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Abstract

We prove old and new convergence statements for fixed-points statistics and characters
of symmetric groups using tensor envelope categories, such as the Deligne—Knop
category of representations of the “symmetric group” S; for an indeterminate 7. We also
speculate on a generalization of Chebotarev’s density theorem to pseudopolynomials.
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1 Introduction

Spectral measures associated to operators on Hilbert spaces are key tools in functional
analysis and its applications, for instance to quantum mechanics and ergodic theory.
Recall that a continuous normal linear operator u: E — E on a Hilbert space E has
a compact spectrum and that, for each vector x € E, there exists a unique bounded
positive Radon measure ., on the set of complex numbers C such that the equality

/ Fdps = (x| f@x)
C
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holds for all continuous functions f: C — C; see, for instance, [4, IV, p. 190, déf. 2].
This measure is supported on the spectrum of u and is called the spectral measure of u
relative to x. In particular, we have

/ 2 e (2) = (x| (™) ()
C

for all non-negative integers a and b. In this paper, we consider an analogue of this
last relation for objects in symmetric monoidal categories.

Definition 1.1 (Spectral measure) Let € be a symmetric monoidal category with an
endofunctor D, and let i be a complex-valued invariant of ¢, by which we mean a map
from the set of isomorphism classes of objects of ¢ to C. Let M be an object of ¥

A positive measure u = u(i, M) on C is called a spectral measure of M relative
to i if the equality

[ =2 auc =104 @ Do)
C
holds for all non-negative integers a and b.

We will think of D as a duality functor on %, although no extra condition is required
for this definition. In general, the measure p depends on i and M and might not be
unique (see Remark 3.8). The basic motivation is provided by the following example.

Example 1.2 Let r > 1 be an integer, and let G C GL, (C) be a compact group with
probability Haar measure v. Let € be the category of finite-dimensional continuous
complex representations of G, and D the contragredient endofunctor of €. By repre-
sentation theory of compact groups, the direct image of v by the trace Tr: G — C s
a spectral measure u = Tr,(v) of the “tautological” object of %" corresponding to the
inclusion of G in GL, (C), relative to the invariant given on a representation @ by

i(0) = dimc (0%) = dime Hom(1, o),

where 1 denotes the trivial one-dimensional representation of G. In number theory,
measures of this kind are often called Sato—Tate measures, the original example being
the one associated to SU, C GL;(C).

By a somewhat ad hoc construction, one can also see the spectral measures from
functional analysis as instances of spectral measures in the sense of Definition 1.1.

Example 1.3 Let E be a Hilbert space, and let A be a commutative unitary
C*-subalgebra of End(E), e.g. the closure of the span of all u? and (u*)? for some
normal endomorphism u. We consider the category € with objects the elements of A
and morphisms given by

C-1, ifu=nv,

H C y =
omg (. 0) =1 gse
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We endow % with the tensor product given on objects by ¥ ® v = u o v, and by the
obvious rule on morphisms, i.e., the tensor product of non-zero morphisms f = s1,,
and g =t1,, isequalto f ® g = st1,,gu,. The unit object is the identity map 1g € A,
and the category is symmetric monoidal because A is commutative. We consider the
“duality” functor D(u) = u*.

Let us now fix a vector x € E and consider the invariant i on ¢ defined by the
assignment i, (u) = (x | u(x)) for all u € A. Then the equality

iy @® @ Dw)®P) = (x [u(u*)’(x))

holds for all non-negative integers a and b, and hence the functional-analytic spectral
measure [, is a spectral measure of u relative to the invariant i.

Our first main result is a new proof of a statement that goes back to the very early
studies of probability theory through the analysis of card games and the like (see the
historical paper of Takacs [27] for references). Interestingly, the tensor categories that
will arise in the proof are the categories of representations of the “symmetric group” S;
for an indeterminate ¢ of Deligne [10] and Knop [18]. A rather different construction
of this category has recently been given by Harman and Snowden [15, § 15].

Theorem 1.4 (“Probleme des rencontres”’; Montmort [8]; N. Bernoulli I; de Moivre [7])
Let (X;)n>1 be a sequence of random variables with X,, a uniformly chosen random
permutation in the symmetric group S,. The sequence (| Fix(X;;)|),>1, where Fix (o)
denotes the set of fixed points of o € S,, converges in law to a Poisson distribution
with parameter 1.

Recall that the Poisson distribution with parameter a positive real number X is the
measure P, supported on non-negative integers given by

r

Pu(lr)) = et
r!

for all integers r > 0. The meaning of the statement (and how it was originally proved)
is therefore that the formula

1 11
lim —|{o €S, with |Fix(c)| = r}| = —— (1.1)

n—-+oo n! er!

holds for all integers r > 0. Neither categories nor spectral measures appear in the
statement; the link comes from the fact that the limit Poisson distribution arises as the
spectral measure of a suitable object in the Deligne—Knop category 4; = Rep(S;).
This is a C(f)-linear semisimple tensor category that “interpolates” the categories of
representations of the symmetric groups S,. From that point of view, an interesting
feature of our proof is that it shows how the Poisson distribution (maybe the most
natural measure on non-negative integers) is some kind of analogue of the Sato—Tate
measures from Example 1.2. In Section 3.3, we will see a similar statement for the
complex gaussian distribution. By Chebotarev’s density theorem, the probability that
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a random permutation in S, has r fixed points governs the asymptotic density of the
set of primes p such that a generic polynomial of degree n with integer coefficients has
r roots modulo p. In Section 5, we will speculate on a generalization of Chebotarev’s
density theorem that could explain the occurrence of the limit (1.1) in numerical
experiments involving certain pseudopolynomials.

Our second main result is the following new theorem.

Theorem 1.5 Let m > 1 be an integer and let ). be a partition of m with parts
Al Zhyz -
Forn > m + Ay, let ), be the representation of S,, corresponding to the partition
AW = (n—m, A, A, ..,

and let x5, n: Sy — C be its character. Then the measures (x.n(Xn))n=m+1r,,» where
as before X,, is a uniformly distributed random permutation on S, converges in law
as n — 400 to a spectral measure of the simple object x) ; of the Deligne—Knop
category 6; associated to the partition A, relative to the invariant

i(M) = dim¢) Hom(1;, M),

where 1, is the unit objet of ;.

This second result has a corollary which relates it to the theory of FI-modules of
Church, Ellenberg and Farb [6]. An FI-module over a field k is a functor V from
the category with objects finite sets and morphisms injective maps to the category of
k-vector spaces. For each n > 0, we write V,, for the image of the set {1, ..., n};
note that V,, has a natural structure of representation of S,,. An FI-module V is called
finitely generated if there exists a finite set of elements x; € V,; that do not “lie” on
a proper subfunctor of V. We refer the reader to the introduction of [6] for a list of
examples of finitely-generated FI-modules arising in algebra, geometry and topology.

Corollary 1.6 Let V = (V)0 be a finitely-generated Fl-module over C. Forn > 0,
let &, be the character of V,, as an S,-representation. The sequence of measures
(60 (Xu))n>0 converges in law as n — +00 to a combination of spectral measures of
objects of €; relative to the invariant i from Theorem 1.5.

Proof A fundamental result of the theory of FI-modules [6, Prop.3.3.3] implies the
existence of a polynomial Q € C[(T,),] (in indeterminates parameterized by all
partitions of all integers m > 1) satisfying &, = Q((xx »),) for all large enough n,
and hence the corollary follows immediately from Theorem 1.5. O

This paper is intended as a first glimpse on a subject that deserves further explo-
ration. We hope that the simple example of an application of spectral measures to
classical problems will motivate the reader’s interest in this notion.

W Birkhauser
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Conventions

Let X be a set. A partition of X is a set of non-empty subsets of X that are pairwise
disjoint and whose union is equal to X. Note that this definition constrasts with that of
Bourbaki (E, I, p. 29, déf. 7), where a partition is a family of subsets of X, allowing
the empty set.

2 Existence and uniqueness of spectral measures in tensor categories

From now on, we only consider k-linear tensor categories, for some field k, in the
sense of Deligne [9, 1.2]. We always use the duality functor of such a category as
the endofunctor D in Definition 1.1. An object M is called self-dual if there exists an
isomorphism M ~ D(M).

Proposition 2.1 (Spectral measures for self-dual objects) Let € be a tensor category
in which every object is self-dual, and let i be an R-valued additive invariant of €. If

2iM®N) <iM®M) +i(N®N) 2.1)

holds for all objects M and N of €, then every object of € admits a spectral measure
relative to i which is supported on R.

Proof By the solution of the Hamburger moment problem (see, e.g., [26, Th.3.8]), a
sequence (fLq)a>0 Of real numbers is the sequence of moments of a positive Borel
measure ¢ on R if and only if the inequality

D bitats >0 22)
1<a,b<A

holds for all integers A > 1 and all real numbers «,. Therefore, M admits a real spectral

measure relative to i if and only if the values u, = i (M®%) satisfy this condition.
We first consider the case where «,, are integers. Setting

P=P aM*™ and N= P (—a)M®,

0q 20 g <—1

we then get

Y dapptars =i(P®P)+i(N®N) —2i(P@N),
1<a,b<A

and hence the assumption (2.1) implies the inequality

Z Qalpliarp = 0.
1<a,b<A

) Birkhauser
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This extends to @Q by homogeneity, and to R by continuity. O

If not all objects are self-dual (as it often happens), then the situation is more subtle,
because the moment problem on C is more challenging than that on R: the analogue
of the positivity condition above is not sufficient to ensure the existence of a positive
measure on C with given moments. However, under an extra growth condition, one
obtains both existence and uniqueness of the spectral measure.

Proposition 2.2 (Spectral measures for general objects) Let € be a tensor category.
Let i be a C-valued additive invariant of €. Suppose that the inequality

IM®DN)) +i(DM) ®N) <i(M®DM)) +i(N&®D(N)) 2.3)

holds for all objects M and N of €. Let M be an object of € satisfying the Carleman
condition
> i((M@DM))®) ) = foo, 2.4)
a1

Then there exists a unique spectral measure for M relative to i.

Proof This follows as above (mutatis mutandis using complexification) from the fact
(due to Nussbaum) that the Carleman condition (2.4) combined with the analogue
of (2.2) is a sufficient condition for the existence and uniqueness of a measure on C
with given moments; see for instance [26, Th. 15.11]. O

Remark 2.3 The Carleman condition holds in particular if there existc > Oand r > 0
such that the inequality i (M ®D(M))®") < cr" holds for all non-negative integers n.
This is a frequent occurrence, but it corresponds to measures with compact support
(compare with Deligne’s “subexponential growth theorem”; see [12, Th.9.11.4]).

Definition 2.4 (Positive invariants) An additive invariant i on ¢ is called a positive
invariant if it satisfies (2.3) for all objects M and N of €.

The following result gives a usable criterion to check that certain invariants are
positive.

Proposition 2.5 Let € be an essentially small tensor category. Let % be a set of objects
of € such that every object of € is isomorphic to a finite direct sum of objects from €.
We write Z(%) Jfor the set of functions n: G —>17 with finite support and ny = n(V)
for all objects V of €. Let i be an additive invariant of €.

Then i is positive if the bilinear form

b(n, m) = Z nymw i(V ® D(W))
V,We?

on Z(©) is positive, i.e., b(n, n) > 0 for all functions n : ¢ -7 with finite support.

W Birkhauser
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Proof Let M and N be objects of %, and represent them as direct sums

M=@mvv, N = @nww

Ve? Weé

with only finitely many non-zero integers my, nw. By additivity, we obtain the for-
mulas

i(M®DN)) +i(DM) ®@N) = Y mynw i(V@DW)) + Y mynw i(DV) @ W),
V,W V.W

iM®DM) +i(N®DN) = Y mymw i(V@D(W)) + ) nynw i(V®D(W)),
V,W V.W

so that we get
(i(M®D(M)) +i(N®D(N))) _ (i(M®D(N))+i(D(M) ®N)) — b(m—n, m—n),

and the result then follows from Proposition 2.2. O
As a special case, we deduce:

Corollary 2.6 Let k be a field. Let € be any essentially small k-linear semisimple
tensor category with unit object 14 in which the Hom spaces are finite-dimensional.
The formula

i(M) = dimy Hom(l¢, M)

defines a positive invariant on €.

Proof We apply Proposition 2.5 to the set % of isomorphism classes of simple objects
of €. Then i(V ® D(W)) = 0 for V and W in ¢, unless V is equal to W, so that
the bilinear form b in the statement is diagonal in the canonical basis of Z(%), with
diagonal coefficients equal to i (V ® D(V)) = dimy Hom(l¢, V® D(V)) > 0. ]

Remark 2.7 (1) The remainder of this paper will concentrate on the invariant of Corol-
lary 2.6. However, there are other natural potential invariants that may be considered.
One which seems quite interesting is the length of an object in a semisimple category
(where all objects have finite length). In the simplest case of the category of finite-
dimensional complex representations of a finite group G, it is an elementary exercise
that the length is a positive invariant (and every object has a unique spectral measure
relative to the length) if and only if the sum (without multiplicity) of the irreducible
characters of G is non-negative. This holds for instance for all symmetric groups, but
not all alternating groups (the latter experimentally). We hope to come back to this
example in a later paper.

(2) We emphasize that it is essential to impose the positivity of the spectral measure
in Definition 1.1: it is known by independent work of Boas and Pdlya (see, e.g., [3])

) Birkhauser
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that any sequence of complex numbers is the sequence of moments of infinitely many
complex measures on R.

(3) In general, spectral measures are not uniquely determined given the object of
interest, and only their moments are unambiguously known (see the conclusion of
Remark 3.8 for a simple example where the spectral measure is not unique).

We conclude this section with a simple observation.

Proposition 2.8 Letk be afield. Let € be a k-linear tensor category with unit object 14
and let i be a positive invariant on €. Let M be an object of €. Let u be a spectral
measure for M relative to i.

(1) For any non-negative integers a and b, the image measure (z — z°7Z%).u is a
spectral measure for M®* @ D(M)®? relative to i.

(2) The image measure (z — 2Re(2)) 1 is a spectral measure for M@ D(M) relative
toi.

Proof We prove the second statement, the first being similar. Since the object N =
M & D(M) is self-dual, it suffices to consider i (N®¢) for all integers a > 0. From the

isomorphism
a
N® ~ M® @ D(M)®“?),
D (v oo
0<b<a

and the definition of spectral measures, we get the equality

P (N®9Y = Z (Z)/Czbi"_hd,u(z)=/(C(z+2)“du(z),

0<h<a
which means that (z — 2 Re(z)).u is a spectral measure for N. O

Remark 2.9 With obvious conventions, this proposition can be phrased and generalized
as follows: for any polynomial Q € N[z, 7], the measure Q. is a spectral measure
for the object Q(M, D(M)).

More generally, one can raise the following natural question, for which we do not
have good answers at the moment: given an object M and some spectral measure (M)
for M relative to some invariant #, is there a “natural” definition of spectral measures
w(N), for all objects N of the tensor category generated by M, such that  (N) coincides
with the measure Q. un when N = Q(M, D(M)) as above? Already when considering
simple examples of Schur functors, such as symmetric powers (when they are defined),
the answer is not clear.

3 Tensor envelopes and fixed-point statistics
Let k be a field of characteristic zero and ¢ € k an element. Deligne [10, Th.2.18]
defined a rigid k-linear pseudo-abelian symmetric monoidal category Rep(S;, k) by

generators and relations, relying on some stability properties of representations of

W Birkhauser
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symmetric groups. If 7 is not a non-negative integer n > 0, then Rep(S;, k) is abelian
and semisimple. If # = n, then the semisimplication of Rep(S;, k) is equivalent to
the category Rep(S,,) of k-linear representations of the symmetric group S,,. We will
mainly deal with the case where k = C(¢) and ¢ is the indeterminate of k, which we
simply denote by Rep(S;).

Knop [18] discovered an alternative approach to constructing new rigid symmetric
monoidal categories which is a priori independent of ideas of interpolating other
categories; this leads to many more examples, and happens to recover in a special case
the categories of Deligne. The input data in Knop’s construction is a base category
o/ satisfying some regularity conditions, a field k and a degree function § which
associates to every surjective morphism e in 2 an element & (e) of k, again subject to
some conditions. The resulting category is denoted .7 (<7, §) by Knop, and is called
the tensor envelope of o/ with respect to §. For the moment, it is sufficient for us to
recall that every object x of &/ defines an object [x] of .7 (&7, §), which is always
self-dual, and that the k-linear space of morphisms from [x] to [y] admits as a basis
the set of all relations from x to y, i.e., the set of all subobjects of the product x x y.
To give some context, we spell out in Appendix A the construction of .7 (<7, §) in the
special case relevant to Theorem 1.4, namely when 7 is the opposite of the category
of finite sets.

3.1 Proof of Theorem 1.4

Let Py denote the Poisson distribution with parameter 1. By the so-called Dobiriski’s
formula (see, e.g., [25]), for each integer k > 0, the k-th moment

l_e

r!
r=0

agrees with the k-th Bell number, i.e., the number of partitions of a set with
k elements (indeed, both sequences satisfy ap = O and the recurrence relation
gy = Zf:o (’;)ar). In particular, E(P¥) < k%, so that the Carleman condition
holds and P is determined by its moments (as is well-known). Thanks to the method
of moments (see, e.g., [2, Th. 30.2]), to prove the convergence in law | Fix(X,,)| — P
asn — 400, it suffices to prove that, for each integer k > 0, the sequence of moments
(E( Fix(X,,)|k))n>1 converges to E(P’l‘).

We first observe the equality | Fix(X,,)| = x»(X,,), where y,, is the character of the
“standard” permutation representation Std,, of S,, acting on C". By basic representation
theory of finite groups, we then get the expression

. 1 .
E(IFix(Xn)l") = — 3 xn(@)" = dimc Homgeps,) (1, Std7"), (€B))

" oeS,

where 1, is the trivial one-dimensional representation of S,,.

) Birkhauser
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We now appeal to the Deligne-Knop category ¢; = Rep(S,), first in the situation
where 7 is the indeterminate in the field C(¢). Before pursuing the proof, we summarize
the properties of %; that will be useful for us:

(a) Each finite set X defines a self-dual object [X] of %}, and these objects satisfy
Home;, ([X], [Y]) = C(¢)(partitions of X U Y).

(b) The tensor product of [X] and [Y] is the object [X] ® [Y] = [X u Y].
(¢) The category %; is a semisimple C(z)-linear tensor category.

In particular, %; contains objects 1, = [#] and Std; = [{1}], the first being the unit
object for the tensor product. By Corollary 2.6, the assignment

i(M) = dim¢() Homg, (1,, M)

defines a positive invariant on %;.

Lemma 3.1 The object Std; admits a unique spectral measure with respect to i, and
this measure is equal to the Poisson distribution Py. In particular,

E(PY) = dime () Homg; (1, Std®5). (3.2)

Proof Recall that the object Std, is self-dual. For each integer £ > 0, the k-th
tensor product Std,®k is the object [{1, ..., k}] of %;. Hence,

i (Std®*) = dime(y Home;, (1, Std®F)

is the number of partitions of the set {1, ..., k}, which is also the k-th moment of P;.
O

Combining (3.1) and (3.2), the proof of Theorem 1.4 then reduces to showing the
equality

lim _dimc Homgep(s,) (1n, Std3*) = dimc() Homgep(s,) (17, Std).

n—+o00

For this, we use the variant ¢ = Rep(S;, C) of the Deligne-Knop category obtained
by “specializing” the indeterminate 7 to some fixed complex number z. Properties (a)
and (b) from above still hold, and in particular

dimg(y Homgep(s,) (1;, Std*) = dime Homg; (1, Std®¥)

since a basis of both vector spaces is given by the partitions of {1, ..., k}. Unless z is
an integer n > 0, the category % is still semisimple.
For integer values z = n, the semisimplication of %, is equivalent, as a

tensor category, to the category of finite-dimensional complex representations of
S,, an equivalence being given by the functor that maps an object of the form

W Birkhauser
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[X] to the permutation representation on the space Vx of functions X — C”
(see [18, Th.9.8,Example 1, p. 606]). In particular, such a functor sends the object [¢]
to the trivial one-dimensional representation 1,, and the object [{1}] to the standard
permutation representation Std, on C". The semisimplification of %, is the quotient
category Cn = €,/ N, where 4, denotes the tensor radical of €, (see [18, §4.1]).
It is a semisimple abelian tensor category by [18, Th.6.1].

Lemma3.2 Letn > 1 be an integer. For each integer k > 0, the inequality
; ®k : ®k
dim¢ Homgeps,) (1, Std,;") < dime Homg;, (1, Std,;")

holds, with equality if and only if n > k.

Proof Let X and Y be finite sets. By definition of the quotient category, the objects
of €, are the same as those of %, and the morphisms between the representations
Vx and Vy of S, corresponding to [X] and [Y] via the equivalence of categories are
given by

Homgep(s,) (Vx, Vy) = Homz ([X], [Y]) = Home;, ([X], [Y])/ A2 ([X], [YD).
Therefore, we obtain an inequality
dim¢ Homgep(s,) (Vx, Vy) < dimc Home, ([X], [Y]),

with equality if and only if .4;,([X], [Y]) is reduced to the zero morphism. Taking
X=@andY ={1,...,k},sothat Vx = 1, and Vy = Std;?k, proves the first part of
the statement.

It remains to see when 4, (1, Stdff’k) is zero. By a result of Knop [18, Cor. 8.5],
this holds if and only if certain invariants w, in C are non-zero for all indecomposable
surjective morphisms e: u — v in the category Set’’”? such that u is a subquotient
of 1, ® Std®* = Std®*. By [18, Ex. 1,p. 596], this invariant is equal to w, = n — |v|
for such morphisms; since indecomposable surjective morphisms u — v in Set’’”?

are injective maps of sets v < u satisfying |v| = |u| — 1, and u is a subquotient of
Std®* = [{1, ..., k}], we have |v| < k — 1, and hence @, = 1 — |v| > 1 is non-zero
foralln > k. O

This concludes the proof of Theorem 1.4.

Remark 3.3 (1) In comparison with other proofs, this abstract argument has the advan-
tage of explaining, to some extent, where the Poisson distribution comes from.

(2) It is natural to ask if similar ideas can be used to reprove other statements in
the theory of random permutations, such as the fact that the sequence (¢;(X;))n>1,
where ¢; (o) denotes the number of i-cycles in the decomposition of a permutation
o, converges in law to the Poisson distribution Py/;. More ambitiously, one can try to
count the number of cycles in a random permutation.

(3) To the best of our knowledge, the fact that the first moments of | Fix(X,)|
coincide with those of the Poisson distribution first appears in the work of Diaconis—
Shahshahani [11, Th.7].

) Birkhauser
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3.2 Fixed-point statistics for vector and affine spaces over finite fields

Knop’s approach yields many more instances of tensor categories, and the principles
above are applicable. As an example, we recover a result of Fulman (proved in his 1997
unpublished thesis) which appears in a paper of Fulman and Stanton [13, Th.4.1].

Proposition 3.4 (Fulman) Let E be a finite field and let (X,),>1 be a sequence
of random variables with X,, uniformly distributed in GL,(E). The sequence
(I Fix(Xp) Dn>1, where Fix(g) is the 1-eigenspace of g € GL,(E), converges in law
asn — 4o00. For k > 0, the k-th moment of the limiting distribution is equal to the
number of vector subspaces of EK. Moreover, the k-th moment of | Fix(X,,))| is equal
to the limiting moment for n > k.

Proof We argue as in the proof of Theorem 1.4, using instead the base category Vec(E)
of finite-dimensional E-vector spaces and the degree function

S(e: U — V) = pdime(ker(e))

for a surjective E-linear map to construct Knop’s category %;. We use as before the
unit object 1; = [{0}] and the standard object Std; = [E], which is self-dual.

Specializing to ¢t = |E|" for some integer n > 1, the quotient ?IE\" is naturally
equivalent to the category of finite-dimensional complex representations of GL, (E)
(see [18, Example 5, p. 606]). We obtain

dimc Homgr,, 5) (1, Std%%) < dime () Homg;, (1, Std®5),

where Std,, is the |[E|”-dimensional permutation representation of GL,, (E) associated
to its natural action on E". As before, there is equality if the numerical invariants w,
are non-zero for indecomposable surjective E-linear maps e: U — V, where U is a
subquotient of Std,‘?k in Gjg;». We have w(e) = |E|" —|V|, and hence there is equality
if n > k (note that in €jgp», the tensor product is defined using the direct sum of
finite-dimensional E-vector spaces).

On the one hand, for all n > 1, the function g +— | Fix(g)| is the character of the
standard representation, and on the other hand, by Knop’s construction, the dimension

dimc ) Homg;, (1,, Std®)
is the number of subspaces of E¥. Thus, E(| Fix(X,)|¥) converges to this number. To
conclude, we need however to apply Lemma 3.5 below, since in this case the size of
the moments does not satisfy the Carleman condition, but it is known that
[{subspaces of EX}| « [E[Fk+D/4 O
Lemma 3.5 (Heath-Brown) Let g > 1 be an integer, and let (my)x>0 be a sequence

of real numbers such that my < g***tV/4 for k > 0. Let (Zn)n=1 be a sequence of
random variables such that
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(1) For all n, the support of Z,, is contained in the set of powers q" forr = 0.
(2) Forall k > 0, we have E(Zﬁ) — M.

Then (Z,) converges in law to a random variable Z supported on powers of q with
moments my, for all k > 0.

Proof This is implicit in [16, Lemmas 17 and 18]. More precisely, it follows from
standard results in the method of moments that the second assumption implies that
any subsequence of (Z, ), >¢ which converges in law has a limit with moments n1, and
it is elementary from the first assumption that all such limits are supported on powers
of g. Heath—-Brown’s result (proved in [16] in the case ¢ = 4, but with immediate
generalization) is that there is a unique probability measure on R with these two prop-
erties. Since the convergence of moments implies uniform integrability (or tightness),
this means that the sequence (Z,),>0 is relatively compact and has a unique limit
point, and hence converges. The stated properties of the limit are then clear. O

Remark 3.6 A result of Christiansen [5] (also cited by Fulman and Stanton) shows that
the limiting measure of Proposition 3.4, as a measure on R, is not characterized by its
moments. Thus, some extra condition is necessary to ensure uniqueness, and this is
provided by the assumption that the support is restricted to powers of ¢q.

Considering another example of Knop leads by the same method to a similar result
which is new, to the best of our knowledge.

Proposition 3.7 Let E be a finite field and let (X,),>1 be a sequence of random
variables with X,, uniformly distributed in the affine-linear group Aff, (E) of E".
The sequence (| Fix(X;)|)n>1, where Fix(g) is the set of fixed points of g € Aff, (E),
converges in law as n — +oo. Fork > 0, the k-th moment of the limiting distribution
is equal to the number of affine subspaces of EX~1.
Moreover, the k-th moment of | Fix(X,,)| is equal to the limiting moment for n > k.

Proof We argue as above with the base category .7 of (non-empty) affine spaces over E
(see [18, p.597,Ex. 6;p.607,Ex.7]). O

3.3 Fixed-point statistics for complex vector spaces

It is also natural to consider the category Rep(GL;) of Deligne and Milne (discussed
in [10, § 10,Déf. 10.2]), interpolating theTategories of representations of GL, (C).
Indeed, the argument applies rather similarly, and leads to the analogue of Theorem 1.4
in this context: the direct image under the trace Tr: U, — C of the probability Haar
measure on the unitary group U, converges as n — 400 to a standard complex
gaussian. This was first proved by Diaconis and Shahshahani [11]; see also Larsen’s
paper [23] for the case of the symplectic or orthogonal groups and real gaussians.
First, by Corollary 2.6, the assignment

l(M) = dim(c(t) HOHI@(GL[) (1,, M)
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defines a positive invariant on Rep(GL;). One can then show that there exists an
object Std,, which for t = n corresponds to the standard representation of GL,,(C)
through the equivalence from the semisimplification of Rep(GL;) to the category of
representations of GL, (C), satisfying T

i(Std®* @ D(Std;)®?) = dim¢() Hom(1,, Std®* ® D(Std,)®?) = 0 ff“ 7 b,

a! ifa=0>b.
More precisely, with the notation of [10, Déf. 10.2], the object Std; corresponds to
the pair of finite sets ({1}, #) and is denoted by X?{l}. Thus, Std;@a ®D(Std, )%
corresponds to the pair ({1, ..., a}, {1, ..., b}) and the value ofi(Std?” ®D(Std,)®?)
is the dimension of the space

Hom((¥, ¥), ({1, ...,a},{1,...,b})),

which is by definition the number of bijections {1, ..., b} — {1, ..., a}. These values
are known to be equal to the moments

1 _ 2
_/ azbyldl g,
T Jc

of a standard complex gaussian random variable, which is therefore the spectral mea-
sure associated to Std;. Using a stabilization property of the corresponding invariants
for GL,,(C) when n > a + b, one gets convergence as before (see [10, Prop. 10.6]).

This proof is not as satisfactory as that of Theorem 1.4, because Deligne and Milne’s
definition of Rep(GL;) involves some a priori knowledge of stability properties of
representatiorﬁnd linear invariants of GL,,(C). The argument does show, however,
that the convergence to the gaussian can be interpreted in terms of spectral measures,
and that the standard gaussian can also be interpreted as a “generalized” Sato—Tate
measure. Moreover, it suggests the question: what are the spectral measures for other
objects of Rep(GL;)?

Remark 3.8 Since Berg [1] proved that the third power of a real gaussian random
variable is not determined by its moments, the third tensor power of Std; & D(Std;)
(which, thanks to Proposition 2.8, has spectral measure the cube of a real gaussian),
gives an example of an object of Rep(GL;) whose spectral measure is not unique. Once
aspectral measure is not unique, itis a classical fact from the solution of the Hamburger
moment problem that the set of all possible (i, M) has a rather complicated structure,
as explained in [26, Ch.7].

One can argue similarly with the category @(O(r)) of Deligne [10, §9,Déf.9.2],
which interpolates representations of orthogonal groups: the standard object Std; in
this category is self-dual and satisfies

dimg ) Homgepo(r)) (11, Std;@“) = |{partitions of {1, ..., a} with all parts of size 2}|
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by definition, which coincides with the a-th moment of the standard real gaussian
(namely, it is 0 when a is odd, and equal to a!/(2%/?(a/2)!) when a is even). Thus, the
standard real gaussian is the (unique) spectral measure of Std; in Rep(O(t)) relative to
the invariant i (M) = dimg) Hom(1;, M). The corresponding coﬁzergence theorem
is that of the direct image under the trace of the probability Haar measure of O(n) to
the standard real gaussian.

4 Proof of Theorem 1.5

Letm > 1 be an integer and let A be a partition of m with parts A; > A > ---. Recall

that the statement concerns the limiting behavior of the measures (xx.,, (Xu))n>m+1;>

where X,, is a uniformly distributed random permutationin S, and ; , : S, — Cisthe

character of the representation of S,, corresponding to the partition (n —m, A1, A2, ...).
The argument will consist of two stages:

— We prove a priori that the sequence of measures (i, (Xn))n>m+1, converges in
law as n — +00 to some measure fi;.

— We compute the moments of the limiting measure and show that they coincide
with those of a spectral measure of the object x; ; of the Deligne—Knop category.

Lemma 4.1 The sequence (X n(Xn))n=m+a, converges in law as n — +o0 to a
measure [LA.

Proof Foreachi > 1,let¢; (o) denote the number of i-cycles (fixed points if i = 1) in
the representation of o as a product of cycles with disjoint support. It is known from
the theory of symmetric functions that there exists a so-called character polynomial
¢ € QI(L;);>1] such that, for all large enough n, the equality

Xon(0) = @3 (L1 (o), ... Li(o),...)

holds for all ¢ € S, (see, for instance, [24, Ex.1.7.14]). Since the sequences
(£; (Xy))i>1 are also known to converge in law as n — +00 to a sequence (P1;);>1
of independent Poisson random variables with parameters 1/i (see, e.g., [11, Th.7]),
the sequence (X, (Xn))n>m4a, converges in law to ) = g (P1, ..., Py, ...). O

Remark 4.2 In the spirit of Remark 3.3 (2), it would be interesting to find a proof of
Lemma 4.1 without using character polynomials.

The second step will rely on Deligne’s construction of the category of representa-
tions of S;, which enjoys some functoriality properties that have not been explicitly
established by Knop. Since Theorem 1.5 is new, the fact that Deligne’s definition
involves some a priori knowledge of representations of the symmetric groups is not
an instance of circular reasoning.

Let A be a commutative ring and ¢ € A. We use the A-linear category Rep(S;, A)
of Deligne [10, Déf. 2.17], keeping the notation Rep(S;) for A = C(¢) and the indeter-
minate ¢. The basic objects of this category are associated to finite sets U and denoted
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by1 [U]; their Hom spaces are introduced in [10, Déf.2.12]. For each integer N > 0,
we consider the full subcategory Rep(S;, A)N whose objects are the direct factors of

sums of [U] for U of cardinality < N. Deligne [10, Prop.5.1] proved that @(St)(N)
is a semisimple abelian category if ¢ is not an integer between 0 and 2N — 2. Moreover,
under the assumptions

t—keA forO<k<2N—2 and N!e A%, 4.1)

he associated to any pair (y, 0) consisting of a finite set y with |y| < 2N and an irre-
ducible representation o of the symmetric group Sy, an object x , A of Rep(S;, AN,
see [10, Prop.5.1 and Rem. 5.6]. (This object is independent, up to ismrphism, of
the choice of N, provided (4.1) holds, and hence the value of N is omitted from the
notation.)

The objects xy o A are functorial with respect to A under the natural base-change
functor

Tap: Rep(S;, A) — Rep(S;, B)

when B is an A-algebra (see [10, Déf.2.17]), i.e., there are isomorphisms

Xy 0B = TA,B (xy,Q,A)-

If B is a field of characteristic zero and the image of ¢ is not a non-negative integer, then

the full category Rep(S;, B) is a semisimple abelian category, and its simple objects

are precisely those of the form x y,0,B» for a unique pair (y, @), up to isomorphism.
From now on, we fix an integer N > 1 and consider the ring

=

t— k)ogkgzN—z]’

which is a principal ideal domain (being a localization of the principal ideal domain
C[t]) and satisfies the assumption (4.1).

Let m > 1 be an integer and A a partition of m. We then set x) A = Xy oA,
where y = {1, ..., m} and g is the irreducible representation of S, associated to the
partition A. We denote by x, , the base change of x; a to Rep(S,) under the natural
inclusion A < C(¢). Furthermore, if n > 2N — 2, then we denote by x, » the base
change of x, a to Rep(S,) under the morphism A — C(¢) that maps ¢ to n.

We begin with a lemma generalizing the first step of the proof of Lemma 3.2
(in the sense that it shows that certain Hom spaces have the same dimension in all
the categories Rep(S;), even when ¢ is a non-negative integer, provided it is “large
enough”). o

Lemma 4.3 Let A be a partition of an integer m > 1 and let a > 0 be an integer. For
any integer n > 4am — 1, the following equality holds:

dimg () Homgeps,) (11, xff‘;) = dim¢ Homgeps,) (1, x%ﬁ).

1 Deligne’s basic generators [U] are not the same as the basic objects in Knop’s definition, but the precise
relation between them is explained by Knop in [19, Rem. 1.2].
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Proof Let N > 1 be an integer such that N > 2am. Then both x; A and x?‘z are

objects of Rep(S;, AN (this follows from the fact that the tensor product of two
basic objects [U] and [V] is a direct sum of objects [W] with |[W| < [U| + |V],
as explained in [10, §5.10]). Consequently, by [10, Rem.5.6] and the fact that A is
principal, there is a direct sum decomposition

x24 = P vxua (4.2)

Iu|<N
for some non-negative integers v(i), where the sum is over partitions of integers < N.

Assume n > 2N — 2. Applying base-change to C(¢) and to C as above (¢t — n), we
derive from (4.2) direct sum decompositions

xf’? o~ @ V()X s xkn o~ @ V()X -

[ <N [nI<N

By [10, Rem.5.6], the objects x, a have the property that

0 ifu#v,

Hom(x, A, x =
Fpa Xv8) = if = .

Since the unit objects of Rep(S;) and Rep(S,,) are x,, ; and x,, ,,, respectively, for the
partitition . = (m) corresponding to the trivial representation of S,,, we therefore
deduce from these decompositions that the equalities

dimc(y) Hom@(st)(]t, x;, z) =v((m)) = dimg HomRep(S y(1p, x,, n)
hold for all n > 4am — 1, which concludes the proof. O
Remark 4.4 A combinatorial formula for
dimc () Homgep(s,) (17, x57)
has been obtained (in the generality of tensor envelopes) by Knop [20, Cor. 5.4, Ex. 5.6].
End of the proof of Theorem 1.5 Leta > 0 be an integer. By Lemma 4.3, the equalities
i(x2]) = dimgy Homgepes,) (11, x5¢) = dime Homgepcs, ) (1n, X55)

hold for all large enough integers n. Besides, Deligne [10, Prop. 6.4] has shown that,
provided n > 2m, the semisimplification functor

Rep(S,) — Rep(S,)/ A, = Rep(Sy)
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maps the object x; , to the representation m,_, of S, associated to the partition 2
Thus, we obtain the lower bound

i(xf’?) = dim¢ Homgeps,) (1n, xfjfl) > dimc Homgep(s,) (1n, n)i@”Z)’

with equality if and only if .#'(1,, ®“) = 0. For all large enough (depending on a
and A) integers n, we have .4 (1,,, Xy n) = 0 (e.g., by Knop’s criterion), and hence for
such n, we get

. 1
f X (x) = i (x2) = dime Hompgepcs,) (In, 720) = — Y~ x.0(0)",
R n!

oeS,

as we wanted to show. This concludes the proof of Theorem 1.5. O

5 Arithmetic speculations

The distribution of the number of fixed points of random permutations in S, for a
given integer n > 1 occurs naturally in number theory as a limiting distribution for
the number of zeros modulo a prime number p of a fixed polynomial with integer
coefficients f € Z[T] of degree n and Galois group S,. Indeed, let ¢ s(p) be this
number. A special case of Chebotarev’s density theorem states in that case® that the
limit formula

XETOOM’“’ <xlof(p)=r}|= —|{o € S, with | Fix(o)] = r}]

holds for all integers r > 0, where 7 (x) denotes the number of primes p < x (this
was already observed by Kronecker [22] in 1880, who also pointed out the limiting
behavior as n — +00).

One may ask if a similar framework can give rise to the Poisson distribution, viewed
as the number of fixed points of a “random element” of S; for an indeterminate . Some
work of Kowalski and Soundararajan [21, § 2.4] involving pseudopolynomials might
be related. Indeed, they have formulated the following conjecture:

Conjecture 5.1 (Kowalski-Soundararajan) LetF(n) = Y ;_, n!/k!forintegersn > 0.
For any prime number p, let op (p) be the number of integers x satisfying0 < x < p—1
andF(x) = 0 (mod p). Then, for each integerr > 0, the following limit formula holds:

1 1
li < = = -
x—y—&I-loo n(x) |{p x lor(p) = r}‘ er!’

2 For an arbitrary irreducible polynomial f € Z[T], the corresponding limit would be the probability
that a uniformly distributed random element of the Galois group of the splitting field of f, viewed as a
permutation of the complex roots of f, has r fixed points.
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A pseudopolynomial in the sense of Hall [14] is a sequence (a,),>0 of integers
such that m — n divides a,, — a, for all m > n. Setting G(n) = ay, this condition
guarantees that the value G(x) (mod p) is well-defined for x € Z/pZ, independently
of the choice of a representative to compute it. Besides the sequences ( f (1)), of values
of a polynomial with integer coefficients f € Z[X], a standard example is F(n) as in
Conjecture 5.1. This function can also be written as e f loo x"e *dx foralln > 0 (an
incomplete gamma function), or |en!| forn > 1.

Numerical evidence in favour of Conjecture 5.1 is quite convincing [21, § 2.4]. We
speculate that, if true, this limiting behaviour might be explained by appealing to the
properties of S; and some avatar of Chebotarev’s density theorem.

Another tantalizing experimental parallel observation is the following. It results
from Deligne’s equidistribution theorem and the work of Katz (see [17, Th.7.10.6])
that, given a polynomial f € Z[X] of degree n > 6 whose derivative f’ has Galois
group S;_1, the exponential sums

Wg(a; p) = % Z exp(2niaf(x)>

x (mod p)

for a € (Z/pZ)* become equidistributed as p — +o0 like the traces of random
matrices in a compact group K C U, which contains SU,,.

By analogy and comparison with the results of Diaconis—Shahshahani and Larsen,
we are then led to expect the following:

Conjecture 5.2 Let F(n) = Y y_,n!/k! for integers n > 0. For a prime number p and
a € (Z/pZ)*, set

1 F
Wg(a; p) = — Z exp(Znia (x)>.
ﬁx(modp) p

Then the values (Wg(a; p))ae(z)pz)*x become equidistributed as p — +00 like a
standard complex gaussian, i.e., for any continuous bounded function ¢ : C — C, the
following holds:

1 1
lim Y eWe@ o) = [ pe P
p—>+oo p —1 7 Jc

ae(Z/pZy*

Numerical evidence is again very convincing here. A potential link suggests itself
with the category Rep(GL,), and even more tantalizing is the suggestion of a form of
Schur-Weyl duality relating the categories Rep(S;) and Rep(GL,).
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Appendix A Knop's construction of the category Rep(S;)

In this section, we recall the steps of Knop’s construction of tensor envelopes, special-
ized to the case of the opposite of the category of finite sets which leads to Deligne’s
category of “representations” of S;.

Given sets X, Y and Z with maps f: Y — X and g: Y — Z, we define the
gluing X Uy Z as the quotient of the disjoint union X U Z by the smallest equivalence
relation that identifies f(y) € X with g(y) € Zforall y € Y.

Recall that a partition of a set X is a set of non-empty subsets of X, pairwise disjoint
and with union equal to X; we will identify partitions with equivalence relations on X.

Given sets X, Y and Z, and partitions & of X U Y and B of Y U Z, one defines a
partition 8 © « of X U Z as follows:

— the equivalence class of an element x € X is the union of the «-equivalence class
of x and of the set of z € Z such that there exists y € Y which is «-equivalent to x
and B-equivalent to z;

— the equivalence class of an element z € Z is the union of the B-equivalence class
of z and of the set of x € X such that there exists y € Y which is e-equivalent
to x and B-equivalent to z.

Using the quotient maps
Y —> XuyY)/e, Y—> (Yuz)/s,
we define the gluing (X U Y)/o Uy (Y U Z)/B as above. There is an injective map
JiXuz2)/poa— XuY)/a uy YUZ)/s,

and we define y (o, B) as the cardinality of the complement of the image of j. Con-
cretely, this is the number of equivalence classes of elements of Y which are neither
a-equivalent to an element of X nor B-equivalent to an element of Z.

We fix aring k and an element ¢ of k. The category

% = Rep(Sy)

is constructed in three steps. One first defines a k-linear category ‘5,0: its objects are
finite sets, and the morphism space Homcgto (X, Y) is the free k-module generated by
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partitions of the finite set X U Y. The composition maps are the k-bilinear maps

Hom%;[o (Y,Z) x Hom%)[o X, Y) — Hom%;to X,72)
(B.a)— Boa=1"“Ppoa.

Associativity is not obvious, and relates to basic properties of the function y.

If f: X — Y is a map of finite sets, then there is an associated morphism Y — X
in %to given by the smallest equivalence relation oy on Y U X that identifies x € X
with f(x) € Y for all x € X. This construction gives rise to a contravariant functor
from the category of finite sets to the category %,O (because it is elementary that
y(B,a) = 0 whenever o and 8 are equivalence relations associated to maps, and
hence oy, f = 0y 0 ¢ holds for composable maps f and g); this functor is faithful.

From %,0, a category ¢, is constructed as the category of formal finite direct sums of
objects of ‘gto, with morphisms given by matrices in the obvious way. Finally, Knop’s
tensor envelope category %; is defined by “adding images of projectors”: an object is
a pair (X, p) of an object X of %, and an endomorphism p of X such that p o p = p,
and morphisms between two such pairs are given by

Home;, (X, p). (Y, q)) = g o Home (X, Y) 0 p € Homeg (X, Y).

The category Sa”to admits a monoidal structure in the sense of [12, Def.2.1.1]. The
tensor product bifunctor is defined on objects as X ® Y = X U Y for finite sets X
and Y. As for morphisms, the tensor product o ® B € Homg o (X ®Y, X' ®Y') of

a € Homcgto (X,X)and B € Hom%o (Y,Y’) is the equivalence relation on
XoYUuX ®Y)=XuY)uX uY)

which “coincides” with « on X U X’ and with 8 on Y U Y’. The commutativity

constraint X®Y — Y®X and the associativity constraint (X®Y)®Z S5 X® (Y®Z)
are given, respectively, by the morphisms associated to the obvious identifications
XUuY=YuXand (XUuY)uZ=XuU(YUZ). The unit object 1 is the empty
set, along with the unique morphism1 ® 1 — 1.

It is elementary that if p and ¢ are projectors, then p ® g is also one, so the rules

X.pY,9)=XQY,pRq)

and bilinearity define a symmetric monoidal structure on %;.
The monoidal category ‘gto is rigid ([12, Def.2.10.1]). Indeed, the dual of a finite
set X is defined to be D(X) = X itself, and the evaluation and coevaluation morphisms

evx: DX)® X — 1, coevyx: 1 —> X ® D(X)

are both identified with the equivalence relation on X U X associated to the identity
map on X. For a morphism « € Hom%}o (X,Y), the transpose ‘o € Homcgto (Y, X) is

) Birkhauser



100  Page 22 of 23 A.Forey et al.

defined as the composition

id®coevy
_—

DY)=Y=Y®1 YRX®X)~(Y®X) ®X

(i[d®e)®id DY) ®Y) ® X evy®id 1®X = X = DX),

and corresponds to the obvious equivalence relation on X U 'Y which is “the same” as
aonY uX.
This duality functor extends by linearity to %/, and finally to %;: we have

D(X, p) = (DX), ldpx) — 'p)

for an object (X, p) of 6;,and *(g o 0 p) ='p o'a o'qg for a morphismgoaop €
Homg, (X, p), (Y, q)).

Thus, %; has the structure of a rigid symmetric monoidal k-linear category.

Suppose that the ring & is a field of characteristic O and ¢ is not a non-negative
integer. Then Knop proved that the category %; is semisimple [18, Th.6.1 along with
Ex. 1, p.596].

Let A be a fixed finite set and G = Aut(A) the corresponding symmetric group.
An element g € G acts by precomposition with g~! on the sets of maps from A to
any finite set X. The contravariant functor

ha(X) = Homset (A, X)

from the category of finite sets to the category Setg of finite sets with a G-action can
be extended to a tensor functor Ta : 6; — Rep,(G), where Rep, (G) is the category
of finite-dimensional k-linear representations of G. So that the diagram

h
SetPP —"A 5 Setg

l l

G L> Rep, (G)

commutes [ 18, proof of Th. 9.4, (9.23)], where the functor Setg — Rep, (G) associates
to a finite set Y with a G-action the permutation representation of G on the free
k-module with basis Y.
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