the above condition is satisfied, a lift ρ need not exist. For ex-
ample, if ker δ is abelian, then there is an obstruction in H2(GalF , ker δ)
against the existence of a lift.

Remark 1.9. If the Mumford–Tate group T is a maximal torus in G, then
T = C and every ρ in the theorem has abelian image.

1.4. About the proofs

As one may expect, Theorem 1.6 is a rather formal consequence of the reci-
procity law describing the Galois action on CM points on Shimura varieties.
If K is a neat subgroup of G(Af ) then ShK[G,X] is representable (so that
there is at most one element in B(x, F )) and the map δ of Remark 1.8 is
injective (so that there is at most one ρ making the square in Theorem 1.6
commutative). In this case, the theorem boils down to a tautology: it de-
scribes the Galois action on CM points on Shimura varieties that is used
to define the canonical model of ShK(G,X). The general case is essentially
obtained by descent along the K/K0-torsor ShK0(G,X) → ShK[G,X] for a
neat normal K0 ⊂ K.

Theorems 1.2 and 1.4 are obtained from Theorem 1.6 using the fact
that the moduli stacks of polarized abelian varieties (resp. of polarized K3
surfaces) are Shimura stacks (resp. open substacks of Shimura stacks). Con-
dition (3) in both Theorem 1.2 and Theorem 1.4 arrange passage from the
‘unpolarized’ setting of representations with image in groups of type GL(2g)
or O(3, 19), to the polarized Shimura setting, with groups of type GSp(2g)
or SO(2, 19).

In order to show the result on K3 surfaces, we use that the stack of
polarized K3 surfaces over Q forms an open substack of a Shimura stack.
The precise result seems to be missing from the literature. As this may be of
independent interest, we give a detailed description in Sections 5.1 and 5.2.
Our treatment is heavily inspired by André [1] and Madapusi Pera [7], whose
work makes it clear that one should not only consider the intersection pairing
on H2 of a K3 surface, but also the trivializations of its determinant.
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2. The stack ShK[G,X]

2.1. Definition

Let (G,X) be a Shimura datum satisfying (?). Let K be a profinite group
and let K → G(Af ) be a continuous homomorphism with open image and
finite kernel. The holomorphic quotient stack

Shan
K [G,X] :=

[
G(Q) \

(
X ×G(Af )/K

) ]
is a finite disjoint union of stacks of the form [Γ\X], with Γ acting via a
homomorphism Γ → G(Q) with finite kernel and image an arithmetic sub-
group.

The isomorphism classes in Shan
K [G,X] are the double cosets in

Shan
K (G,X) := G(Q) \

(
X ×G(Af )/K

)
,

and the stabilizer Autx of a point x = (h, g) is given by the cartesian square

Autx gKg−1

G(Q)h G(Af )

where G(Q)h denotes the stabilizer of h ∈ X in G(Q). If K is a neat subgroup
of G(Af ), then the stabilizers are trivial and Shan

K [G,X] is represented by
Shan
K (G,X), the analytification of the (smooth, quasi-projective) Shimura

variety ShK(G,X).

Choose an open normal subgroup K0 ⊂ K such that K0 → G(Af ) is
injective with neat image. Then the group K/K0 acts on the Shimura variety
ShK0(G,X), and this action is defined over the reflex field E(G,X). We define
the Shimura stack ShK[G,X] as the quotient stack

ShK[G,X] :=
[

ShK0
(G,X)/(K/K0)

]
over E. This is independent of the choice of K0, and we have

ShK[G,X](C) = Shan
K [G,X].

The stack ShK[G,X] is a smooth Deligne–Mumford stack over E.

Example 2.1 (Elliptic curves). The standard example is the stack of elliptic
curves. Take G = GL2, X = H± the double upper half plane, and K =
GL2(Ẑ) ⊂ G(Af ). The reflex field of (G,Q) is Q and ShK[G,X] is canonically
isomorphic to the Deligne–Mumford stack E``Q of elliptic curves over Q. The
analytification is the quotient stack

ShK[G,X]an =
[

SL2(Z)\H+
]
.

Every point has a non-trivial finite stabilizer (the automorphism group of the
corresponding elliptic curve). The j-invariant induces a commutative diagram
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of stacks over SpecQ

ShK[G,X] E``Q

ShK(G,X) A1
Q.

∼=

j

∼=

See Section 5.1 for a natural example where K → G(Af ) is not injective.

2.2. Variations of Hodge structures on Shimura stacks

Let V be a finite dimensional Q-vector space equipped with an algebraic left
action of G and a continuous right action of K (necessarily with finite image).
Assume that these actions commute. Then the double quotient[

G(Q) \
(
X × V ×G(Af )

)
/K
]
−→ ShK[G,X]

defines a variation of Q-Hodge structures VQ on ShK[G,X]. This is slightly
more general than the usual construction of variations of Hodge structures on
Shimura varieties, where the action of K on V is trivial. The added flexibility
will be of use in our treatment of K3 surfaces.

Now let VẐ ⊂ V ⊗Af be a Ẑ-lattice and assume

ι(k)−1vk ∈ VẐ for all v ∈ VẐ,

where ι is the map K → G(Af ). Then the double quotient[
G(Q) \

{
(h, v, g) ∈ X × V ×G(Af ) | g−1v ∈ VẐ

}
/K
]

defines a variation of Z-Hodge structures VZ ⊂ VQ.

3. Proof of Theorem 1.6 (Shimura stacks)

3.1. Some groups associated with a CM point

Let (G,X) be a Shimura datum satisfying (?), let K a profinite group, and
let K → G(Af ) be a continuous homomorphism with finite kernel and open
image. Let x = (h, g) be an object in ShK[G,X](C). We say that x is a special
point or CM point if its Mumford–Tate group is an algebraic torus.

Let x = (h, g) ∈ ShK(G,X)(C) be a special point with Mumford–Tate
group T . Let C ⊂ G be the centralizer of T .

Lemma 3.1. The stabilizer of h ∈ X in G(Q) is C(Q).

Proof. By assumption, T ⊂ G is the smallest Q-torus such that h : S→ GR

factors over TR. Clearly C(Q) stabilizes h. Conversely, assume that γ ∈ G(Q)
stabilizes h. Then it stabilizes T , and induces an automorphism σ ∈ AutT ,
defined over Q. It now suffices to show that σ is the identity.
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Let T0 ⊂ T be the connected component of the dentity of the subgroup
fixed by σ. This is a proper sub-torus of T and by construction the mor-
phism h factors over T0(R). It follows that T0 = T , and hence σ = idT . �

Corollary 3.2. The stabilizer of (h, g) ∈ Shan
K [G,X] is gKg−1 ×G(Af ) C(Q).

The product C(Q)T (Af ) is a subgroup of G(Af ), and we have a well-
defined group homomorphism

gKg−1 ×G(Af ) C(Q)T (Af )
δ−→ T (Q)\T (Af )

given by (gkg−1, ct) 7→ t. Both the kernel and the cokernel of δ are finite. By
Corollary 3.2 the kernel is the stabilizer of (h, g) in the stack Shan

K [G,X].

3.2. Reflex field and reciprocity map

Let T be an algebraic torus over Q and let h : S → TR be a morphism of
tori over R. With h is associated a number field E ⊂ C called the reflex field
of h, and a map of Q-tori

t : ResE/Q Gm,E −→ T.

The subfield E ⊂ C and the map t can be characterized as follows. There is
a unique isomorphism of C-tori

SC
∼−→ Gm,C ×Gm,C

such that z ∈ C× = S(R) ⊂ S(C) is mapped to (z, z̄). The map t has the
property that the base change of the composite map

Gm −→ ResE/Q Gm,E
t−→ T

from Q to C coincides with the map of C-tori

Gm,C
(z,1)−−−→ SC

h−→ TC.

The reflex field E is the unique minimal field E for which such t exists. The
group T (Af )/T (Q) is profinite, so the composition

A×E/E
× t−→ T (A)/T (Q) −→ T (Af )/T (Q)

factors over the profinite completion of A×E/E
×, which class field theory

identifies with Galab
E . We obtain a homomorphism

rec : GalE −→ T (Af )/T (Q)

which (by a slight abuse of terminology) we will call the reciprocity map.
In this paper, T (Q) will always be discrete in T (Af ), so that rec will be a
homomorphism GalE → T (Af )/T (Q).
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3.3. Recap on canonical models

We summarize some of the main results on existence of canonical models of
Shimura varieties [13, 4, 3, 9].

With a Shimura datum (G,X) is associated a canonical number field
E(G,X) ⊂ C called the reflex field. For every compact open subgroup
K ⊂ G(Af ) there exists a model of ShK(G,X) over E(G,X). These were
constructed for a large class of (G,X) in [4, Cor. 2.7.21], and later for arbi-
trary Shimura data in [3, 9].

These models are functorial in the following sense: for every morphism
of Shimura data φ : (G1, X1)→ (G2, X2) and for every pair of compact open
subgroups Ki ⊂ Gi(Af ) with φ(K1) ⊂ K2 we have E(G2, X2) ⊂ E(G1, X1)
and the induced map

ShK1(G1, X1) −→ ShK2(G2, X2)

is defined over E(G1, X1). The collection of all these models satisfies (and is
characterized by) the following property (which is part of the definition of a
canonical model, see [4, §2.2]).

Theorem 3.3 (Reciprocity law). Let (T, {h}) be a Shimura datum with T a
torus. Let E be its reflex field. Let K ⊂ T (Af ) be a compact open subgroup
with K∩ T (Q) = {1}. Then ShK(T, {h}) is a finite étale scheme over E and
the action of GalE on its C-points

Shan
K (T, {h}) = T (Q)\T (Af )/K

is obtained by composing the multiplication action of T (Q)\T (Af ) with the

reciprocity homomorphism rec : GalE → T (Q)\T (Af ).

3.4. A lemma on finite étale quotient stacks

Let F be a field with separable closure F̄ . Let f : Γ1 → Γ2 be a homomor-
phism of finite groups, and let ρ2 : GalF → Γ2 be a continuous homomor-
phism. Then ρ2 determines a finite étale F -scheme X2 with an identifica-
tion X2(F̄ ) = Γ2.

If Γ2 is moreover commutative, then Γ1 acts on X2, and we have a
quotient stack X := [X2/Γ1]. The unit element 1 ∈ Γ2 = X2(F̄ ) determines
an object x in X (F̄ ). Let B(x, F ) be the set of isomorphism classes of pairs
(ξ, α) with ξ an object of X (F ) and α : ξF̄ → x.

Lemma 3.4. There is a natural bijection between B(x, F ) and the set of
ρ1 : GalF → Γ1 making the following diagram commute:

GalF

Γ1 Γ2.

ρ1 ρ2

f

Proof. A morphism ρ1 : GalF → Γ1 determines a Γ1-torsorX1 over F with an
identification X1(F̄ ) = Γ1. If ρ1 satisfies fρ1 = ρ2 then the map X1,F̄ → X2,F̄
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given by f : Γ1 → Γ2 is invariant under conjugation by GalF , and hence de-
scends to a map ϕ defined over F . The pair (X1, ϕ) defines an F -point of
[X2/Γ1] and by construction it comes with an isomorphism (X1, ϕ)F̄

∼= (Γ1, f).
It is clear that this construction defines a bijection. �

3.5. Proof of the theorem on CM points on Shimura stacks

Proof of Theorem 1.6. Choose a normal open subgroup K0 ⊂ K such that
K0 → G(Af ) is injective with neat image. Consider the groups

U := gKg−1 ×G(Af ) C(Q)T (Af )

and

U0 := gK0g
−1 ×G(Af ) C(Q)T (Af ) = gK0g

−1 ∩ C(Q)T (Af ).

Shrinking K0 if necessary, we may assume that U0 is contained in T (Af ), and
that it maps injectively to T (Q)\T (Af ).

The zero-dimensional Shimura variety ShU0(T, {h}) is defined over E,
and carries an action of U/U0, also defined over E. Denote the quotient stack
by ShU [T, {h}]. We have

Shan
U [T, {h}] =

[(
T (Q)\T (Af )

)
/U
]
.

(This is not strictly speaking a Shimura stack, since U → T (Q)\T (Af ) need
not lift to a map U → T (Af ).) The map

ShU0(T, {h}) −→ ShK0
(G,X), [h, t] 7−→ [h, tg]

is defined over E and is equivariant with respect to the homomorphism

U/U0 −→ K/K0, u 7−→ g−1ug

of groups acting. We obtain an induced map

ι : ShU [T, {h}] −→ ShK[G,X]

of Deligne–Mumford stacks over E. We claim that it is a closed immersion.
Indeed, it suffices to verify that the map is fully faithful on C-points. Explic-
itly, the map ι(C) is given by[

T (Q)\T (Af )/U
]
−→

[
G(Q) \X ×G(Af )/K

]
, t 7−→ (h, tg).

If t1, t2 ∈ T (Af ) represent objects x1, x2 in the source, then we have

Hom(x1, x2) = {(τ, u) ∈ T (Q)× U | τt1u = t2}

and, using Lemma 3.1, we find

Hom(ιx1, ιx2) = {(γ, k) ∈ C(Q)×K | γt1gk = t2g}.

The map ι between these Hom-sets is given by (τ, u) 7→ (τ, g−1ug), and one
verifies directly that this is a bijection.
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We have x = ιy with y = (h, 1), and since ι is a closed immersion,
it defines a bijection B(y, F ) → B(x, F ). By Theorem 3.3 and Lemma 3.4,
the map

B(y, F ) −→ Hom(GalF , U/U0)

is injective, with as image precisely those ρ̄ making the diagram

GalF GalE

U/U0 T (Q)\T (Af )/U0

ρ̄ rec

commute. Since U0 → T (Q)\T (Af ) is injective, the square of group homo-
morphisms

U T (Q)\T (Af )

U/U0 T (Q)\T (Af )/U0

is cartesian. This shows that there is a bijection between the set of morphisms
ρ : GalF → U making the square in Theorem 1.6 commute, and the set
of morphisms ρ̄ : GalF → U/U0 as above, which finishes the proof of the
theorem. �

4. Proof of Theorem 1.2 (Abelian varieties)

We use the notation of Section 1.1, so A/C is an abelian variety with complex
multiplication, T is the Mumford–Tate group of A and C is the centralizer
of T in GL(H1(A,Q)).

Proof of Theorem 1.2. If Ψ: ∧2 H1(A,Z) → Z(1) is a polarization, then we
write GSpΨ for the reductive group GSp(H1(A,Q),Ψ). Consider the Siegel
Shimura datum (GSpΨ,Hg) and the compact open subgroup

K := GSpΨ(Af ) ∩GL(H1(A, Ẑ)).

The Shimura stack ShK[GSpΨ,Hg] is the moduli stack of abelian varieties
with a polarization ‘of type Ψ’. More specifically, for a field F of character-
istic zero, the groupoid ShK[GSpΨ,Hg](F ) is equivalent to the groupoid of
pairs (A, λ) with

1. A an abelian variety over F

2. λ : A → A∨ a polarization

for which there exists an isomorphism of Ẑ-modules H1
et(AF̄ , Ẑ)

∼→ H1(A, Ẑ)
respecting the pairings induced by λ and Ψ. The pair (A,Ψ) defines a complex
point x = (h, 1) on ShK[GSpΨ,Hg], and if (A, λ, α) is a model of (A,Ψ)
over F corresponding to a point ξ under x, then the Galois representation
ρA : GalF → GL(H1(A, Ẑ)) (coming from the action on étale cohomology)
and ρξ : GalF → K (as produced by Theorem 1.6) coincide.
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Now if (A, α) is a model of A over F , then there exists a polariza-
tion Ψ on A that descends to A/F , and hence A defines an F -point on
ShK[GSpΨ,Hg]. Theorem 1.6 then implies that the Galois representation ρ
associated with (A, α) satisfies conditions (1) and (2) in Theorem 1.2, and it
clearly also satisfies (3).

Conversely, given ρ is as in the theorem, let us choose a polarization
Ψ: ∧2 H1(A,Z) → Z(−1) as in (3). Then the pair (A,Ψ) defines a complex
point on the Shimura stack ShK[GSpΨ,Hg], and by Theorem 1.6, the repre-
sentation ρ corresponds to an F -point ‘under’ (A,Ψ), and hence to a model
A of F . �

5. Proof of Theorem 1.4 (K3 surfaces)

5.1. Moduli of polarized K3 surfaces as a Shimura stack

Let Λ be the K3 lattice (that is, the unique even self-dual lattice of signa-
ture (3, 19), see [6, Prop. 3.5]), let d be a positive integer, and fix a primi-
tive λ ∈ Λ with λ2 = 2d (such λ exists and is unique up to isometries of Λ).
Let Λ2d be the orthogonal complement of λ. We thus have a decomposition
Λ⊗Q = (Λ2d ⊗Q)⊕Qλ.

Definition 5.1. A polarization of degree 2d on a K3 surface X → S is a
section L ∈ PicX/S(S) such that Ls ∈ PicXs/κ(s) is primitive ample and
satisfies Ls · Ls = 2d for all s ∈ S.

If (X,L) is a polarized K3 surface of degree 2d over C, then there exists

an isometry H2(X,Z(1))
∼→ Λ mapping c1(L) to λ.

LetM2d denote the stack of polarized K3 surfaces of degree 2d over Q.
By the arguments of [10], this is a Deligne–Mumford stack. We will show that
it is an open substack of a Shimura stack.

Consider the profinite group

K :=
{
g ∈ O(Ẑ⊗ Λ) | det g ∈ {±1}, gλ = λ

}
.

The condition det g ∈ {±1} means that we ask that either for every place v
we have det gv = 1, or that for every prime v we have det gv = −1. Write
G2d := SO(Q⊗ Λ2d). This is an algebraic group over Q.

Lemma 5.2. The map

K −→ G2d(Af ), g 7−→ (det g) · g|Af⊗Λ2d

has open image. If d > 1, then the map is injective. If d = 1 then it has a
kernel of order 2.

Proof. The image is open, as it contains the open subgroup {g ∈ K |det g = 1}.
Let g be a non-trivial element of the kernel. Then det g = −1, and g acts
as −1 on Ẑ⊗Λ2d and hence as −1 on the discriminant module of Λ2d. Since
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g fixes λ, and Λ is unimodular, it must act as 1 on the discriminant module.
Since the discriminant module is Z/2dZ, this is only possible if d = 1.

In the case d = 1, the automorphism σ of Λ that acts as −1 on Λ2 and
as 1 on λ (which exists since the actions on the discriminant modules agree)
defines the non-trivial element of the kernel. �

Let ψ : Λ2d ⊗R→ R be the quadratic form obtained by extending the
pairing on Λ2d linearly, and let Ω± ⊂ Hom(S, G2d,R) be the period domain
consisting of those weight zero Hodge structures of K3 type for which ±ψ is
a polarization. It has two components, interchanged by the action of the two
components of G2d(R) ∼= SO(2, 19). The pair (G2d,Ω

±) is a Shimura datum,
with reflex field Q.

On Shan
K [G2d,Ω

±] we have a tautological variation of Z-Hodge struc-
tures H, defined group-theoretically as in Section 2.2 in terms of

(1) the natural left action of G2d(Q) on Λ⊗Q (fixing λ),

(2) the right action of K on Λ ⊗ Q given by det : K → {±1} on Λ2d ⊗ Q
and trivial on Qλ,

(3) the Ẑ-lattice Λ⊗ Ẑ.

Note that the joint action of K on Λ⊗Af , on the left via K → G2d(Af )

and on the right as in (2) above, is the natural action of K ⊂ O(Λ ⊗ Ẑ) on

Λ⊗Af , and hence the lattice Λ⊗Ẑ is indeed invariant under this joint action.

Proposition 5.3. Shan
K [G2d,Ω

±] is the moduli stack of triples (H, b, L) con-
sisting of

1. a Z-VHS H of weight zero, with Hodge numbers (1, 20, 1)

2. a bilinear form b : H ⊗H → Z

3. a section L ∈ H of type (0, 0)

such that there exists locally an isometry H → Λ mapping L to λ.

Proof. Since Λ is the unique element of its genus, the tautological variation
of Hodge structures H (with the section induced by λ) satisfies the desired
constraints. Conversely, given a triple (H, b, L) over S, there exists, locally
on S,

1. an isometry α : H ⊗ Ẑ
∼→ Λ⊗ Ẑ such that α(L) = λ and such that detα

restricts to an isomorphism δ : detH → det Λ of rank one Z-modules

2. an isometry β : H ⊗ Q
∼→ Λ ⊗ Q such that β(L) = λ and such that

detβ = δ ⊗Q.

The isometry β defines by transport of structure a Hodge structure on
Λ ⊗ R and hence an element h ∈ Ω±. The restriction of the composition
βα−1 : Λ⊗ Âf → Λ⊗ Âf to Λ2d ⊗ Af has determinant 1 by construction,
and hence defines an element g ∈ G2d(Af ). Therefore, locally on S the triple
(H, b, L) defines a pair (h, g) ∈ Ω± ×G2d(Af ).
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The choice of α is unique up to a unique element of K, and fixing α,
the choice of β is unique up to a unique element of G2d(Q). It follows that
the pairs (h, g) glue to a section of the quotient stack Shan

K [G2d,Ω
±] which is

unique up to unique isomorphism. �

Proposition 5.4. The map ι : M2d,C → Shan
K [G2d,Ω

±] defined by mapping
a polarized K3 surface (π : X → S,L) to the variation of Hodge structures
H := R2π∗Z(1) and the section L := c1(L) is an open immersion.

Proof. In the light of Proposition 5.3, this is a restatement of the Torelli
theorem for polarized K3 surfaces, see [6, §6.4 & Thm. 7.5.3]. �

Remark 5.5. Note that it is not the primitive cohomology

P := c1(L)⊥ ⊂ H2(X,Q(1))

of a polarized K3 surface (X,L), but rather its determinant twist P ⊗ detP
which corresponds to the standard tautological variation of Hodge structures
on the orthogonal Shimura stack ShK[G2d,Ω

±].

Theorem 5.6. The map ι descends to an open immersion

ι : M2d −→ ShK[G2d,Ω
±]

defined over Q.

Proof. This follows from Deligne’s theorem on absolute Hodge cycles [5, 1,
2], see the arguments of [7, Cor. 5.4]. Alternatively, one can use the CM
arguments of [11] to show this for K3 surfaces with level structure, and deduce
the result by passing to the quotient. Note however, that some care is needed
in dealing with level structures, see Remark 5.12 below. �

Remark 5.7. To the best of our knowledge, the basic result of Proposition 5.4,
describing the stack of polarized K3 surfaces as an open substack of a Shimura
stack seems to be missing from the literature, even for d > 1 (so that K is
a subgroup of G2d(Af )). Madapusi Pera [7, Proof of 5.3] gives a closely
related statement: an open immersion between étale 2 : 1 covers ofM2d and
ShK[G2d,Ω

±]; see also Remark 5.14 below.

Remark 5.8. If d = 1 then the global stabilizer of ShK[G2,Ω
±] coming from

the non-trivial element of the kernel of K → G2(Af ) has a geometric inter-
pretation: if (X,L) is a K3 surface of degree 2 then |L| defines a 2 : 1 map
to a projective plane which induces a canonical involution on (X,L).

Theorem 5.6 has the following corollary (see also [1, Lemma 8.4.1]):

Corollary 5.9. Let π : X → S a polarized family of K3 surfaces over a
scheme S over Q, and let s̄ a geometric point of S. Then

1. the action of π1(S, s̄) on det H2
et(Xs̄, Ẑ) has image in {±1} ⊂ Ẑ×
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2. if S is connected and the action of π1(S, s̄) on det H2
et(Xs̄, Ẑ) is trivial,

then there exists an isomorphism

ν : det R2π∗Ẑ(1)
∼−→ Ẑ

such that for every s ∈ S(C) the map ν restricts to an isomorphism

νan
s : det H2(Xs,Z)

∼−→ Z

of free Z-modules of rank 1. �

Remark 5.10. The fact that the action of π1(S, s) on H2
et(Xs̄,Q`(1)) respects

the intersection pairing implies that the induced action on det H2
et(Xs̄,Q`(1))

takes values in {±1} ⊂ Q×` . Thus, we obtain for every ` a quadratic character

χ` : π1(S, s) −→ {±1}.

The first assertion in the statement of the corollary is that χ` is independent
of `. This is in fact true for the determinant of the middle-cohomology of any
even-dimensional proper smooth X → S, see [12, Lemma 3.2].

If S is connected and the residue fields of S can be embedded in C,
then an isomorphism ν satisfying the condition on C-points in part (2) of
Corollary 5.9 is unique up to sign. We will call such an isomorphism ν an
orientation of X → S.

For π : X → S a family over an arbitrary S over Q, we say that an
isomorphism

ν : det R2π∗Ẑ(1)
∼−→ Ẑ

is an orientation if for every s ∈ S there is a finitely generated subfield
K ⊂ κ(s) such that (Xs, νs) descends to a pair (XK , νK) with νK an orien-
tation. Since every family X → S of polarized K3 surfaces over Q can be
defined over a scheme of finite type over Q, we see that the orientations on
X → S form an étale {±1}-torsor.

Orientations will play an important role in the discussion of level struc-
tures below.

5.2. Level structures

Definition 5.11. An oriented full level n-structure on a degree 2d polarized
K3 surface (X,L) over a scheme S over Q is a pair (ν, α) consisting of an
orientation ν and an isomorphism of étale sheaves

α : R2π∗Z/nZ(1)
∼−→ Λ⊗ Z/nZ

such that

1. α(c1(L)) = λ,

2. α respects the pairings,

3. ν ⊗ Z/nZ = detα.



Complex multiplication and Shimura stacks 17

A full level n-structure is an isomorphism of étale sheaves

α : R2π∗Z/nZ(1)
∼−→ Λ⊗ Z/nZ

that étale locally on S extends to an oriented full level n-structure (ν, α).

Note that if n > 2 then ν is uniquely determined by α and hence a full
level n-structure is the same as an oriented full level n-structure.

Remark 5.12. Rizov [10, 11] defines a full level n-structure without the con-
dition on orientations. However, this leads to problems and incorrect state-
ments, that can essentially all be traced back to the fact that SO(Af ) is
not of index 2 in O(Af ) (the quotient is

∏
v{±1}). For example: with the

definition of [10, Def. 5.1.1], the collection of possible level n-structures on a
fixed K3 surface over C is infinite. In particular, [11, Prop. 2.4.6] is incorrect
as printed. (In the proof in loc. cit. one cannot conclude that the element q
has determinant 1.)

Let M2d,n be the stack over Q classifying polarized K3 surfaces of

degree 2d and a full level n-structure, and let M̃2d,n be the stack over Q
classifying polarized K3 surfaces with an oriented full level n-structure.

Consider the profinite groups

K2d,n := {g ∈ O(Ẑ⊗ Λ) | det g ∈ {±1}, gλ = λ, g ≡ 1 mod n}

and

K̃2d,n := {g ∈ SO(Ẑ⊗ Λ) | gλ = λ, g ≡ 1 mod n}.

Note that K̃2d,n = K2d,n for n > 2.

The same arguments as in Section 5.1 yield the following generalization
of Theorem 5.6.

Theorem 5.13. For all d ≥ 1 and n ≥ 1 there are open immersions

ι : M2d,n −→ ShK2d,n
[G2d,Ω

±]

and

ι : M̃2d,n −→ ShK̃2d,n
[G2d,Ω

±]

defined over Q, compatible with the natural forgetful maps and projections.
�

Remark 5.14. The statement about M̃2d,1 is already contained in the proof

of Proposition 5.3 and in Corollary 5.4 in [7] (where our stack M̃2d,1 is

denoted M̃◦2d). Note that on M̃ the local systems defined by the primitive
cohomology and its determinant twist are isomorphic.

Rizov [11, Prop. 2.4.6] gives an open embedding of the moduli space
of K3 surfaces with ‘full level n-structures’ into a Shimura variety, but as
indicated in Remark 5.12, the statement needs to be corrected by taking into
account orientations, as in Definition 5.11 and Theorem 5.13.
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5.3. Models of K3 surfaces with complex multiplication

We now come to the proof of Theorem 1.4. We use the notation of Sec-
tion 1.2, so X/C is a K3 surface with complex multiplication, T is the
Mumford–Tate group of H2(X,Q(1)). We denote by C the centralizer of T
in O(H2(X,Q(1))).

Lemma 5.15. Let π be a subgroup of O(H2(X, Ẑ(1))). Then the following are
equivalent:

1. π preserves PicX ⊂ H2(X, Ẑ(1)) and acts on VX,Af
via T (Af ),

2. π ⊂ C(Q)T (Af ).

Proof. Note that VX,Q ∼= E with the evident action of T ⊂ ResEQ Gm,E .

Hence he centralizer of T in GL(VX,Q) is E×, and the centralizer of T in
O(VX,Q) is T . We deduce that C = O((PicX) ⊗ Q) × T as subgroups of
O(H2(X,Q(1))). The lemma now follows easily from the observation that

PicX = H2(X, Ẑ(1)) ∩ (PicX)⊗Q. �

Proposition 5.16. Let π ⊂ C(Q)T (Af ) ∩ O(H2(X, Ẑ(1))) be a compact sub-
group. Then the following are equivalent:

1. there is a primitive ample L ∈ PicX ⊂ H2(X, Ẑ(1)) invariant under π,
2. π preserves the ample cone KX ⊂ (PicX)⊗R.

Proof. By compactness, π acts with finite image on PicX. The ample cone
KX is the unique connected component of{

x ∈ (PicX)⊗R | x2 > 0, and x · δ 6= 0 for all δ ∈ PicX with δ2 = −2
}

containing any ample class. The group π permutes the set of connected com-
ponents, and if L ∈ KX is fixed by π, then clearly the ample cone is preserved.

Conversely, assume that the ample cone is preserved. Then, since the
ample cone is convex, taking the average over an orbit of any ample class
will yield an ample class L ∈ KX ∩ (PicX)⊗Q that is fixed by π. Scaling if
necessary, we may take L to be primitive in PicX. �

Proof of Theorem 1.4. With the help of Proposition 5.16, the proof follows
essentially the same reasoning as the proof of Theorem 1.2.

If L is a primitive ample line bundle of degree 2d on X, then iden-
tify the pair (H2(X,Z(1), L) with (Λ, λ) and consider the Shimura datum
(G2d,Ω

±) of Section 5.1. The pair (X,L) defines a complex point x = (h, 1) on
ShK[G2d,Ω

±]. If (X ,L) is a model of (X,L) over F corresponding to a point
ξ under x, then by Theorem 5.13 the Galois representations ρ : GalF → K
and GalF → Aut H2(XF̄ , Ẑ(1)) coincide.

Now if X is a model of X over F , then there exists a primitive ample
L ∈ PicX/F (F ), and (X ,L) defines a point on ShK[G2d,Ω

±] with L · L = 2d.
By Theorem 1.6 its associated Galois representation ρ : GalF → K satisfies
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properties (0), (1) and (2) in Theorem 1.4. Since GalF fixes L, it fixes the
ample cone in (PicX)⊗Z R and we see that ρ also satisfies (3).

Conversely, if

ρ : GalF −→ C(Q)T (Af ) ∩O(H2(X, Ẑ(1)))

fixes the ample cone and satisfies property (0) in Theorem 1.4, then by
Proposition 5.16, it fixes some primitive ample L, and hence ρ has image
in K ⊂ O(H2(X, Ẑ(1))). The pair (X,L) defines a point x on ShK[G2d,Ω

±]
with L ·L = 2d, and by Theorem 1.6 the representation ρ : GalF → K corre-
sponds to an F -point ξ under x, and hence to a model (X ,L) of (X,L). �
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