QUADRATIC RELATIONS BETWEEN PERIODS OF CONNECTIONS

JAVIER FRESAN, CLAUDE SABBAH, AND JENG-DAW YU

ABsTrRACT. We prove the existence of quadratic relations between periods of meromorphic
flat bundles on complex manifolds with poles along a divisor with normal crossings under the
assumption of “goodness”. In dimension one, for which goodness is always satisfied, we provide
methods to compute the various pairings involved. In an appendix, we give details on the
classical results needed for the proofs.
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1. INTRODUCTION

In a series of papers, Matsumoto et al. [10, 41, 32, 33, 42, 23, 28, 27, 37, 21, 22] proved that
there exist natural relations between periods of various kinds of complex differential equations
on a Riemann surface (mainly, the Riemann sphere) that generalize various functional equations
for classical special functions. These relations are quadratic in the entries of the period matrix
and arise from the comparison of the intersection matrix of the twisted cycles entering the period
integrals with the de Rham pairing of the twisted differential 1-forms that are integrated along
them. The aforementioned articles show many interesting examples where these quadratic relations
can be effectively computed. However, they are not proved in the full generality that one needs
for analyzing, say, quadratic relations between Bessel moments, which are periods of symmetric
powers of the Bessel differential equation [19]. The goal of this article is to establish the existence
of such quadratic relations in a general setting and to give some methods to compute them for
differential equations on a Riemann surface, without any assumption on the kind of singularities
it may have. The papers cited above deal mainly (but not only) with the case of a meromorphic
connection with regular singularities twisted by a meromorphic form with arbitrary poles.

Section 2 considers the case of a differentiable manifold with corners and a differentiable vector
bundle on it endowed with an integrable connection having poles along the boundary. No analyt-
icity property is needed, but an assumption on the behaviour of the de Rham complexes near the
boundary looks essential (Assumptions 2.1). Quadratic relations are obtained as Corollaries 2.13
and 2.25. We revisit the period pairings introduced by Bloch and Esnault [3] in the form consid-
ered by Hien [24, 25, 26]. Applications to period pairings similar to those of loc. cit. are given
in Section 2.e. The main idea taken from |24, 25, 26| is to define local period pairings in the
sheaf-theoretical sense, prove that they are perfect, and get for free the perfectness of the global
period pairings by applying the Poincaré-Verdier duality theorem. In that case, the manifold with
corners is nothing but the real oriented blow-up of a complex manifold along a divisor with normal
crossings. Provided Assumptions 2.1 are satisfied, these ideas apply to the general framework for
proving quadratic relations between periods. We emphasize middle quadratic relations since they
tend to be the non-trivial part of quadratic relations.

The tools for proving the quadratic relations between periods are taken from classics in math-
ematics and could have been put to work more than fifty years ago. Nevertheless, the appendix
recalls with details these classical results, which are taken from the Séminaire Cartan [5, 6] (we
reinterpret the notion of “carapace” in terms of presheaves), de Rham’s book [11, 12|, Malgrange’s
book [38], and the book of Kashiwara and Schapira [29]. In particular, in Appendix C we make
precise an “obvious result” (Corollary C.6) which we could not find in the literature. Let us empha-
size that a similar approach has already been used by Kita and Yoshida [34] in order to define and
compute the Betti intersection pairing for ordinary twisted homology. We improve their results
by extending them to connections of any rank and possibly with irregular singularities.

Section 3 focuses on the case of meromorphic connections on Riemann surfaces. A formula
“a la Cech” for computing the de Rham pairing is provided by Theorem 3.12. In the case of rank
one bundles with meromorphic connection, this result already appears in Deligne’s notes [13].
We also give a formula for computing period matrices (Proposition 3.43) that goes back, for
connections with regular singularities, at least to [16, Rem. 2.16]. Quadratic relations in the sense
of Matsumoto et al. are obtained in (3.49).

Needless to say, the results of this article are not essentially new, but we have tried to give them
with enough generality, rigor, and details so that they can be used in various situations without
reproving the intermediate steps.
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2. PAIRINGS FOR BUNDLES WITH FLAT CONNECTION AND QUADRATIC RELATIONS

2.a. Setting and notation. We consider a C*° manifold M of real dimension m with corners,
that we assume to be connected and orientable. The boundary of M is denoted by OM, and the
inclusion of the interior M° = M ~\ OM by j: M° — M. In the neighbourhood of each point
of OM, the pair (M, M) is diffeomorphic to (R%, ORY) x R™P. The sheaf €7 of C* functions
(resp. Dby of distributions) on M is locally the sheaf-theoretic restriction to (R, 0RY) x R™~?
of the sheaf of C* functions (resp. distributions) on R™. We will also consider the sheaf €55 (%)
of C'*° functions on M° having at most poles along M. In particular, the de Rham com-
plex (&3y,d) is a resolution of Cyps. The complex of currents (€., 0), denoted homologically, can
be regarded cohomologically as (Db, ", d). Recall (see Appendix B) that a current of homological
index ¢ is a linear form on test differential forms of degree q. Then the inclusion of complexes
(&~ °,d) — (DbY;°,d) is a quasi-isomorphism. In other words, (Db}, °,d) is a resolution
of Cpr[m]. We refer the reader to Appendix B for the notation and results concerning currents
with moderate growth. The results in this section are a mere adaptation of those contained in
de Rham’s book [11, 12] (see Chapter IV in [12]). In order to simplify the discussion, and since
we are only interested in this case, we assume all along this section that M is moreover compact.

2.b. De Rham formalism for quadratic relations.

Setting and the main assumption. We keep the assumptions and notation of the previous section.
Let (¥,V) be a locally free €55 (*)-module on M endowed with a flat connection V and a flat
non-degenerate pairing (s,+) : ¥’ @ ¥ — €57 (), i.e., compatible with the connections. The pairing
induces a self-duality A : ¥~ ¥ which factorizes (s,+) as the composition

yor 1O, oy L) ey

where (o|+) denotes the natural duality pairing. We can define the de Rham complexes of (¥, V)
with respectively €/ 4 and Crr mod coefficients. Since V has only poles as possible singularities
along OM, the complexes

DR(7,V) = (&7 @ ¥,V) and DR™Y(¥,V) = (£5°" @ ¥, V)

are well-defined. The hypercohomologies of these complexes are the de Rham cohomologies with
rapid decay H{g .4(M,7’) and the de Rham cohomologies with moderate growth Hijg ,,q(M, 7).
We make the following assumptions.

Assumption 2.1.
(1) The complexes DR™ (¥, V) and DR™9(¥, V) have cohomology concentrated in degree 0,
denoted respectively by #* and ¥™ed,
(2) The natural pairings defined by means of (s,¢) : ¥ @ ¥ — %57(%) and of the wedge
product:
Qud.mod : DR™(¥, V) @ DR™(¥, V) — (657, d),
Quod,rd : DR™ (¥, V) @ DR™ (¥, V) — (635, d)
are perfect, i.e., the pairings induced on the #° are perfect:
Y @ ymed s 5iCaro[m),
yod @ 9" —s jiCae [ml.
Decoupling. One can drop the assumption on the existence of a non-degenerate pairing (s, «). One

uses (o]¢) instead. One modifies Assumptions 2.1 as follows.

« In Assumption 2.1(1), one adds a similar property for DR (¥, V) and DR™ (¥, V).
« In Assumption 2.1(2), one uses the natural pairings induced by (s|e).
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The de Rham pairings. Verdier duality (Corollary C.6) implies that the natural pairings
H™ " (M, ™) @ H" (M, ¥™) — H™(M°,C) ~ C,
H™ (M, y™°Y) @ H" (M, ¥"™¢) — HI"(M°,C) ~ C

are non-degenerate. We will interpret these pairings in terms of the de Rham cohomologies. We
note that the following diagram commutes in an obvious way:

Qr mo
DR'(¥, V) @ DR™4(y/, v) —med

|

DR™(¥,V) ® DR*(7,V)

(")

(&g, d)

Qmod,rd

For any r» > 0, let Q™" . be the global de Rham pairing

rd, mod
Mimod : TOML & @ )Y @T(M, &3 @ 7)Y — C

obtained as the restriction to horizontal sections of the composition of T'(M, Q) with integration
Jus : 4™ — C. Define Q7

the Stokes formula that Q[} " 4 (resp. Q[ 4" ) vanishes when one of the terms is a coboundary.
We thus obtain:

o d +q Similarly. Since rapid decay forms vanish on dM, it follows from

Corollary 2.3. Under Assumptions 2.1, the induced pairing
rdmod * Har. (M, V) @ Hig moa(M, ) — C
is perfect, and so is Q01 4- O

Twisted currents with rapid decay and moderate growth. We consider the following complexes of
currents with coefficients in ¥ (see (B.3) for the boundary operator):

. twisted currents with rapid decay
(€57..(¥),0) = (€574, 8) @ DR™(V, V) = (€574, 8) © ¥,
. twisted currents with moderate growth
(€5A(7),0) = (€555,0) 0 DRI, V) =~ (€5, 0) 0 7,
We define de Rham homology with rapid decay (resp. moderate growth) with coefficients in ¥ as
Hit, (M, 7) = H,(D(M, €57 (7)), resp.  HIRG.(M, ) = H, (C(M, €5pd(¥)),
(recall that M is assumed to be compact).!

The Poincaré isomorphisms. The quasi-isomorphism Cpr[m] — (€47¢,9) leads to Poincaré iso-
morphisms in D?(Cjy), making the following diagram commutative

Pprd(y
DR™(¥,V)[m] % ¢d (V) = eppd @ DR™(V, V)

(2.4) l
meOd(”f/) J

DR™ (7, V)[m] —————— €ed(¥) = ¢5pd @ DR™Y(7, V).
By taking hypercohomologies (with compact support), we thus obtain global Poincaré isomor-
phisms
(25) PrY)  Higra(M, 7)) = Hify (M, 7)),
Prod() s Higmoa (M, ) = HERS.(M, 7).

"When (7,V) = (€55 (xOM),d), rapid decay and moderate de Rham homologies are the homology and the
Borel-Moore homology of M°. In general, both rapid decay and moderate de Rham cycles can have closed support.
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De Rham period pairings. We define the de Rham period pairing
(2.6) PIR™Y s (€ (¥),0) ® DR™ (¥, V) — (€4 .,,0)

so that, for local sections T, ® " ® v and w® ® w (where " has rapid decay and w® has moderate
growth), Pk (T, ®n" @, w* @w) is the current T,® ((v, w)-n" Aw®) of dimension ¢—r—s. It has
rapid decay since (v, w) has at most a pole (and hence moderate growth), and thus (v, w) - 7" A w®
has rapid decay. Note that, if T, is C*°, then we recover Qud,mod-

Similarly, we define the period pairing

(2.7) Pledr . (€med(¥),0) @ DR*(¥,V) — (€33, 0).
Then the following diagram commutes:

rd,mod

(@ . (7),0) @ DR™ (¥, V) — 8 (€44 ,,9)

(2.8) prd (,V)Tz ZTCPrd
[DR™ (¥, V) ® DR™ (¥, V)][m] (& 9)

Qrd7m0d

and a similar diagram for Qmod,rda. It follows that the period pairings are also non-degenerate
(here, we really work with Verdier duality in the derived category, since we have to invert the
Poincaré quasi-isomorphisms).
For each r > 0, let Pﬁin:()d and Prdngir’rd be the global period pairings
Pars ™ - T(M, €, (1)” @ T(M, 657 © 7)Y — C
Pies™ : D(M, expd(#)? @ T(M, &7" @ #)Y — C

obtained by evaluating on the constant function 1 the zero-dimensional rapid-decay current pro-
vided by Pﬁ;&m‘)d and Pg‘gd’rd respectively. Then, according to Stokes formula, P(ri(ll);’erd and Pgﬁi’rd
vanish if one of the terms is a boundary, and hence induce pairings

PLEmot S, (M, ) @ Hig o (M, ¥) — C
PfinROijrd : HdmRO,Ci’(M’ /V) ® HSR,rd(Ma /V) — C.

It is then clear that the following diagram commutes (and similarly for anod’rd):

rd,mod
dR,r
Hik, (M, V) @ Hig smoa (M, V)
(2'9) fprd("f/)TZ
Q;'cll,:rz‘od

Hgll{:d(Mﬂ 7/) ® HSR,mod (M7 ’1/)

We then deduce from Corollary 2.3:

Corollary 2.10. The period pairings Pgﬁf’:(’d and Pg’;;i;fﬂr are perfect.
De Rham intersection pairing. We can apply once more the Poincaré isomorphisms to (2.8), and
get the morphism Brdnf{’d’rd (resp. Bgﬁmo‘i) making the following diagram commute:

mod,rd

eped(¥) @ DRV, V) [m] — B (€33 ,,0)

B(rinl:c{)d,rd
(V) @ & (V) ————— (€4}, 0)
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and therefore also the following:

Pmod,rd
mod m—r dR,m—r
HdR,m—r(M7 %) ® HdR,rd(M7 %)
2.11 )
( ) 2l:PTd (’7/) mod,rd
Bar,m—r

HiR S (M, V) @ Hig (V) ————— C
By definition, for cohomology classes ["] € Hjfp [4(M, ) and [w™™"] € Hig 1,0q(M, ¥'), we have

ramoa (171 [0 7)) = B (Pri_ (7)), P (W™ 71)).-

Corollary 2.12. The de Rham intersection pairings B(r&in:c’d, Bg’gdr’rd are perfect for each r > 0.

Proof. This follows from the perfectness of the period pairings (see Corollary 2.10). O

Quadratic relations. We assume that the cohomology and homology vector spaces we consider are
finite-dimensional and we fix bases of these spaces. We denote by the same letter a pairing and
its matrix in the corresponding bases, and we use the matrix notation in which, for a pairing A,
we also denote A(z ® y) by ‘z - A -y, and *A denotes the transposed matrix.

Corollary 2.13 (Quadratic relations). The matrices of the pairings satisfy the following relations:

tpmod,rd _ prd,mod m—r —1 _tpmod,rd
BdR,m—r = PdR,r ( rd,mod) o PdR,m—r'

Proof. In terms of matrices, the commutations (2.9) and (2.11) read

teprd d,mod _ ~m— drd  qprd _ d,rd
g)T (7/) : PSR,mTO - ?é,r;;ad’ Bgllg,mr—r ’ g)T (7/) - Piinl:({j,nf—w
and eliminating P'4(7#') we obtain the sought for relation. O

Remark 2.14 (Quadratic relations in presence of +-symmetry). Let us assume that (e,e)
is £-symmetric. Let us denote by

"Qdmod * Harmoa (M, 7)) @ Hip [y(M, V) — C

rd,mod
the pairing defined (with obvious notation) by ‘Qj 1 4(h", A7) = Qg foq(R™ ™", "), and let

tQm-r is a rapid decay (m — r)-form and w” an r-form with

mod ra D€ defined similarly. If 7
moderate growth, and if v, w are local sections of ¥, we have

m—r

mer (M @u,w” @w) = (v,w) - Aw” = +(=1)" " (w, v)w” AT

rd,mod
= (=1 Qod (W ©w, ™ @ 0).
Passing to cohomology, we find

‘ ;ﬁ;rrod = i(_l)r(mir)QTmod,rd’ ! mo_dr,rd = i(_l)r(mir) rd,mod"*
For the de Rham intersection pairing, we similarly find

tpmod,rd __ T(m,T) rd,mod
BdR,m—r*i(il) BdR,r :

As a consequence, the quadratic relations read

(2.15) (1) B = PR 0 (Qidiod) ! o Pl

rd,mod
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2.c. Middle quadratic relations. For each degree r, we set
HiR, (M, ) = im[Hg (M, ) — HIRS.(M, ¥)],
Hifg mia (M, 7) = im[H 1 (M, 7) — Hig g (M, V)],

where the maps are induced by the natural inclusion €™ — €2™°%. From (2.2) one deduces
that Q?fi;od and ngdird induce the same non-degenerate pairing

mid  Haromia(M; ) @ Hig mia (M, V) — C.
Similarly, according to (2.4), Pr4(#) and P™°4(¥) induce the same isomorphism

PR ) Mg g (ML) — HE (M, 7).
It follows that Pf&ifﬁo‘j and Pg}‘éi’rd induce the same non-degenerate period pairing

PR - Hik (M, 7) @ Hig 1ia(M, 7)) — C.
In the same way, Bgi,;’mr()d and Brdngfir’rd induce the same non-degenerate intersection pairing

Bk « Hirr (M, ) © Higl,—, (M, V) — C.

We conclude:

Corollary 2.16 (Middle quadratic relations). These pairings are non-degenerate and their ma-
trices satisfy the following relations:

thlnl:i{(,im—r = lenl:l{(,ir ° ( 71‘21717“)_1 o tpglfi{(,im—r'
Remark 2.17 (+-Symmetry and quadratic relations). Under the symmetry assumption of Re-
mark 2.14, the following relations hold:

"Bl = £(=1)""TIBE,, Qla = (1) TIQ
and the relations of Corollary 2.16 read

E(-1 B = PR, o Q) o P
If r = m — r, we can regard these formulas as algebraic relations of degree two on the entries of

the matrix Pfinﬁ"ir, with coefficients in the entries of B(‘inﬁ(}r and Q

m—r
mid -

Caveat 2.18 (On the notation mid). The terminology “middle quadratic relation” and the asso-
ciated notation mid could be confusing, as it is usually associated to the notion of intermediate
(or middle) extension of a sheaf across a divisor. Here, we use it in the naive sense above, and
we do not claim in general (that is, in the setting of Section 2.e below) any precise relation with
the usual notion of intermediate extension. However, we will check that both notions coincide in
complex dimension one (see (3.1)).

Decoupling. If we do not assume the existence of (s, +) but use (s|+) instead, under the corresponding
variant of Assumptions 2.1, we have the induced global de Rham, period and intersection pairings

rd,mod(qi/) : HQR,rd(Mv 7/) ® Hg;{_,:;lod(]\/L Ai/v) — C7
rd,mod T r v
PdR,rO (%) : Hd‘%{,,T(M7 7/) ® HdR,rﬂod(M7 v ) — C7
Bin ! (7) : Hih (M, #) @ HiRS, (M, 7) — C,

and Qp,q..4(7), ete. Reversing the roles of ¥ and 7", we obtain pairings Qg ,0q(?"), ete.
Let us set ¥/ =¥ & ¥ with the non-degenerate pairing (s, +) given by

(v, 8), (w,m) = (v[n) £ (w[),
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which is +-symmetric and satisfies Assumptions 2.1. We further suppose that the cohomol-
ogy Hig ,q(M, ) is finite-dimensional. Then in terms of matrices, we have

T — 0 Q:d,mod(q//)
rd,mod iQr (”f/v) 0

rd,mod

and similarly for others. Thus the quadratic relations (2.15) yield
(2.19) (—1)rm=IBLEY () = PRE™Y () o QU g (¥) 7 o PR (7).

rd,mod

Conversely, suppose the quadratic relations (2.19) hold in the decoupled setting under the
variant of Assumptions 2.1 with Hyp (M, ) finite-dimensional. Let (¥, V, (o, +)') be a connec-
tion satisfying Assumptions 2.1 with Hjg (M, ") finite-dimensional. Let 7" denote the same
connection ¥’ with the transposed self-pairing (v, w)” = (w,v). Let Qld.moa(?”) be the global
de Rham pairing considered before, and similarly for others. Then the relation (2.19) transforms
via the isomorphism A : 7/ = ¥’V into

(1) BRI () = PR 0 Qi roa () 0 PR (V).

rd,mod

If (e, ) is -symmetric, then Pgﬁ%ﬂr(”//”) = inlgi;fT(”//’), so we get back the relation (2.15).

2.d. Betti formalism for quadratic relations. In the topological setting we replace the com-
plex of currents (Qfﬁ’.dﬁ) with the complex of sheaves of relative singular chains (Car,ans,e,0).
We will consider coefficients in C since we will compare it with currents. We refer to Appendix A
for basic properties of this complex, and we recall (see e.g. [25, p.14]) that (Casomm..,0), When
regarded cohomologically with non-positive indices, is a homotopically fine resolution of Cys[m)].
Arguments similar to those of Proposition A.16 enable us to replace the complex of sheaves of
singular chains with that of piecewise smooth singular chains, that we will denote in the same way.

Betti period pairings. Integration along a piecewise smooth singular chain in M of a test form
with rapid decay along OM defines a morphism of chain complexes (Car.on,e,0) — (erﬂ’}cjfi,ﬁ):
indeed, if ¢ is a ¢-dimensional chain and w a form of degree ¢ on M° with rapid decay, fcw =0
if ¢ is supported in OM; compatibility with 9 follows from the Stokes formula. This morphism is
a quasi-isomorphism since it induces an isomorphism on the unique non-zero homology sheaf of
both complexes; it yields a morphism between two resolutions of Cps[m].

We introduce (see Section A.d) the following complexes of singular chains:

. with coefficients in ¥ and rapid decay (CMﬁM,.(”f/rd), 0) = (Craom.,.,0) ® yrd,
. with coefficients in ¥ and moderate growth (Casanr,.(#™°4),0) = (Car.o0,0,0) @ Y04,

We also use the notation HX(M,¥) (resp. H®°4(M, ¥)) for the homology spaces H,.(M,¥*d)
(resp. H,. (M, 7™m°4)) (see Section A.d). We thus have quasi-isomorphisms of chain complexes
(2:20) (Caronra(¥7),0) = (€41 ,(#),0),  (Caroara(¥™%),0) = (€1FL(1), D),

which induce isomorphisms

(2.21) HY(M, ) = Hig (M, 7) and HMY(M,7) = HiRW(M, 7).

Composing (2.6) and (2.7) with these morphisms gives back the period pairings as those defined
in [25], that we denote by Prdmed and pmedrd  In particular, these Betti period pairings are
perfect. Notice that, by means of these identifications, the Poincaré-de Rham isomorphisms (2.5)
correspond to the Poincaré isomorphisms, denoted similary:

Prd(y)  H™ (M, ¥ ) =5 Ho (M, 7™,

2.22
(222) Prod(y) L HT (M, YY) s H (M, oY),
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According to Propositions A.13 and A.16, the homology spaces H'4 (M, ¥) (resp. H®°4(M, 7))
can be computed as the homology of the chain complexes

(CPonr. (M, 779)),0)  (vesp. (€37 opr. (M, 7)), 0))

of piecewise smooth singular chains with coefficients in #*4 (resp. 7™m°d).

On the one hand, let o : A,, — M be a piecewise smooth singular simplex (that we can assume
not contained in OM since we only consider relative simplices), and let v be a section of #*¢ in the
neighbourhood of |o|, so that ¢ ® v belongs to Aéj}“’al\/lj.(M7 #74). On the other hand, note that,
by using a partition of unity, any section in I'(M, éaJIVI}Od’T ® ¥) is a sum of terms w” ® w, where w
is a section of ¥ in the neighbourhood of the support of w”. Then (v, w) is a C*° function on the
open set where both sections are defined and has rapid decay along OM, so that (v, w) - w"
C>-form with rapid decay, and hence integrable along 0. We have

P;d’mOd(O' ® U,wr ®’LU) — /<'U,’LU> R / g*<1},w> Lot
Ay

o

is a

This interpretation makes the link between the approaches in [3] and [25]. A similar inter-
pretation holds for P®°4rd: now (v, w) has only moderate growth, but w” has rapid decay, so
that (v, w) - w"” remains a C*°-form with rapid decay.

Existence of a k-structure. Let us fix a subfield k of C. We will make explicit the k-structure
on the various cohomology groups occurring in the de Rham model, provided that a k-structure
exists on the underlying sheaves. We enrich Assumptions 2.1 as follows.

Assumption 2.23.

(1) The sheaves #™ and #™°d are endowed with a k-structure and the natural inclusions
yrd y ymod gnd yrd y ymod are defined over k, as well as the flat pairing induced
by (s,s) on ¥V @ ¥V.

(2) The perfect pairings #°Qud,moa and H#°Qumodra are defined over k:

@ Bt — Gikage[m],
ol @ W — ke [m].

In particular, #° of the commutative diagram (2.2) is defined over k. As a conse-
quence, the de Rham isomorphism induces a k-structure on the de Rham cohomology groups,
e.g. HSR,rd(M’ Y )i = H™(M, 7¢4) via the de Rham isomorphism HSR)rd(M, V) = H' (M, ¥*).
The pairings of Corollary 2.3 are defined over k and correspond to Poincaré-Verdier duality
over k.

The k-structure on rapid decay and moderate growth cycles is obtained by means of the com-
plexes (Car.anre, 0) @ Y and (Cazomr..,0) ® 4. In other words, we set

(M, )i = He (M, 739, ete.
The Poincaré isomorphisms (2.22) are then defined over k.

Proposition 2.24. Under Assumptions 2.1 and 2.23, let (v;); be a basis of Higp [4(M,”) and
let (v))i be the Quy .q-dual basis of Hig 0q(M, 7). The k-vector space Hip (M, 7 ) is
the k-subspace of Hijp [4(M, V") consisting of the elements

S Prdmed(a,vy) -,

where o runs in Hp.(M, 754). A similar assertion holds for HiR mod (M, ¥ ).
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Proof. Let e € Hij 14(M,7’) be an element written as
e_z:QI‘dmod )Ul
Let us set a = Py(e) € Hyy (M, ¥). According to (2.9), we can rewrite e as

e= Z Pfian;Od(a,viv) - ;.
The class e belongs to Hj [4(M, )y if and only if, when regarded in H™ ™" (MM, 71d), it be-
longs to H™~" (M, #;9), equivalently, its image « by the Poincaré isomorphism P'4(#) belongs
to H,.(M, #74). The assertion of the proposition follows from the above identifications. O

Middle quadratic relations. The Betti intersection pairing

Bymod Hy (M, #) @ Hn%.(M, V) — C

is defined from the de Rham intersection pairing B dRmOd (

see Corollary 2.12) by composing it with
the isomorphisms (2.21). It is thus a perfect pairing. A similar result holds for Bmodrd,
From Corollary 2.16 we obtain immediately (and of course similarly for the rapid decay and

moderate growth analogues):

Corollary 2.25. The middle Betti period pairings satisfy the quadratic relations of Corollary 2.16,
where the de Rham intersection pairing Bg‘lifr is replaced with the Betti intersection pairing B™d.
That 1is,

thlliii — P?]id O( z;ir)—l otpgiii )
Under the symmetry assumption of Remark 2.17, it reads

i(_l)r(m r)Bm1d Pm1d ( m_—r)flotpﬁiiir.

mid

Computation of the Betti intersection pairing. If (M,0M) is endowed with a simplicial decompo-
sition .7 such that the sheaves 774, 7™°d gatisfy Assumption A.17 and are locally constant on M°,
we can replace the complex (~§'\r4rl’(,)]\/[’.(M7 774)),0) (resp. the complex (~§\ZH8M’.(M, ymed)) 9))
with the corresponding simplicial complex (é@,aM,.(Mv 774)),0) resp. (GM oo (M, ymod)) 9)
(see Proposition A.18 and Section A.f).

The Betti intersection pairing can easily be computed in the framework of simplicial chain
complexes under this assumption. Indeed, choose an orientation for each simplex (it is natural
to assume that the maximal-dimensional simplices have the orientation induced by that of M)
and an orientation for each dual cell D(c). Let 0, ® v be a simplex with coefficient v in #*d
(0, ¢ OM) and let D(0.) ® w be a cell of codimension r with coefficient w in #™°d for some
simplex o/, of 7 (possibly o C OM). We regard them as currents with rapid decay and moderate
growth respectively, according to (2.20).

Proposition 2.26 (Computation of the Betti intersection pairing). With these assumptions,

O Zfo-':’ #U’IW

B0, @ v, D(07) @ w) = _
:|:<U’ w> (07') Zf 0-7/~ =0r,

where 7, is the barycenter of o, and + is the orientation change between o, X 5(00 and M.

Proof. By definition, we have
Brdmed (5 @ v, D(o) @ w) = (v,w) - Bar., (0, D(0L.)),

T

where Bgr , corresponds to de Rham’s definition of the Kronecker index.
If o/ C OM, then D(c’) does not physically intersect any simplex of .7 of dimension 7, and
if o/ ¢ OM, then D(c’) only intersects o/. among simplices of 7 dimension 7. We are reduced
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to computing the value when o). = o,. We are now in the framework of the computation of
de Rham (see [12, p.85-86]) which is recalled in the appendix (Proposition B.7). The current
Bar.»(0+, D(0,)) is supported on &, = o, N D(o.) and has coefficient +1, so that

(v,w) - Bar,r(0r, D(0)) = (v,w)(,) - Bar,,(0r, D(0.)) = (v, w)(5,). O

T

2.e. Quadratic relations for good meromorphic flat bundles. We now consider the complex
setup. Let X be a complex manifold of complex dimension n, let D be a divisor with normal
crossings, and let (¥, V) be a coherent &x (xD)-module with integrable connection, endowed with
a non-degenerate flat pairing (s,+) : ¥ @ ¥ — Ox (D). Let @ : X — X denote the oriented real
blow-up of X along the irreducible components of D (that we assume to be smooth for the sake
of simplicity). We set D = w (D) = 8X, and (X, D) will play the role of (M,dM) in the
settings 2.a (see e.g. [51, §8.2] for the construction of (X, w@)).

There is a natural Cauchy-Riemann operator on X and one defines the sheaves Az, %)—’%d, M)E(“Od

respectively as the subsheaves of €3 ,%}%o’rd,‘f;o’m(’d annihilated by the Cauchy-Riemann op-

erator (see e.g. [50]). Setting ¥ = Ay @10, @ ¥, the connection V lifts to a connection
v - w10 @10, . There is thus the corresponding notion of holomorphic de Rham com-
plexes with growth conditions, that we denote by DR™ (¥, V) and DR™%(¥,V) and which are
quasi-isomorphic to the C'°° ones, so there is no risk of confusion.

The goodness property. Let x be a point in D, and let (z1,...,2,) be local complex coordinates
of X centered at x such that the germ D, is given by 21 -z, =0 (¢ < n). Let ¥4 be the formal
germ of ¥ at x, which is an 0z (xD)-module of finite type with the integrable connection induced
by V. We say that (¥, V) is good at z if

(a) there exists a finite ramification

. / / _ D _ D
P (X0, T Ty, xn) — (=2, e =) 2, ., T)

such that the pullback p* (%%, V) decomposes as the direct sum of free €z (xD’)-modules of
finite rank with an integrable connection of the form V = dp+V*& where V™€ has a regu-
lar singularities along D’ = p, 1D and ¢ belongs to a finite family ®, C Ox/ . (xD")/Ox/ .,
(b) the finite family ®, is good, that is, for any ¢ # ¢ in ®, U {0}, the divisor of ¢ — ¢ is
effective.?
We say that (¥, V) is good if it is good at any « € X. In particular, ¥ is locally Ox (xD)-free.
Two important results should be emphasized.

(1) If n = dim X =1, then any (¥, V) is good. This is known as the Levelt-Turrittin theorem,
which has various different proofs (see e.g. [53, 35, 48, 2, 15, 39, 52, 1|).

(2) If n > 2, goodness may fail, but there exists a finite sequence of complex blow-ups over
a sufficiently small analytic neighbourhood of x, or over X if X is quasi-projective, that
are isomorphisms away from D and such that the pullback of (¥,V) is good along the
pullback of D, which can be made with normal crossings. This is the Kedlaya-Mochizuki
theorem (see [50] for n = 2 and rank < 5, [44] for n = 2 in the projective case, [30] for
n = 2 in the local formal and analytic case, [45] for n > 2 in the projective case, [31] for
n > 2 in the local formal and analytic case, and also in the projective case).

Theorem 2.27. If (¥, V) is good, then Assumptions 2.1 and A.17 hold for (”77,V).

Convention 2.28. In the case of complex manifolds, in order to make formulas independent of
the choice of a square root of —1, we replace integration [ « of a form of maximal degree with the

2Qoodness usually involves ®, rather than ®; U {0}. This stronger condition is needed for Assumptions 2.1 to
be satisfied.
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trace trx = (1/2mi)" - [. The de Rham intersection pairing Q is replaced with the normalized
de Rham intersection pairing:

S = (1/27i)"Q.
Let us for example consider the quadratic relations in middle dimension 7 if (e, «) is £-symmetric.

Corollary 2.29. Assume that X is compact. The quadratic relations for the Betti period pairings

(2" B = P o (S,) o P
hold for a good meromorphic flat bundle on (X, D), and the Belti intersection pairing can be
computed with a suitable simplicial decomposition of (X, D) as in Proposition 2.26.

Proof of Theorem 2.27. Let us start with Assumption 2.1(1). In dimension one, the rapid decay
case is the Hukuhara-Turrittin asymptotic expansion theorem (see [53] and [39, App. 1]). A variant
of the moderate case (restricting moderate growth to Nilsson class functions) is also proved in
[39, App. 1]. In dimension > 2, the proof is essentially a consequence of the work of Majima [36]
on asymptotic analysis (see also [49, App.|, [45, Chap. 20]). The rapid decay case is proved in [49]
and the moderate case in [24, App.] with the assumption n < 2, but the argument extends to
any n > 2 (see [25, Prop. 1]); the rapid decay case and the Nilsson-moderate case is also proved in
[46, Prop. 5.1.3]. The proof of 2.1(2) is a simple consequence of these results (see e.g. the proof in
dimension one of Proposition 3.41).

Let us now consider Assumption A.17. Due to the aforementioned theorems, the local structure
of #°DR'(¥) = ¥ and #° DR™(¥) = #™md is easy to understand. Near z € D as above,
the real blow-up X is diffeomorphic to (S1)¢ x [0,2)¢ x A(e)"* for some ¢ > 0 and a disc A(e)
of radius . In this model, denoting by (r1,...,7¢) the coordinates on [0,¢)¢, D is described
as r1---rp = 0, giving it the structure of a real analytic set. The structure of manifold with
corners is then clear.

From the set ®, of exponential factors defined after some ramification p,., one constructs a local
real semi-analytic stratification of D: for any ¢ # 0 in ®, written as ¢ = u, Hle x;fq"@) +h.o.t.
with u, € G(A(e)**)* and, in the ramified coordinates of X', written as

14
p =1, [[r7" - exp [i(ay — ¥, ai(0)))] + hovt.,
=1

we consider the sets defined by

COS(CLW - Zl Qi(@)eg) =0,
and their projections S, to 15, which are real semi-analytic subsets of D (the multi-dimensional
Stokes directions); the desired stratification is any real semi-analytic stratification compatible with
all these subsets. We also denote by Sjo (resp. Sg 9) the corresponding subsets defined with < 0
(resp. > 0).

In the neighbourhood of any 7 € w~!(x), “//rd\f) decomposes as @g) “//;d, where 7{;‘1 is zero
if ¢ = 0 and otherwise constant on S; 9 and zero on SEO. A similar property holds for #™°d| B
with the only change that “I/wm‘)d is constant if ¢ = 0. In particular, »* and 7™ are lo-
cally R-constructible in the sense of [29, Def. 8.4.3] (we can use a local stratification as above to
check R-constructibility).

In this local setting, #*4 and #™°d, together with any simplicial structure compatible with
any real semi-analytic stratification with respect to which they are R-constructible,® satisfy thus
Assumption A.17.

In order to conclude in the global setting, we note that the pair ()Z' , 5) comes equipped with
a real semi-analytic structure which induces the previous one in each local chart adapted to D,

31t is standard that such a simplicial structure exists, see e.g. [29, Prop. 8.2.5].
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and that 7" and 7™°d are R-constructible, since R-constructibility is a local property on lN),
according to [29, Th. 8.4.2]. Then the same conclusion as in the local setting holds. (]

3. ALGEBRAIC COMPUTATION OF DE RHAM DUALITY IN DIMENSION ONE

In this section, we restrict to the case of complex dimension one and we make explicit in
algebraic terms the results mentioned in Section 2.e.

3.a. Setting, notation, and objectives. Let X be a connected smooth complex projective
curve, let D be a non-empty finite set of points in X, and define j : U = X N~ D — X as
the complementary inclusion, so that U is affine. Depending on the context, we work in the
Zariski topology or the analytic topology on U and X, and hence & will have the corresponding
meaning. We denote by Op the structure sheaf of the formal neighbourhood of D in X, so
that 05 = @, p Oz and 0z ~ C[z] for some local coordinate z centered at 2. We fix an affine
neighbourhood Up of D in X. Weset Uy, = Up~D = UNUp and, for a sheaf of O'x-modules F', we
denote by ¢p the pullback functor F(U) — F(Uy,) attached to the inclusion Up, < U. Similarly,
we denote by ¢5 the restriction functor F(U) — F(U3).

We consider a locally free sheaf V' on U endowed with a connection V together with the
associated Ox (xD)-module with connection j,V (one also finds the notation 5,V in the literature)
that we denote by 7. It is thus a left Zx-module, and thereby endowed with an action of
meromorphic vector fields © x (*D) with poles along D. We will mainly consider the action of the
subsheaf © x (—D) of logarithmic vector fields, i.e., vector fields vanishing on D.

On the other hand, let (V,V) be the dual bundle with connection and set ¥v = 5, VV. The
dual Zx-module D(¥"V) is a holonomic Zx-module that we denote by ¥ (!D) (one also finds
the notation 51V or j;V in the literature). There exists a natural morphism 7 (!D) — ¥ whose
kernel K and cokernel C' are supported on D and whose image is denoted by ¥ (!xD).

We deduce natural morphisms of complexes DR ¥ (!1D) — DR ¥ (1«D) and DR ¥ (1«D) —
DR 7. We denote the hypercohomologies on X of DR ¥ (!D), DR ¥ (!«D), and DR ¥ respec-
tively by Hig (U, V), Hig nia(U, V), and Hig (U, V).

We note that DR K and DR C have non-zero cohomology in degree one at most and are sup-
ported on D, whence exact sequences

H'(D,DRK) — Hlg (U, V) — Hig mia(U, V) — 0
0 — Higmia(U, V) — Hijx (U, V) — H'(D,DRC).
In particular, we obtain an identification
(3.1) HéR,mid(Ua V)= im[HcliR,c(U7 V) — H<11R(Ua V).

Moreover, when working in the analytic topology, one can define the analytic de Rham complex
DR®" ¥, which has constructible cohomology. Since X is compact, it is standard that the natural
morphism DR ¥ — DR* ¥ is a quasi-isomorphism (and similarly for #(!1D)). This enables us to
identify the algebraic de Rham cohomology with the analytic one. We will not use the exponent
‘an’ when the context is clear and we will use this GAGA theorem without mentioning it explicitly.

If (V,V) = (0y,d), one knows various forms of DR(Ox(!1D)). Namely, DR(Ox(!D)) is
quasi-isomorphic to one of the following complexes:

« Cone(DR Ox (*D) — 1p« DR O5)[—1],

. ﬁx(—D) — Q}(,
and, for the sake of computing cohomology, one can replace these complexes with their analytic
counterparts. Let w : X — X be the real oriented blow-up of X along D, and let d)%d be the

sheaf on X of holomorphic functions on U having rapid decay along D = w1(D) (see Section 3.g
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for details). The latter complex is also quasi-isomorphic to the direct image Rw, of the de Rham
complex with coefficients in d}%d.

The first goal of this section is to explain similar presentations for DR ¥'(!D) and, correspond-
ingly, the presentation of DR ¥ in terms of the moderate de Rham complex on X. Moreover, we
make the de Rham duality pairing explicit in two ways:

o Theorem 3.12 gives an algebraic formula for the de Rham pairing S. It is a generalization
to higher rank of a formula already obtained by Deligne [13] (see also [14]) in rank one.

« We compare this algebraic pairing with the de Rham pairing Q of Section 2.b in this con-
text. In fact, perfectness of the algebraic duality is proved through this comparison result,
which also needs the introduction of an &-coherent version by means of weak Deligne
lattices. The approach considered here is reminiscent of that of [46] in any dimension
(see Cor. 5.2.7 from loc. cit.).

Once this material is settled, we translate into this setting the general results on quadratic
relations obtained in Section 2.e, with the de Rham cohomology (resp. with compact support)
instead of moderate (resp. rapid decay) cohomology. Also, we focus here our attention on the
middle extension (co)homology.

3.b. Cech computation of de Rham cohomologies. Recall that, since U is affine, the
de Rham cohomology of (V, V) is computed as the cohomology of the complex

T(U,V) o (U, QL @ V).
Therefore, any element of Hi, (U, V) is represented by an element of I'(U, 2}, ® V) modulo the
image of V.

For a sheaf F' of Ox-modules, we will compute the de Rham cohomology in terms of a Cech
complex relative to the covering (Up,U), whose differential is denoted by 4, so that for (f,¢) €
F(Up)® F(U), we have 6(f,¢) = tpp — f € F(Up). We will implicitly identify T'(U5, tpV') with
T(Up,¥) = 7p.

Replacing X with the formal neighbourhood DofDin X gives rise to ¥5 = Op ®¢ 5 ¥, which
is an O'p(xD)-module with connection, and hence endowed with an action of © 5(—D).

Proposition 3.2. The complex DR ¥ (1D) is quasi-isomorphic to the cone of the natural morphism
DR Y — DR 75, that is, to the simple complex associated with the double complex

L
(@ V) —5 QL @ 7.

The complex RT'(X,DR ¥ (D)) is quasi-isomorphic to the simple complex associated with the
double complex

L
(U, V) —2——

oo

DU, Q4 ® V) —25 QL ® 7.

Proof. Let us fix a section o of the projection D x C — D x (C/Z) such that o(z,0) = (x,0) for
each z € D. Recall that any holonomic Zx-module N is endowed with a canonical exhaustive
filtration by coherent Zx (log D)-submodules N, indexed by Z, called the Kashiwara-Malgrange
filtration, such that

e« N_y = O(—kD)Ny for any k > 0, and Ni11 = N + O x Ny, for any k > 1,
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. for each k € Z, the eigenvalues of ResV on N /Nj_1, as a function on D, belong to
k + im(o).
For each k, the connection V defines a connection V : Ny — Q% ® Ny 1. The above properties
imply that, for k # 0, the induced morphism on graded pieces V : gr, N — QL ® gr;, N is
bijective, so in particular the natural inclusion morphism is a quasi-isomorphism:

(3.3) (No Y5 QL ® N} <=5 DRA.
For example, the following also holds:

o If Njy =V, then the natural morphism Ny — ¥} is an isomorphism for any k < 0.

« The formation of the Kashiwara-Malgrange filtration is compatible with tensoring with &'p
and O and, for any k, N/N ~ Np/Np j ~ NB/Nﬁ,k

. For 7 as above, we have ¥}, = 0(kD)¥; for any k € Z.

« Among all N’s such that N|;; = V, the Zx-module ¥ (!D) is characterized by the property
that V : gry N — Q% @ gry N is bijective.

By the third point, the left-hand complex in (3.3) for ¥ reads {¥ ~, QL (D) ® %}, so (3.3)
amounts to the quasi-isomorphism

(3.4) %% Y QL(D) ® %} <5 DRV,

On the other hand, the last point implies that the inclusion of complexes

(7(D)_1 5 0L @ #(ID)o} —s DR ¥#(1D)

is a quasi-isomorphism. The left-hand complex reads {¥#_; N QY ® 7%} according to the second
point, so we obtain a quasi-isomorphism

(3.5) (71 Y5 QL (D) @ 7.1} 5 DR¥(ID).
The Cech resolution of this complex is the simple complex associated with the double complex
VD,—1© .V 0 b
VJ JV

(@, (D)@ ¥p 1) ® (A @ V) —25 Qb @ 1.

Since ¥p,—1 C ¥p, this complex is quasi-isomorphic to

. L ) L5
W —" YV GV V5 /Y5,
(3.6) vl lv = VJ lv
LD Ly

Q@ V) ==, (D)® (¥D/Ip-1) (@ V) —o QL (D)@ (V5/ V5 _,)-

Reversing the reasoning, it is also isomorphic to the Cech complex

Vo1 @4V d Vs

(3.7) VJ J%

(QL(D) & V5 ) @ . (Qh o V) — 0L & 7.

We claim that the morphism V : 75 | — Q%(D) ® V5 _, is bijective. Indeed, recall that 77 has
a canonical decomposition

(3.8) Vo = VEE QY
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into its regular and irregular components and that 77 , decomposes accordingly. Moreover, the
filtration 7/]%” is constant and equal to 7/115”, and we know that

< . irr 1 irr

ViVE — Q075
is bijective (see for example [39, Th. (2.3)ii), p. 51| with ¥’ = €5 and »" = #5). On the other
hand, it is standard to check that, for the regular holonomic part,

Vv — Qh(D) @ VEE

D,-1
is bijective. It follows from this claim that DR ¥/ (1D) is quasi-isomorphic to the complex given in
the proposition, and the statement for RT'(X, DR #(!D)) results immediately. O

Corollary 3.9. An element of HéRC(U, V') can be represented by a pair
(M,w) € Y5 T(U,Q; ®V)
satisfying Vin = tpw, modulo pairs of the form (t5(v), Vv) for v € T(U, V).

Remark 3.10. The natural morphism Hip (U,V) — Hjg(U,V) is described in terms of the
previous representatives as (m,w) — w.
(1) The image Hjg ,,;q(U, V) of this morphism (see (3.1)) consists of classes of sections
w e I'(U,V) such that (5w € im(V : V5 — 7¥p3). Therefore, any family consisting of
dim Hjg ,,1q(U, V) linearly independent classes [w] in Hjz (U, V) for which there exists
M € V5 satisfying Vi = 15w is a basis of Hig mia(U; V).
(2) The kernel of this morphism consists of pairs of the form (m, Vw) for some w € T'(U, V),
modulo pairs (t5(v), Vv). Each class has thus a representative of the form (m,0)
with Vi = 0, and there is a surjective morphism

ker[V : ¥ = 7] —» ker [Hig (U, V) = Hi (U, V)].

(3) If V has no constant subbundle with connection (e.g. if V' is irreducible and non-constant),
then a representative (m,0) with Vim = 0 is unique. We thus conclude in such a case that

ker[V : ¥ — ¥5] ~ ker [H}iR’C(U, V) — HiL (U, V)]

(4) With the assumption in (3), a basis of Hyy (U, V) can thus be obtained as the union of
the following sets:
. a basis of ker V in 5t
« a family of dimH} (U, V) — dim ker V representatives (m,w) for which the classes
of w in Hiy (U, V) are linearly independent (and thus form a basis of Hig ;a(U, V).

Remark 3.11 (Computation in the analytic topology). By the same reasoning, we find that
any element of HéR,C(U, V) ~ Hiz(X,DR*™ #(!D)) can be represented by a pair (m,w®) €
LU, va) @ (U™, Qan @ V) such that Vim = wfg}%. Considering the analytic analogue of the

Cech complex (3.7), we can also represent it as a triple (m, (wfg}g = Vmye ), W),

3.c. Pairings. For ¥ = j,V and ¥ = j,VV, the compatibility between duality of holonomic
P x-modules and Poincaré-Verdier duality of their analytic de Rham complexes gives an isomor-
phism

DR™ 7* =5 D' DR™ ¥ (ID),

where D’ denotes the Verdier duality functor shifted by —2dim X (= —2 here). Passing to
hypercohomology on X we obtain, through the GAGA isomorphism, an isomorphism

H(llR(Uv VV) ; HéR,c(U’ V)vv
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that we regard as a non-degenerate pairing
H}iR,c<Ua V) ® HtliR(U7 Vv) — C.
We aim at giving two constructions of such a pairing, that we will not however compare with
the one, given as a motivation, described above. On the one hand, one can define a pairing

S':Hlig (U, V)®HiR(U, V') — C

expressed on representatives (m,w) and w" by summing up the residues

(M,w) ®w" —— resp(m,tpw’) = Z resy (M, tzw").
zeD

Indeed, let us check that the formula does not depend on the choice of representatives of the
de Rham cohomology classes.

o If w¥ = VoY, we have
resp(m, 1z V") =resp d(m, t5v") —resp tp(w,v”) =0

since, on the one hand, res, dij = 0 for each x and any formal Laurent series 7], and on the
other hand, the residue theorem implies resp ¢ (w,v") = 0.
« Similarly, if (m,w) = (¢1p5(v), Vv), we have resp 15 (v,w") = 0 by the residue theorem.

The pairing S! is decomposed as (see Appendix D for the isomorphism resp)

Hig (U, V) @ Hig (U, V") — H3g (U, C) —2 C.

~

On the other hand, by working on the real oriented blow-up of X along D, we define a
Poincaré-Verdier pairing (see Appendix D for the notation tryan)

trUan
Ry

PV': Hig (U, V) ® Hag (U, V") — Hig (U™) C,

~

which is non-degenerate by the Verdier duality theorem (see Corollary 3.42).
Theorem 3.12. The Poincaré-Verdier pairing PV' and the residue pairing S* are equal.
In particular, the residue pairing S' is non-degenerate.

Corollary 3.13. The pairing S' vanishes on ker §®H5R7mid(U, VY) and induces a non-degenerate
pairing
Shid | HcliR,mid<U7 V)® HéR,mid(U7 V) — C.

Moreover, if V"5 V'V is a +-symmetric isomorphism, it induces a F-symmetric non-degenerate
pairing

H(llR,mid(Uv V)® HilR,mid(U7 V) — C.
Proof. If Vit = 0 and w" satisfies LpwY = VY, we have

resp(m,tpw’) =resp d(m,m") = 0,
hence the first assertion. That Sl is non-degenerate follows from the same property for S!. As-

sume now that (s, ) is a £-symmetric pairing on V and let w, w" represent classes in H(liRmid(U V),
so that there exist m,m’ such that Vm = 15w and Vi’ = t5w’. Then

resp (M, Lpw') = resp(m, Vin') = —resp(Vim,m') = Fresp(m',Vim) = Fresp(m',tzw). O

The theorem can also be obtained for PV' by applying Remark 2.17 when working on the real
blow-up space.
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Remark 3.14. This theorem is of course a variant of the theorem asserting compatibility between
duality of Z-modules and proper push-forward (see [43]), but more in the spirit of [46, Cor. 5.2.7].
The presentation given here owes much to [39, App.2]. It can also be regarded as an extension
of the duality theorem for logarithmic Z-modules (see [18, App. A]). Nevertheless, the present
formulation is more precise and can lead to explicit computations.

In the present form, this theorem has a long history, starting (as far as we know) with [13]
(see also [14]) in rank one. The computation that we perform with Cech complexes by using a
formal neighbourhood of D is inspired from loc. cit. The result was used by Deligne for showing
compatibility between duality and the irregular Hodge filtration introduced in loc. cit.

In a series of papers mentioned in the introduction, Matsumoto et al. also gave duality results of
this kind, either in the case of regular singularities or in rank one cases with irregular singularities
(possibly in higher dimensions).

Summary of the proof of Theorem 3.12.

(1) We choose a weak Deligne-Malgrange lattice % of ¥ (see Section 3.d), whose dual gives
rise to the logarithmic de Rham complex DR'°8(.%}"), which is a sub-complex of DR ¥~
quasi-isomorphic to it. We also realize DR (D) by the complex DR'°8(.%(—D)).

(2) We consider the logarithmic de Rham complex (see Section 3.e)

DR“(0x(~D)) = {0x(~D) - 2k}
(we have identified Q% with Q% (D) ® Ox(—D)) and the natural pairing of complexes of
sheaves

(3.15) DR'°8(%(—D)) @ DR'°¢(.%) — DR!°¢(0x (—D)).
We show that the induced pairing on Cech cohomology
(3.16) Hip o(U, V) ® Hyg (U, V") — Hig o(U)

can be expressed on representatives (m,w) and w” as (M, pw").

(3) We express the analytification of (3.15) as coming by pushforward from a pairing on the
real oriented blow-up X of X at D, where the logarithmic de Rham complexes have
cohomology concentrated in degree zero (see (3.38)). We show that it is also identified
with the de Rham pairing between rapid decay and moderate de Rham complexes of the
pullback ¥ of ¥ to X (see Section 3.h). Arguing in a way similar to [25, Th. 3] (done in the
higher-dimensional case), we show that there exists a unique such pairing extending the
natural one on U?", and hence the de Rham pairing is identified with the Poincaré-Verdier
duality pairing.

(4) Taking cohomology gives an identification between the analytification of (3.16) and the
Poincaré-Verdier duality pairing with values in HZ(U?%).

(5) The theorem now follows from the canonical identification between Hip .(U) and HZ(U*")
together with Proposition D.1. O

3.d. Weak Deligne-Malgrange lattices. By a lattice of ¥ we mean an Ox-locally free sheaf
£ C ¥ such that j*.Z = V. In order to construct a lattice £ of ¥, it is enough to construct
it in the neighbourhood of each point of D. The global lattice .Z is then obtained by gluing the
local ones with V. Moreover, since lattices of ¥ on nb(D) are in one-to-one correspondence with
lattices of #3, it is enough to construct such a lattice for ¥5. We conclude:

Lemma 3.17 ([40, Prop.1.2]). The map £ — ZL5 is a bijection from the set of lattices of ¥ to
the set of lattices of V5, whose inverse associates to L5 the unique lattice of V" whose germ at D

18 XEOVD.
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If .Z is a lattice of ¥, then .Z¥ = Homep, (£, Ox) is a lattice of ¥V = j. (V") through the
identification

(3.18) LY ={\: ¥ = Ox(+xD) | ML) C Ox}.

Definition 3.19 (of a weak Deligne-Malgrange lattice in the unramified case). Let us fix a point
x € D and choose a local coordinate z centered at this point, so that the germ Ox . is identified
with C{z}. Let us assume that ¥ = 03 ® 7 admits an unramified Levelt-Turrittin decomposition
(42, V) = @ (Ry,dp + V%)
pED
for some subset ® C C({z})/C{z} = 27 1C[z7!] and some free C({z})-vector spaces with regular
connection (R, V"#) of rank d,,, having formalization (ﬁw Vreg). Let us set B = (C[z],d+dyp),
where we regard d + dy : E¥Y — Qé ® E¥[1/z] as a formal meromorphic connection on E¥. We
can thus write the summands as E¥ @ Rp.
We say that a lattice £ of ¥ is a weak Deligne-Malgrange lattice at z € D if

o 5 = C[2] ®6y., £, decomposes according to the Levelt-Turrittin decomposition:

(3.20) 2~ @ (E¥ ®R))
pedP
for some logarithmic lattice }Alg of Ep, and
. the eigenvalues of the residue of Vs on ﬁg do not differ by a non-zero integer, and the
only integral eigenvalue is 0: this is the Onon-resonance condition.

(The adjective “weak” is justified by the fact that we do not impose any condition on the residue
of V™8 on Eg for p #0.)*

The following lemmas may give a better idea of what a weak Deligne-Malgrange lattice is,
when ¥ is unramified.

Lemma 3.21 (Characterization of unramified weak Deligne-Malgrange lattices). Assume that ¥
is unramified at x € D. A lattice £ of V is a weak Deligne-Malgrange lattice at = if and only if
there exists a C{z}-basis v of £, such that the matriz of V takes the form Vv = vA(z)dz/z with
A(z) = Aco(2) + Ao + Aso(z), where

(1) Aco(2) = Deq plda, = 279Dy + 297 Dyy + -+ + 271Dy, with D; diagonal (i > 1),

(2) Ag is block-upper triangular, the blocks being indexed by the eigenvalues ¢ of A<o(z), and

the eigenvalues of the block indexed by 0 € ® are Onon-resonant,
(3) Aso(2) has holomorphic entries vanishing at 0.

Lemma 3.22 (A criterion for unramified weak Deligne-Malgrange lattices). Assume that there
exists a C{z}-basis v of £, such that the matriz of V takes the form Vv = vA(z)dz/z with
A(z) = Aco(z) + Aso(2), where Aso(z) has holomorphic entries vanishing at 0 and Ago(z) is
decomposed into two blocks Ao(z) ® Cop, with

(1) Aco(2) = 2794, + 297 Ay_1 + - + 271 Ay, with A, invertible,

(2) the eigenvalues of Cy are Onon-resonant.

Then £, a weak Deligne-Malgrange of ¥V at x.

Definition 3.23 (of a weak Deligne-Malgrange lattice in the ramified case). We now relax the non-
ramification condition at € D. There exists a ramification p* : C{z} — C{t} with Galois group
G such that 7P = p*¥, is unramified. We say that a lattice .Z of ¥ is a weak Deligne-Malgrange
lattice at 2 € D if there exists a weak Deligne-Malgrange lattice .£# of 7,/ such that .%, = (£°)¢.

4In higher dimension, the proof of the global existence of a lattice is not as simple as in dimension one (see [40]).
Fixing the eigenvalues of the residue also on each Rg is necessary in order to glue along the divisor D the locally

defined lattices to a global lattice; in dimension one, this is unnecessary since the singular set D is discrete.
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Remark 3.24. If % is a weak Deligne-Malgrange lattice, .5 decomposes as 5 = £, @ i
according to (3.8) and the Onon-resonance condition only affects the logarithmic lattice 2.
of ¥Z°%. If the Onon-resonance holds for Z£"*%, then it also holds for .Z°%, since the eigenvalues
of the residue of ¥ on £ are of the form ~y/r, where r is the order of p and ~ is an eigenvalue of

the residue of V on ZLL8 . Conversely, given a lattice £2°%, the Onon-resonance condition may
hold for .Z2°® without holding for .Z2".

Lemma 3.25 (Behaviour by duality). Suppose % is a weak Deligne-Malgrange lattice of ¥ and
set L =%+ Ox(—D)L. Then the following hold.

(1) A is also a weak Deligne-Malgrange lattice of ¥ .
(2) Ly and Ly are weak Deligne-Malgrange lattices of V.
(3) We have £y =4 +Ox(—D).ZY.

Proof. By Lemma 3.17, it is enough to prove the statements for .| 5.

(1) We have .Z, 5 = % 5 + ©5(—D).%, 5. It follows that er% = Zor% + @ﬁ(fD)for% and
similarly for the irregular part. Since fomg is logarithmic, the right-hand side above is nothing
but foreg. In the unramified irregular case, one checks that the action of © 5(—D) preserves the
decomposition (3.20) and that

(E? @ R%) + ©5(~D)(E? © R%) = E¥ © R (¢D),

where ¢ is the order of the pole of ¢, so the desired properties hold in the unramified case. The
ramified case follows easily. The same argument shows that z0, : 36’% — fl"% is bijective.

(2) We argue with L = % or .£;. Duality is compatible with restriction to D and transforms
the decomposition (3.20) into the dual one (p changed to —¢ and ]?28, to (E?D)V). We are thus left
with showing that Onon-resonance of V on ( ~°8)Y is fulfilled. If A(z)dz/z is the matrix of the
connection on £, with A(z) having entries in C[z], then —A(z)dz/z is that of V¥ on (Z;°)Y,
so the eigenvalues of Res VY are opposite to those of Res V.

(3) The assertion is clear for the regular part, since £% = Z[%. For the irregular part, it is

z
enough to prove the stronger property:
. 20, : .i”lvgrr — L) s bijective.

Since ”f/%” and ”V%rr’v are purely irregular, the action of z0, is bijective on each of them (in other

1

words, DR #% = 0), and hence it is injective on .Z,"2". For the surjectivity we note that, by (3.18),
for A € %v,irr we have \ € glvy;?i” if and only if A(Z)"5) C O, that is, A\(20..4)%) C Oz (as seen
above), and hence equivalently, z0,A(Zi'%) C Oz, which is also equivalent to z0.\ € £z, O

3.e. Computation of DR ¥ (1D) with weak Deligne-Malgrange lattices. Let %, be a weak
Deligne-Malgrange lattice of ¥ and set & = %+0 x(—D).%. The logarithmic de Rham complex
attached to % is defined as

DRY(%, V) = { % —+ Q4(D) @ £}
We have natural inclusions of complexes
(3.26) DR'°8(.%,, V) — DR!*5(¥) = DR(¥),

which factorizes through

(L — OL(D)© A} — {1 —s Q& (D) @ %) DR
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We also have .21 (—D) = %(—D)+0x(—D)(Z(—D)) and, for the logarithmic de Rham complex

DR'°8(%(—D), V), there is similarly a natural inclusion
(327)  {L(-D) — Q% (D) ® L (-D)} —s (¥, Vs QL (D)@ V1) ) DRY(D).

Proposition 3.28. For a weak Deligne-Malgrange lattice £y, the inclusions (3.26) and (3.27) are
quasi-isomorphisms.

Proof. We consider the Cech resolution of DR'°8(.%, V) for the covering (Up,U):

20,5 © 3V ° 75

v v

§
Qy (D)®Z p)& QyeV)——Qp_(+D)® V5.

It maps to the corresponding resolution of DR'°&(%;) and this morphism is a quasi-isomorphism
if and only if the C-linear morphism between finite-dimensional vector spaces v ”1/570 /.,?07 5
Qlljﬁ(D) ® ¥5,0/ p is an isomorphism. We can use the decomposition (3.8). For the regu-
lar part, we have flr% = fg% and by definition 0 is not an eigenvalue of the endomorphism
20, Y50 /for%g — %0 /.,?Orff for any x € D and any local coordinate z at x. For the irregular
part, we use that 20, is an isomorphism from 7™ = 7//55 to itself and from .,?O‘r% to fl‘% This
gives the assertion for (3.26), and the proof for (3.27) is similar. O

Remark 3.29. In the Cech resolution of DR$(%(—D), V), the vertical arrow corresponding
to DR'°® (&, p(=D), V) is an isomorphism, so we can obviously identify it with the resolution of
Proposition 3.2.

3.f. Duality pairing for weak Deligne-Malgrange lattices. Let % be a weak Deligne-
Malgrange lattice in ¥ and %’ the dual weak Deligne-Malgrange lattice in #"V. The natural
pairing (3.15) sends
o« LH(—D)® LY to Ox(—D) (since £ C 41),
- (% (D) ® L (-D)) ® £ and Z(~D) @ (2 (D) ® Zy) to Q,
. (Q%(D)®@ ZA(-D))® (2% (D) ® Zy) to 0.
By Proposition 3.28, the pairing (3.15) induces a cohomology pairing (3.16) that we make explicit
in terms of Cech representatives:
« A class in Hiz(X,DR8(.%(—D))) is represented by a pair (f,w), with m € 75 and
w e T(U, Q4 ® V) such that Vi = ¢ w.
« A class in Hi(X,DR%5(.2})) is represented by a pair (", w” + 7y), with m” € £
Nls Q%(D) ® L) 5 and w” € (U, Q4 ® VV) such that Vi = Lpw” — 1y
The formula for the product (m,w) - (M"Y, w¥ +7y) € Q%(*D) in the Cech complexes is
(m,w) - (M, w” +17) = (M, tpw"),
where (-, ) is the natural pairing 5®7%3 — O5(+D). The above formula makes it clear that (3.16)

is independent of the choice of the weak Deligne-Malgrange lattice. This gives assertion (2) of the
summary.

3.g. Sheaves of holomorphic functions on the real blow-up. Let w : X — X denote the
real oriented blow-up of X at each point of D. Working on X makes proofs of local duality easier
since all involved de Rham complexes are sheaves (up to a shift), i.e., have cohomology in only one
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degree. We denote by j: U <+ X the open inclusion and by 7: @~ 1(D) <> X the complementary
inclusion. In this section, we use the analytic topology on U and X.

We start with a local study where X is the open unit disc A with coordinate z centered at the
origin, D is equal to 0, and w : A~ St x [0,1) — A is the real oriented blow-up at the origin
in A (in other words, we use polar coordinates). It identifies A \ (S* x {0}) with A* = A < {0}.
We will simply set S! = ww~1(0), so that A = A* U S!. We consider the following sheaves on X:

« /% is the sheaf of holomorphic functions on A, that is, C* functions on A satisfying the
Cauchy-Riemann equations on A. We thus have @/p+ = Oa-. This is a @ &a-module

and there is a Taylor map @5 — wilﬁa.
. ,szfid is the kernel of @/x — w05 and there is an exact sequence (see [39)])

(3.30) 0 — 0 — dx — @ 05— 0.

It is easily seen that w*dz = O and w*w’lﬁa = 0y. However, le*mfz # 0. Indeed, from
the exact sequence (3.30) and the Malgrange-Sibuya theorem (see e.g. [39, Prop. (1.1) p. 54]) one
obtains an isomorphism

le*dz = le*wflﬁﬁ ~ 0.

We remedy this non-vanishing by considering instead the sheaf %£°g7 which is by definition the
subsheaf of 7, Oa~ generated, as a C-algebra, by /5 and any local determination of log z. Clearly,
.szfg’g |a+ = Oa-. We will thus analyze the sheaf when restricted sheaf-theoretically to S L

Let Cgi[log 2] be the subsheaf of C-algebras of 77170+ generated by any determination of
log z. Clearly, H°(S!, Cg1[log z]) = C. On the other hand, if T' denotes the monodromy operator,
the formula T'((log 2)¥) = (logz + 27i)* implies that any polynomial in logz of degree < k is
the image by T — Id of a polynomial in logz of degree < k + 1. As a consequence, we have
H!(S', Cgi[logz]) = 0.

The natural morphism 7~ '&/x ®c Cgi[logz] — 7‘142%;‘% is an isomorphism: it is onto by
definition, and one checks that if a polynomial in log z with coefficients in 5’14275 is zero as a
function on some open set (6 — 8,0+ 6) x [0,¢) (for § € ST and 0 < €,5 < 1), then each coefficient
is zero, by considering the order of growth along S*.

Lemma 3.31. The sheaf ;zfg’g is w L Oa-flat and

log _ k log _
w*szfa = O, R, X =0 fork>1.

Proof. Tt is clear that 7% is w~'O0a-flat, i.e., torsion-free, and flatness of ﬂg)g follows, since it is
/x-locally free. The exact sequence (3.30) gives rise to the exact sequence

0— 3 — @%iog — w05 ®c Cgi[log 2] — 0.
By the projection formula, Rw,(w 05 @c Cgsi[logz]) = 05. The Malgrange-Sibuya theorem
implies similarly the isomorphism
le*%g)g ~ R'w, (w05 ®c Csilog 2]) ~ 05 ¢ R'w,Cgi [log z] = 0. O
It is also useful to introduce the sheaf .inmd of functions having moderate growth along @ =1(0).

We have the inclusion
log mod
dﬁ C A%,
and ;zfimd also satisfies the properties in Lemma 3.31.
On the surface X , the locally defined sheaves ,Qfg)g (x € D) glue with &y to give rise to the

sheaf szf’)lg)g with similar properties. The same remark applies to the moderate growth case.

Lemma 3.32. The covering (Up,U) of X is a Leray covering for bcf)l?og and M;g(—D).
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Proof. We have ,Q%)l?ogw = Oy, and similarly with Up), and hence both sheaves have no non-zero

cohomology on these open sets, and Lemma 3.31 gives the remaining property on Up. O

The sheaf sz)l;g is endowed with a logarithmic connection d : sz;;g — sz)l;g ® w 1O (D).
We denote this complex by DR'°8 (sz;?og), and we will be mostly interested by the subcomplex
DRY#(/ % (= D).

Lemma 3.33. We have
DR'%(«/28(~D)) ~ 5iCu.

Proof. The question is local on 5, so we work in the local setting 0 € A and we can fix a
determination of log z. We are reduced to proving that

. log log
20, +1: 4275 — ”Q{A

is an isomorphism. Since zd, strictly decreases the degree in log z, the assertion follows from
Lemma 3.34 below. O

Lemma 3.34. The morphism 20, + 1 : @/x — @/X is bijective.

Proof. We write 20, + 1 = 0.z and it is enough to check the assertion on the extreme terms
of (3.30). For the right term, it is enough to check the assertion on C[z], for which it is obvious.
For the left term, since z acts bijectively on ,Qféd, it is enough to prove that 9, : ﬂiﬁd — dﬁd
is bijective. Injectivity is obvious, since non-zero constant functions do not have rapid decay.
Surjectivity is proved e.g. in [39, Th. (1.3) p. 55]. O

3.h. De Rham complexes on the real blow-up. For ¥ as in Section 3.a, we set

772 JZ{)} Qw-10x v,
which is a locally free /% (*D)-module of finite rank. The sheaf @5 is acted on by @w 'O, so
one can define a de Rham complex DR(¥) on X as

7 Vo o0k @1y

One defines similarly the de Rham complexes with growth conditions DR (%) and DR™%(¥).
Recall (see e.g. [50, Cor.1.1.1.8]) that Rw*,ef'X@Od = Ox(*D). The following proposition gathers
the main known properties of the de Rham complexes (see [39]).

Proposition 3.35 (De Rham complexes on X and X).

(1) The complezes DR™(¥) and DR™(¥) have cohomology in degree zero at most.
(2) We have

Rw, DR™ (%) ~ DR Y.

(3) Rw. Der(”f) is quasi-isomorphic to the cone of DRY — 1p.DR¥5 (in particular,
Rw, DR (V) is another realization of DR™ (¥ (1D)), see Proposition 3.2).

This proposition allows for a computation on X of the various algebraic de Rham cohomologies.

Corollary 3.36. We have natural isomorphisms

HﬁR(U’ V) = HgR,mod ()?7 7/)7 HSR,C(U’ V) = HSR,rd (5(:’ 7/)
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Computation with weak Deligne-Malgrange latices. In order to obtain similar properties for lattices,
we consider de Rham complexes with coefficients in the sheaf ;zf)l{og
Let % be a weak Deligne-Malgrange lattice of 7" and set

gO = M;‘;g ®w_1ﬁx 307

which is a locally free sz)l?og—module of finite rank. From the projection formula and Lemma 3.31,
we obtain

(3.37) @ Ly =%y, Riw,Zy=0 fork>1
Since gf)lg)g is endowed with the logarithmic connection lifting d, one can naturally define a log-
arithmic de Rham complex DRlog(%) = {% -, w 'Qy, (D) ® Z} on X which satisfies,
according to (3.37) and Proposition 3.28,

@, DR')(%)) =5 Rw, DR')(%,) ~ DR"§(%,) ~ DR™ ¥

(3.38) o DRlog(fo(—D)) ™. Re. DRlog(go(_D)) ~ DRlog(fo(—D)) ~ DR™ ¥(ID).

3.i. Poincaré-Verdier duality on the real blow-up. Let k be a field. We will mainly consider
subfields of C such as k = Q. Recall that Verdier’s dualizing complex on X in DP(k ) is
D = jikyan[2] (see Appendix C for a reminder on Verdier duality). Given a bounded complex
of sheaves * of k-vector spaces on X we set

Dg\. = Rjiﬂomk(f ,j!kUan [2]), D,g. = R%Omk(y.,j!kUan).
There is a natural morphism
(3.39) F*' @ D'.F* — jikyan
in DP(kx) and Poincaré-Verdier duality theorem implies that the induced pairing

H (X, 7)o H*(X,D'Z*) — H2(U™, k)

is non-degenerate for any i (see Corollary C.6).

Example 3.40 (of local computation of the Verdier dual). Let 6, € S'. We consider an open
neighbourhood nb(6,) = (6, — 4,6, + ) x [0,¢) of §, in X and we set nb(,)° = nb(,) NU =
(6, — 0,0, + 8) x (0,e). We consider the open inclusions

b (00)° %5 1b(0,)° U (60,0, + 6) x {0) B b(6,) = nb(8,)° U (6, — 6,0, + 6) x {0})

and
wb(8,)° 2 1b(0,)° U (0, — 6,0,) x {0}) 2 nb(6,).
Let V be a locally constant sheaf of k-vector spaces on nb(ﬂo) and let V¥ be the dual local system.
The natural non-degenerate pairing
V@V — Eub,)e
extends in a unique way to a pairing
FafV @ B a VY — Jikuba,)e-

Indeed, at each point (6,0), the germ of one of the sheaves on the left-hand side is zero.
We claim that this pairing is isomorphic to the Poincaré-Verdier pairing (3.39), in the sense
that it induces an isomorphism
B a; VY ~ D'Braiv.
Indeed, it is standard to see that D'B;F o}V ~ Ba;" VY. Both sheaves B a; V¥ and 8 o) V" are
subsheaves of 7,V¥ that clearly coincide away from 6, x {0}, and one checks that the germ of both
sheaves at 6, x {0} are zero.
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3.j. De Rham realization of the duality on the real blow-up. It follows from Proposi-
tion 3.35(1) that
DR™ (/5 (x0)) = 5iCrran.

Proposition 3.41. There exists a unique isomorphism

DR'(¥) ~ D' DR™(¥")
extending the natural one on U*™. It is induced by the natural pairing

PV : DR™(¥) @ DR™4(¥) —s DR (/5 (xD)),

which thus coincides with the Poincaré-Verdier pairing (3.39).

Proof. As the statement is local on X , we work on an analytic neighbourhood A of x € D with
coordinate z. The decomposition (3.8) and its refinement known as Levelt-Turrittin decomposition
can be lifted locally on St x {0} with coefficients in /%, so that the ramification p can be neglected
by considering a local determination of z'/" and log z, where r is the order of ramification. We
are in this way reduced to proving the assertions in the case of an elementary model entering the
Levelt-Turrittin decomposition. Locally on S*x {0} the situation is similar to that of Example 3.40,
so the result follows from the identification with Poincaré-Verdier duality proved there. ]

Corollary 3.42. The natural pairing
PV : DR™(¥) @ DR™4(¥") — DR (/g (xD))
induces an isomorphism
PV : DR* (¥ (D)) ~ Rw, DR"(¥) =5 D' Rw, DR™(#") ~ DR* ¥".

In particular, it induces a non-degenerate pairing

trUan

Pvl : HéR,o(U7 V) ® HéR(Ua Vv) — HER,C(Uan) C.

We have used the isomorphisms of Proposition 3.35(2) and (3).
Proof. This follows from compatibility between Verdier duality and proper pushforward by w. [
End of the proof of Theorem 3.12. Let £, be a weak Deligne-Malgrange lattice of ¥". The natural

pairing . s s
PV : DR*}(%(~D)) ® DR'*}(Z)) — DR'#(#/¥(~D))
fits into a commutative diagram

log/ o log ¢ con ﬁ/log lo, lo
DR"¢(Z5(~D)) @ DR(Zy) —~—— DRY¥(/1%%(~ D))

I |

r o mo v PV r
DR"(7) ® DR™4(¥"V) ————— DR™ (/5 (+D)).
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According to (3.38) and Corollary 3.42, PVI°s induces PV after applying w, to each term. On
the other hand, also according to (3.38), it induces the analytic version of the pairing (3.15). This
concludes assertion (4) of the summary, and hence the proof of the theorem. (]

3.k. Computation of Betti period pairings. The formula for computing the period pairing
d,mod 5 &
P HIY(X, 7) ® Hig moa(X, 7)) — C

(see Section 2.d) is the natural one: let o € Hi(X, %) be represented by a twisted cycle of the
form c®wv, where ¢ : [0,1] — X is a piecewise smooth simplex satisfying ¢((0,1)) C U and ¢(o) € D
(0 =0,1), and v is a horizontal section of ,;zf)ﬁ(d ® ¥ on a neighbourhood of the support of ¢, and
let w” € T(U, Q2 ® V) be a representative of a de Rham class in HéRde()Z'7 V) = Hig (U, VV);
then

1
P o (i )]) = [ ((0.)
We will make explicit the formula for computing the period pairing
Pt HPod(X, 7)) @ Hig a(X, 7Y) — C
starting from a representative (M,w) of a de Rham class in HéR7rd()~(, V) = Hlg (U, V). With
respect to the above formula, there is a supplementary regularization procedure to be performed.

Proposition 3.43.
. Leto € HP4(X, ¥) be represented by a twisted cycle of the form c®v, where ¢ : [0,1] — X
is a piecewise smooth simplex satisfying ¢((0,1)) C U and ¢(0) € D (0 =0,1), and v is a
horizontal section of sz)l(no‘i ®V ona neighbourhood of the support of c.
o Let (M,w) € V5 & T(U,Qp; @ V) be a representative of [(M,w)] € Hig (U, V).
o Let m, (0=0,1) be a germ in ”fzzo) having M, as asymptotic expansion along D in the
neighbourhood of c(0).
Then
1—e
P, () =t ([ (loio)) + o ele)) — (el - ).
€

e—0

Remark 3.44. In practice, one only needs to know the first terms of the asymptotic expansion
of m, in order to compute the limit. The knowledge of M, up to a finite order is therefore enough.

Proof. We start with the C*° setting. We consider the sheaf
Vo =CF Qory VY
and the corresponding rapid decay complex

DR (V) = {650 @ 7Y SRR st e v+9, ELP VY.

This complex is a fine resolution of Der(”/7v), SO
(3.45) Hi (U, V") = H'(D(X, DRI (V7))
A class in the latter space can also be represented by a class in the Cech complex relative to the
covering (Up, U). It is then represented as the set of data (Moo, Moo, Weo ), Where
o« Moo € F<~U10377/02\U,g)’~ -
« oo € D(Up, & @ 97V with (V + 9)1jee = 0,

Up © -
. weo € T(U, &5 @ V) with (V + )wse = 0,
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related by
(V + 0)Moo = Woojurg, = Noo|U2,»
modulo data of the form (e — ¢je, (V + ), (V + 9)), with ¢ € F(ﬁp,g){(d,o ® ¥) and

v € T'(U, "/702) Equivalently, it consists of the data of a pair (ms,we) as above such that
Woolrrg, — (V + 0)myo has rapid decay along D, modulo data of the form (Yos, —ppus, (V +0)v).

Lemma 3.46. Let o be as in the proposition and let (Moo, woo) be a representative of a class

in HéRC(U, V). Then

e—0

P 0, (o)) = iy ([ I_Z*<<v,woo>>) + (0, mao)(€l)) — (1, mao)(cl1 — ).

Proof. By (3.45), for any class, there is a representative set of data defined from a closed global
section in T'(X, é}d’l ® ¥V), that is, of the form (0,7’ ,w. ) with (V+9)n,, =0, (V+0)wl, =0,
and 7.0 |re = Woo|Ug - Any other representative writes

(347) (mOOa 77007("}00) = (¢\U% - @\U"Dvn:)o + (v +5)907w,oo + (v +5)77Z))

Let o be as in the proposition. For the representative (0,7.,,w..) as above, the integral
J.(v,wl,) exists, since (v,w.,) has rapideecay along the support of ¢ in the neighbourhood of D.
Since the complex of sheaves DR (%) has no ! (Proposition 3.35), there exists a section
hie., (0=0,1) of 5§d’0 ® ¥ in the neighbourhood of ¢(o) such that 7., = (V + d)h/, , on this

neighbourhood. Let € > 0 be small enough so that ¢([0,¢)) resp. ¢([1 — ¢,1]) is contained in this

neighbourhood of ¢(0) resp. ¢(1). Then, since (v, h{ ,) vanishes on D (because it has rapid decay
there), we have

e =( [ 1_Z*<v7wgo>) (0 B ) (ele)) — (0, B ) (el1 — €)).

Notice that there exists a unique C* function ¢, with rapid decay on the neighbourhood
of ¢(0) such that dge,, = (v,n5) on this neighbourhood (because the complex of sheaves
DR (e/5) ~ 71Cx is quasi-isomorphic to zero when restricted to D). Hence, while fixing hi.o
can involve a choice, the expression above is independent of any such choice. It is also independent
of the choice of ¢, as long as it is sufficiently small.

In terms of the representative (3.47), and setting hoo o = hf)oﬁo + ¢, this integral reads

Jwwa=(f 1Z*<v,ww>> - ( / 1Z*d<v,w>) (0 hoo 0)(€(6)) — {0, hoen) (e(1 — €))
= (0,0)(cle)) + {0, 9} (e(1 — €))

_ ( / 1‘Z*<U,woo>) (0, Mg + o) (0()) = (0, og + et} (€1 = 2)).

Since (v, hoo,o) has rapid decay, we obtain

[t =im ([ (0:00) ) + (01 el6)) = (0,1} (1 = )| 0

e—0

Let us come back to the proposition. By Borel-Ritt’s lemma, one can find po € IT'(Up, #27)
with Taylor series at D equal to m. Let [uoo] denote the class of poo in I'(Up, 730/ 77 &)
If we regard w as in D'(X, QL ® ¥V) C T(X,&F @ 7)), the pair ([pioo],w) defines an element
of Hjg (X, V) through the C* analogue of (3.6).

Lemma 3.48. The class of ([teo], w) is equal to the class of ([m],w)

Proof. Since ¥V /¥, is supported on D, we have ¥ /7", . =7 /Y7, and thus [us] = [m]. O
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End of the proof of Proposition 3.43. Let my, denote the lift of pio, in X. By the previous lemma,
the formula of Lemma 3.46 computes PT°%(g, [(,w)]), with we = w. Let 7, be as in the
proposition. Then m, — ms has rapid decay along D in the neighbourhood of ¢(0), so we can
replace mey with m, in the formula of Lemma 3.46, giving the desired formula. O

3.1. Quadratic relations in dimension one. We summarize the consequences of the identifi-
cations previously obtained in this section to the form of quadratic relations in dimension one.
The setting is as in Section 3.a. We assume that (V, V) is endowed with a non-degenerate pairing
(o,0) : (V,V)® (V,V) — (Opy,d). We assume that it is symmetric or skew-symmetric, that we
denote by £-symmetric. We will make explicit the way to express middle quadratic relations
(Corollaries 2.29, 2.16, and Remark 2.17) in the present setting.

Middle de Rham pairing. Let d be the dimension of Hyg 4 (U, V) =im [H}iR’C(U, V) = Hix (U, V)].
« We choose d elements w1, . .. ,wq in Hig (U, V) so that one can solve Vi, = t5w; for each i
and at each point of D, with m; € V5. We choose such a solution ;.
« The matrix S.., of the de Rham pairing with respect to these families has entries
Y wep TeSe (M, Lpw;). It is F-symmetric.
o If det S}y # 0, then the family (w;) is a basis of Hyg q(U, V).

Middle Betti pairing. HMY(U,V) = im[H}(U, V') — H°4(U, V)] has also dimension d.
« We choose d elements 31, .. ., B4 in H{°4(U, V') which are the images of elements o, . . ., aqg
in H}4(U, V).
« The matrix B4 of the Betti pairing with respect to these families is computed for example

by means of Proposition 2.26. It is F-symmetric.
o If det B4 £ 0, then the family (3;) is a basis of HM(U, V).

Middle period pairing. Let us fix a triangulation of (X, D) that is induced by a triangulation of X
such that DR* ¥ and DR™°? ¥ are constant on each open 1-simplex. Then all Stokes directions
for ¥ at a point of D are realized as the direction of a 1-simplex abutting to this point. We assume
the simplices are given an orientation. Let us write each §; as ), ¢/ ® v; ¢, where ¢, : [0,1] = X
runs among the oriented 1-simplices of the chosen triangulation, and v; ¢ is a (possibly zero) section
of 7 with moderate growth in the neighbourhood of ¢,. The cycle condition reads:

for each vertex x € U*", Z v0(T) — Z v;e(z) = 0.
Lce(1)=z Llce(0)=z

The middle period matrix PL ., is the d x d matrix with entries

PfZ/ <’Ui,g,wj‘>,
4 ce

where the “finite part” Pf means that, equivalently,

. either we replace 3; with «; that we realize as ), ce ®v; ;, where v; , has rapid decay near
the boundary points of ¢, that are contained in D and satisfy the cycle condition, and

Pf/ <Uz‘,e7wj>:/ (Vi 0 W5)5
cy Ce

. or we replace w; with (m;,w;), for each ¢ such that c,(0) € D (0 = 0,1), we choose a
germ m{ , as in Proposition 3.43, and we set

Pf/ce<vi,szj> = lim [/5 7ZZ(<Ui,€:wj>)+ (Vi e, 5 ¢) (ce(0)) — (viye, 5 o) (ce(1)) -

e—0

Middle quadratic relations. They now read (see Corollary 2.29)
(3.49) F(2mi) B = PP (S},0) 71 PP

mid
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APPENDIX A. TWISTED SINGULAR CHAINS

In this section, we recall classical results from the Cartan Seminars [5, 6]. However, we do not
use homology of cosheaves as in [4]. We assume that X is a compact topological space, so that all
locally finite open coverings are finite. All sheaves are sheaves of vector spaces over some field k,
in order to avoid any problem with torsion.

A.a. Presheaves and sheaves. Let .Z be a presheaf on X and let % be the associated
sheaf. We have %, = hﬂUax #(U). For every open set U C X, there is a natural morphism

ZU) — [,cy F=- We denote by s, € %, the germ of a section 5 € Z(X). If 5, = 0, there
exists U, such that the image of § in #(U,) vanishes. It follows that the support of 5, that is,
the subset {z € X | 5, = 0} is closed.

« We say that 7 has the surjectivity property if
(A1) for all x € X, %X) — %, is surjective.

This property is also called ®-softness, for ® the family of closed subsets of X consisting
of points only.

« We say that 7 has the injectivity property if

(A.2) ;Or(X) — J[ %, is injective.
zeX
The latter condition is equivalent to asking that the natural morphism ,’QV(X )= T(X,.7)
is injective, since (A.2) factorizes through the latter.

« We say that .7 is a fine presheaf if, for any (locally) finite open covering v = (Uy)
of X, there exist closed subsets F; C U; and endomorphlsms l; of F (i.e., each l; is a
family, indexed by open sets U, of endomorphisms l; (U ) — Z ) compatible with
restrictions U’ C U in an obvious way) such that

(a) 4; =00n Z(U)ifUNF, =2,

(b) for any open set U and each 5§ € # (U) the sum ), £;(3) exists in J( ) and is equal
to 5. Let 4; : & — Z be the endomorphism associated with &. If x ¢ F;, there exist
U > z such that U N F; = @, and hence ¢; , = 0 : #, — .%,. Moreover, for each U
and s € I'(U, %), we have, for any « € U, the relation ), {; (s;) = s, (the sum is
finite since the covering is finite).

Proposition A.3. Assume that F is a fine presheaf that satisfies the surjectivity property (A.1).
Then the natural morphism
F(X)—T(X, %)

is onto. If it moreover satisfies the injectivity property (A.2), then it is an isomorphism.

Proof. Once the first statement is proved, the second statement is obvious. Let s € T'(X,.%).
By (A.1), for any y € X, there exists a section s¥ € ﬁ:(X) whose germ at y is s,. Then there
exists a neighbourhood Uy, of y such that s¥% = s, for any z € U,. Let % be a finite open covering
of X such that each open set Uj is of the form U, as above. Let s € <§(X) be such that s, = s,
for any x € U;. On the one hand, we have ¢; ,(s,) = (E(E’))gj for any x € U;, and on the other
hand s, = > l; 2(sz), whence

o= 3 (G6E). = Y GE).,

ZIULBJE i

i\U,-Bw

since (£;(3")), = 0 for = ¢ U; according to (a) above. We conclude, since the covering is finite,

5= im(l) = im (Y 6E)).
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where we consider the image of the morphism ;‘/(X ) = I'(X,.#). It follows that the natural

morphism .#(X) — I'(X, .%) is surjective. O
Ab. Homotopically fine sheaves. See [8, §8].

Definition A.4. Let (;5?’ d) be a Z-graded differential presheaf on X. We say that Z is homo-
topically fine if, for any (locally) finite open covering % = (U;) of X, there exist closed subsets F;
contained in U; and endomorphisms ¢; and k of .% such that

(1) 4;=0:ZU) > ZU)fUNF, =2,

(2) >4 =1d+kd + dk.

We have a similar definition for sheaves. We note the following properties:

(a) If a graded differential presheaf is homotopically fine, the associated graded differential
sheaf is also homotopically fine.

(b) If (ﬁj d) is homotopically fine and if & is any presheaf, then the graded differential
presheaf (§ ®9, ,d ® Id) is also homotopically fine. Recall that F © 9 is the presheaf

U F(U)®%Y(U). The same property holds for graded differential sheaves.

Theorem A.5 (]9, §3, Corollaire]). Let (#,d) be a homotopically fine Z-graded differential sheaf.
For each p, the natural morphism

s an isomorphism.

The proof is obtained by choosing a resolution C* of kx by fine sheaves and realizing
H?(X,(#,d)) as HP(T'(X, (C ® .Z)*), where (C ® #)* stands for the simple complex associated
with the double complex C? @ 9. The assertion follows from the degeneration at E; of the
second spectral sequence, since the second filtration is regular. We can complete this theorem in
terms of presheaves as follows.

Proposition A.6. Let (37:, d) be a homotopically fine Z-graded differential presheaf satisfy-
ing (A.1) and (A.2). Then the natural morphism

HP(Z(X),d) — H?(X,(Z,d))

is an isomorphism.

Proof. According to Theorem A.5, it is enough to prove that (#(X),d) — (I'(X,.%),d) induces
an isomorphism in cohomology.

« Let s € T(X,.%) be such that ds = 0, and let 5' be as in the proof of Proposition A.3.
Recall that ¢; ,(s,) = (¢;(3%)), for any = € U;. Besides, s, = Zi|U7~ax l; »(85) — dks, since
s is d-closed. Hence

setdbs, = Y (GE). = Y (GED),

ilUiBw 7

since (£;(3")), = 0 for = ¢ U; according to (a) above. Since the covering is finite, we get
s+ dks = Zlm(E(?)) = 1m(ZE(§L))

Since d(s —dks) = 0, (A.2) implies that ), ZZ(?) is closed, which gives the surjectivity of
the cohomological map.
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« Let § be a d-closed section of ;"/(X) whose image s € I'(X, .%) satisfies s = do for some
o € I'(X,.7). Up to replacing o with o + (dk + kd)o (and 3, s with $+ dks, s + dks) we
can assume that o is the image of some 7 € J;(X ) as argued above. The image of 5§ — do
in T'(X, %) is zero, and hence s = d&, according to (A.2). This proves the injectivity of
the cohomological map. (I

A.c. Homotopy operator for singular chains. See [7, §3].

Let (S,(X),0) be the complex of singular chains. Recall that S,(X) is the infinite-dimensional
vector space having as a basis the set of singular simplices (continuous maps from a simplex to X).
The support of a singular simplex is its image, which is a compact subset of X. For a closed subset
Z C X, we regard S,(Z) as the subspace of S,(X) generated by simplices with support in Z and
S.(X)/S.(Z) as the subspace generated by simplices whose support is not contained in Z. For
any (locally) finite open covering % = (U;), there exist (see loc. cit.) endomorphisms ¢ and k of
S.(X) (where £ preserves the grading and k has degree one) such that

. for any simplex o € S,(X), ¢(0) is a sum of simplices, each one being contained in

(A7) some U; N |o|,

. if |o| is contained in some U;, then ¢(0) = o,
« £ =1d +k0 + Ok (in particular, £0 = 9¢).

For Z closed in X, let (EX,Z,”a) be the chain presheaf U — S,(X)/S.((X N~ U) U Z) and let
(€x,z,.,0) be the associated differential sheaf (with the usual convention (€%, d) = (Cx, z.,0),
we obtain a (—N)-graded differential sheaf). For any = € X, we have

Cx,Zew =S5.(X)/S.((X N {z}) U Z).

More precisely, Cx_ z.. , is identified with the subspace of S, (X) with basis consisting of those singu-
lar simplices whose support contains  and is not contained in Z. Since Cx,z .(X) = S.(X)/S.(Z),
properties (A.1) and (A.2) obviously hold.

Proposition A.8 ([8, p.8|). Given a finite open covering % of X, there exist a closed cover-
ing (F;) with F; C U; for all i and endomorphisms € and k of the presheaf GX 7, such that

(1) 4;=0: ﬁ( ) — ﬁ( ) if UNF, = @, and in particular {; induces the zero map on each
germ F, with x ¢ F;,
(2) for any singular simplex o, each simplex component T of U;(0) satisfies |7] C F;N|o|,

3) >, ; = 1d +kd + dk.
Corollary A.9. The presheaf (éxzy,,@) is homotopically fine. O

It follows that the chain complex (Cx z.,0) is homotopically fine.

Proof of Proposition A.8. Let (U;);cr be a finite open covering of X. One can find closed subsets
F; C U; such that (F;);er is a closed covering of X. We fix a total order on I and we write
I=A{1,...,n}. We also fix £ and k as above.

Let o be a simplex in S,(X). Then we define /;(0) inductively on i = 1,...,n as the sum
of components of the chain /(o) — > y <Z-Zj(a) whose underlying simplices have support in Fj.
The support is also contained in |o|. We can then extend the definition to any finite chain
0 € S.(X). Then () =, li(0) in S,(X) and ¥, £i(0) = o + kdo + dko.

Let U be an open subset of X. Since £, k, and O preserve the support, the above construction
also preserves S((X ~ U) U Z), and thus defines endomorphisms /; and k of € x,z,.(U) satisfying
the desired properties. O
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A.d. Singular chains with coefficients in a sheaf. We make a statement of [8, p. 8] precise.
Let .# be any sheaf. We denote by AG'X127,(97) the presheaf U +— éx,zy,(U) ® I'(U, #) and by
Cx,z,.(#) the associated sheaf Cx z,®.#. By Corollary A.9 and (a) and (b) after Definition A.4,
both @ x,7,.(Z) and Cx z.(%) are homotopically fine. These are chain complexes indexed by N,
when equipped with the boundary 9 ® Id, that we simply denote by 0. As usual, we regard them
as differential sheaves with grading indexed by —IN by setting e.g. é;{PZ(y) = éx’zyp(ﬁ) and
with degree-one differential d identified with 0. Let us set, by definition,

HP(X7 Z; <95) = Hip(Xv (63(72(9)7 d))
Then, since each term of the complex C% (%) is homotopically fine, Theorem A.5 implies
H,(X,Z; %) ~H,(I'(X,(Cx,z,.(.#),0)).

In particular, given an exact sequence 0 — .%' — .% — %" — 0 of sheaves, there is a long exact
sequence

(A10) -+ —H,(X,Z;F") —H,(X,Z; %) —H,(X,Z; ") — H,_1(X, Z; F') — -+

Besides, let éxyz_y,(X, Z) (not to be confused with éxyzﬂ(ﬂ)(X) = éX,Z,-(X) ® % (X)) denote
the vector space which is the direct sum, indexed by the singular simplices ¢ whose support is
not contained in Z, of the vector spaces ko @ I'(|o], .#), with boundary induced by 0 ® Id. More
precisely, if do = 3, 7, then (o ® f) = >, 7% ® fljr,|- A p-cycle is a sum ) (0, ® f,) such
that, for each 7 € Sp_1(X),

(A.11) > falir =0€T(I7],.2).

a,k

Ta, k=T

Such an element o ® f, with f € I'(|o|,.%), defines a global section in I'(X, Cx z .(.:#)). Indeed,
let U be an open neighbourhood of |o| on which f is defined. Then o ® f defines an element of
éxyz,.(U) @ (U, #), and hence of I'(U,Cx z.(%)). Moreover, since the image of ¢ is zero in
I'(U,Cx, z,.) if UN|o| = @, this element is supported on ||, and hence extends in a unique way
to a global section of Cx 7 ,(%#) on X.

The natural morphism

(A.12) EX,Z,.(X’ F) —T'(X,Cx z.(F))

is clearly compatible with 0. Moreover, it is injective. Indeed, let (o)x be distinct singular sim-
plices and, for each k, let f € I'(|og|,.-#) be such that ), ok » ® fi. = 0 for all z, where oy, , de-
notes the image of o, in Cx,z . . Let K, be the set of indices k such that « € |ok|. Then (0k.4)kek,
is part of a basis of Cx 7., and ZkeKz Okz @ [z = 0 implies that fr, =0 for any k € K.
Since .Z is a sheaf, this implies the vanishing f; = 0 in I'(Joy|,.#) for all k.

Proposition A.13. The chain map (éX7Z7,(X, F),0) = (T(X,Cx.z.(F)),0) induces an iso-
morphism

H,(Cx.z.(X,#),0) ~ H,(X, Z; F).

Proof. We argue as for Proposition A.6.

« Let s e (X, Cx z,®.F). There exists an open covering % and s’ € éxyz,.(Ui) ® F(U;)
such that s, = s, for any x € U;. We decompose 5' = > ;0 ® fij, where o;; are singular
simplices with support not contained in (X \ U;) U Z, and f;; € F(U;). Let (F;) be
a closed covering such that F; C U; for each i and let (lz,%) be as in Proposition A.8,
tensored with Id so that they act on the presheaf e x,7,. ® F. We denote by ¢; and k the
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induced sheaf morphisms. We have s = ). ¢;(s) — (0k + k0)s. For any x, {;(s), = 0 if
x ¢ F;, according to Proposition A.8(1), and /;(s), = £;(5), otherwise, and therefore

so= Ui(F)e — (k0 +0k)s)y = > Y li(03j)2 @ fij — (kO + OK)s),

i|U¢9:E ilUiaa; 7

Z ZE(Uz’j)z ® fije — (kO + Ok)s),,

since Zi(aij)x =0 if x ¢ U;. Moreover, if we write E(Uij) ® fij = Y0 0a ® fa, where o, are
singular simplices satisfying |o,| C |oy;| C F;, and f, € % (U;), we have (04 ® fq)z = 0
if x ¢ |o,], and hence we can replace f, with its restriction in I'(|o,|,.%). Therefore,

s =im [Z PACHE fi3] = (k0 + OK)s),

where the term between brackets belongs to éX,Z,-(Xa F). If s is closed, then s + Oks is
the image of >, >~ Zi(aij) ® fi; and the latter is closed since 0(s + Oks) = 0 and (A.12)
is injective. This implies surjectivity of the homology map.

o Let 5= )" 04, ® fq, where o, are singular simplices and f, € I'(|o4|,-#), be closed and
such that its image s is equal to ds’. The above formula shows that, up to replacing s’
with ¢’ + (k0 + 0k)s’ (and s with s 4+ Oks), we can assume that s’ lies in the image of
GANS éxwzﬁ,(X,ﬂ). Then s — 95" has image zero, and hence is zero according to the
injectivity of (A.12), so the homology map is injective. O

Proposition A.14 (Excision). Let Y be a closed subset contained in the interior Z° of Z. Then
the natural morphism
H(X\Y,Z\Y;%) — H,(X,Z; %)

is an isomorphism for all p.

Proof. We consider the open covering Z = (X \Y, Z°). Let (é%Z"(X, Z),0) be the subcomplex
of (éxZ?.(X, F),0) for which the spaces ko @ I'(|o|, .#) occurring as components are those for
which |o| is contained in one of the open sets of 7. By using (¢, k) adapted to this covering
(see (A.7)), one obtains that any closed s € éx,z7p(X,ﬁ) can be written as ¢(s) + Oks, thus
showing the surjectivity of the homology map. On the other hand, if s’ € é?{ 2.p(X, F) satisfies

s’ = 0s with s € éX,Z,p+1(X7 F), we have s = {(s') = £(0s) = 0¢(s), hence the injectivity. O
Remark A.15. The long exact sequence (A.10) is not easily seen in the model éxyz,.(X, F),

while the excision property is better understood in that model, as well as the long exact sequence,
for the closed inclusions Z C Y C X:

- —HB,Y,Z; %) —H,(X,2; %) — H,(X,) Y, %) —H,1.(Y,Z;, %) — - -

On the other hand, if % is the constant sheaf with fiber F' (assume that X is connected), then for
each singular simplex o, the support |o| is connected, so I'(|o]|, .%#) is canonically identified with F
by the restriction morphism F' = I'(X,.%) — I'(|o|,.%), so (éx,z.(X, F),0) =~ (EX,Z7.(X) ®F,0)
and H, (X, Z; %) is the usual singular homology with coefficients in F.

A.e. Piecewise smooth and simplicial chains. Assume that X is a manifold (possibly with
boundary). We denote by (€% ,,9) the subcomplex of (Cx z..,d) consisting of piecewise smooth
singular chains (i.e., having a basis formed of piecewise smooth singular simplices).

Proposition A.16. The inclusion of chain complexes
(~§§?Z,.(X7 f)’ a) — (éX7Z,-(X7 y)a a)

induces an isomorphism in homology.



34 J. FRESAN, C. SABBAH, AND J.-D. YU

Proof. Let s =) 04 ® fa, with f, € T'(|oa|, #), be a p-cycle in éxﬁz,,(X, F). We can assume
that f, is the germ along |0, of f, € T'(U,,.%) for some open neighbourhood U, of |o,|. The cycle
condition is as in (A.11) and for each 7 there exists U, such that the corresponding sum Y f,
is zero on U,. We can approximate each o, by piecewise smooth simplices with image contained
in U, and more precisely construct a family of approximations X,(t) = of (¢t € [0,1]) with
0% = 0, and ¢! piecewise smooth for each ¢ € (0,1] such that 7 x [0,1] has image in U, for
each face 7 of 0,. We can then subdivide A, x [0, 1] to regard each ¥, as a (p + 1)-chain and
the total family S = > ¥, ® f, as an element of éxz,p“(X, F) (we restrict f, to |Xs| C U,).
The boundary chain 9S reads Za,k Tar @ fal|T, | + ol ® fo — 0% ® f,, where T, is a map
Ap_q x [0,1] — U, satistying Tg’k = T, and |T,;7k| C U,, .. The cycle condition on s implies
that, for each 7: A,y — X, we have 35, . _ falu, =0, so that 05 = ol ® fo—0%® f,. This
shows the surjectivity of the homology map, and its injectivity follows. O

On the other hand, assume that X is endowed with a simplicial structure .7 compatible with Z.
By this, we mean that X is the support of a simplicial complex .7 and Z is the support of
a subcomplex 97 of 7. We denote by (é;%,.,a) the subcomplex of (éX7Z7,,8) consisting of
simplicial chains of the simplicial structure. We define correspondingly the simplicial chain complex
(é% 75.(X,F),0). We make the following assumption on .# and the simplicial structure.

Assumption A.17. For any simplex o of the simplicial complex .7, there exists an open neigh-
bourhood U, of o that retracts onto o and such that the sheaf .75 can be decomposed as a direct
sum of sheaves %, ;, each of which is constant of finite rank on U, \ T}, ; and zero on T, ,, for
some closed subset T, ; of U, that intersects o along a (possibly empty or full) closed face 7; of o.

We note that, if 77 is a subdivision of .7 and .7 is the corresponding subdivision of .7, then
(F,T',7,) satisfies Assumption A.17 if (F, .7, Iz) does so.

Proposition A.18. Under Assumption A.17, the inclusion of chain complezes
(€5 5, . (X,.7),0) — (Ex.7..(X, F),0)
induces an isomorphism in homology.

We immediately note the following consequence, which justifies that we now denote by
(€%.2.(X,.F),0) the complex (€5 , (X,.F),0) when Assumption A.17 holds.

Corollary A.19. The homology of (@3927.()(, F),0) is independent of T provided Assump-

tion A.17 is satisfied. In particular, it is equal to the homology of (Aé;, 7, JX,.7),0) for any
subdivision ' of 7. O

Proof of Proposition A.18. We can argue separately with X and Z and obtain the result for the
pair (X, Z) due to compatibility between long exact sequences of pairs. So we argue with X, as
in [47, §34], by induction on the (finite) number of simplices in the simplicial decomposition X.
Let o, be a simplex of maximal dimension (that we can assume > 1) and let X’ be the simplicial
set X with o, deleted (but the boundary simplices of o, kept in X’). The underlying topological
space X' is X with the interior of o, deleted. Then (X’,.%) also satisfies Assumption A.17. We
consider, in both simplicial and singular homology, the long exact sequences of pairs

o — Hy(0 F) — Hy(X; F) — Hy(X,00,.F) — Hy_1(00; F) — -+
and the natural morphism between them. The assertion follows from Lemma A.20 below. O

Lemma A.20. With the notation and assumption from Proposition A.18,
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(1) the natural morphism
(€300, 7),0) = (€o,.4(00, 7). )

induces an isomorphism in homology;
(2) both natural inclusions

(€% 90,0 (X, 7).0) — (€5, (X, F),0),
(Cx,000.0 (X', 7),0) — (Cx.,.0 (X, F),0),
induce an isomorphism in homology.

Proof.

(1) Let us decompose .%|, as in Assumption A.17, let us fix a corresponding component .7, ;
of .Z that we still call .%, and let 7, be the face of o, on which it is zero. The assertion is trivial
if 7, =0,. If 7, = &, then Z is constant and the proof is done in [47, §34].

Assume now that 7, is non-empty and different from o,. For any face 7 of o, intersecting 7,
Z|. is constant on 7 \ (7 N 7,) and zero on 7 N 7,, so that I'(r,.%#) = 0. Let 7/ be the union of
faces of o, not intersecting 7,. It is a single face of o,, and hence a simplex. Now, .% is constant
on 7, and, obviously, Ho(0,; #) = Hp (1,; 7).

Let us now compute H,(0,; %). Let 0 : A, — 0, be a singular p-simplex of ¢,, with image |o|.
Note that the natural morphism I'(|o|,.#) — T'(A,, 0~ 1.%) is injective (since it preserves germs).
If |o| N7, # @, the argument above shows that I'(A,,0~*.%) = 0, and hence so is I'(|o],.%).
Thus, éomp(ao,ﬁ ) only involves singular simplices o not intersecting 7,. Let F' be the constant
value of .Z on o, \ 7,. For such a simplex o, we thus have I'(|o|, #) ~ I'(A,,0 7 1.%) = F, and
then éao,p(%, F) = éc,o\mp(ao N\ To) ® F. In other words, H,(00; %) = Hp(o, N\ 7o) ® F'. Since
(0o \ 7o) retracts to 7/, this group is also equal to H,(7);.%), and we conclude with [47, §34].

(2) The assertion for the simplicial complexes is obvious since it is already an equality. We thus
consider the singular chain complexes.

Let us prove surjectivity of the homology map. Let s be a closed singular chain in e X,00.p(X, F).
We can cover X by U, and U’, where U, = U, is given by Assumption A.17 and U’ C X’.
Choosing (¢, k) as in (A.7), we write s + 0ks = s, + §', with s,, s’ closed in éU(,,o—o,p(X,ﬁ) and
éUl,p(X, F) C EX/,UO,p(X’, Z ) respectively. We decompose s, according to Assumption A.17. For
the component corresponding to “.# constant on 0,”, it is proved in [47, §34] that it is homologous
to a chain in éUoﬂX’,aoo,p(Xa Z). Assume thus that .Z is zero on T, with 7, = T, N0, # &,
and constant on U, \ T, # &. Arguing as in Case (1), we show that singular simplices occurring
with a non-zero coefficient in s, do not intersect T,,. There is a projection o, \ 7, — 7., (with 7,
as above), so that if we compose s, with the corresponding retraction, we obtain a homologous
closed p-chain in éUamX/,agmp(X, F).

Assume now that 5 € €x/ o0, »(X,.F) is equal to ds with s in Cx o, p41(X,.F). It follows
that 05 = 0 in éx,gmp,l(X,f), and hence in éxf’agmp,l(X,ﬁ). With U,,U’, and (¢, k) as
above, we have s+ 0ks = ((5) = 0l(s) = 0s, + Os’. The above argument shows that s, is
homologous to a (p + 1)-chain in éUoﬁX’,aoo,p+l(Xa Z ), and hence § is the boundary of a chain
in éxx7ago7p+1(X, F), which shows injectivity. O

Af. The dual chain complex with coefficient in a sheaf. In this section, we set (X, Z) =
(M,0M), where M is a manifold with corners, and we consider a simplicial decomposition
of (M,0M). Let 7’ denote the first barycentric subdivision of 7. For any simplex o in 7, let &
denote its barycenter and let D(o) be the open cell dual to o, which is the sum of open simplices
of 7' having & as their final vertex (see [47, §64] for definitions and details). If ¢ is not contained
in OM, then the closure D(c) does not intersect M. If o is contained in M, then D(o) is
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contained in M°. In any case, if we regard D(o) as a chain of 7" relative to M, then dD(0) is
a sum of terms dD(a;) for o; in 7. The following is clear.

Lemma A.21. Let o be a chain of F of dimension p. Then o is the only chain of dimension p
of  intersected by D(o), and the intersection is transversal.

FIGURE 1. Various examples of dual cells

We consider a sheaf .# on M satisfying Assumption A.17 with respect to 7, with the supple-
mentary condition that & is locally constant on M° = M ~\ 0M, that is, the closed subsets T, ; of
Assumption A.17 are contained in @M. We note that .# also satisfies the previous properties with
respect to .7’. The chain complex (é%v7 on (M, F),0) whose term of index p consists of the direct

sum of the terms I'(D(0),.%) with o of codimension p, is thus a subcomplex of (éAﬂ’,aM (M, %),0).
Lemma A.22. Under the previous assumptions, the inclusion of chain complexes

(G,D?V,aM(Ma j)’ a) — (e%',aM(Mv g)v 8)
induces an isomorphism in homology.

Proof. Similar to that of [47, Th. 64.2]. O

It follows from Proposition A.18 that the chain complex (ét’gv’ o (M, .F),0) also computes the
relative homology H, (M, 0M; F).

APPENDIX B. POINCARE LEMMA FOR CURRENTS

In this section, we work in a local setting. We let U be a convex open subset of R™ (with
coordinates z1, ..., %, ) containing the origin, we fix r such that 1 < r < m, we set g(z) = [[,_, 2
and

M={g(z) 20}nU, OM={g(z)=0}nU, M°={g(x)>0}NU and U°={g(x)#0}.

The sheaves of functions or distributions on M that we consider below are by definition the
sheaf-theoretic restriction to M of the corresponding sheaves on U.

B.a. Functions with moderate growth and rapid decay along M
Definition B.1.

(1) A C* function f on M° has moderate growth along O M if, for any relatively compact open
subset W €@ M and any multi-index «, there exists N > 0 and C' > 0 such that 0% fjy is
bounded by C|g|~".

(2) A C* function f on M has rapid decay along OM if all its derivatives vanish at any point
of OM. Equivalently, the function f/g" is C* for every N.
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There are similar definitions on U® and a C'* function with moderate growth on M° (resp. with
rapid decay on M) can be extended by 0 to a similar function on U® resp. U.

The corresponding sheaves are denoted respectively by €y, mod and Cnr 4 and the correspond-
ing de Rham complexes by (£13°* d) and (£35°*,d) (we omit the boundary &M in the notation).
On the other hand, we will also consider the sheaf of C*° functions on M with poles along OM,
that we simply denote by €57 (). It is a subsheaf of €y mod,

Proposition B.2 (Poincaré lemma). The complexes (zo@EOd",d) and (é"]f/([i",d) have cohomology
in degree zero only, and are a resolution of j.Cpyro = Cpy and jiCaso Tespectively.

Proof. Tt is enough to prove the assumptions on (U, M) and then restrict them sheaf-theoretically
to (M,0M). We prove the corresponding statements on global sections.

Let n € &4P(U) (resp. n € &™°4P(U°)) be such that dy = 0 and p > 1. There is an explicit
formula (see for example [17, (1.23)]) computing v € &P~1(U) such that dy) = n:

1
P(x) = Z (/ tp_lm(tac)dt> (1) aydai, A Adag, A Ada,
[1j=p 70
ke[L.p]
This formula shows that ¥ belongs to &™4P~1(U) (resp. to &™°%P~1(U°)), hence the first assertion.
The second assertion in both cases is clear. O

B.b. Poincaré lemma for currents. As in [11, 12|, we define the chain complex of currents
(€r1,.,0). By definition, it is the sheaf-theoretic restriction to M of the complex €y, that we
consider now. A current T of dimension ¢ on U can be paired with a test g-form ¢ on U (C* with
compact support) and the Stokes formula holds: (9T, ¢) = (T,dp). If w is a C*° (m — g)-form,
it defines a g-dimensional current by the formula (T, ¢) = fU w A . We can consider a current
as a differential form with distributional coefficients, i.e., we can write T=>_ Hlem—q 0;dx; with
0; € Db(U). When considered as a form, the differential d on currents extends that on C*° forms.
The relation between d and 9 is given, for a current of dimension ¢ (i.e., degree m — ¢q) by

oT, = (-1)™~ 94T,

For a tensor product taken over C, like (€5/.,0)® (cflf/?", d), the boundary is given by the formula,
for a current T, ® wP (of dimension ¢ — p):

(B.3) Ty ®wP) = (—1)P(0T, @ WP — T, @ dwP) = (—1)P0T; @ wP + Ty @ OwP.
Proposition B.4 (Poincaré lemma for (€ ,,9)). The complex of currents on M satisfies

(D) = {o if g # m,

Cy ifg=m.
More precisely, the inclusion (&y;"d) = (€., 0) is a quasi-isomorphism.

Proof. We prove the result on an open subset U of R™, and we obtain the proposition by
sheaf-theoretic restriction to M N U. We refer to [17, §2.D.4] for the proof of the lemma be-
low, originally in [11, 12]. Let T € €4 (U).

Lemma B.5. For any € € (0,1), there exist C-linear morphisms R, : €,(U) — €4(U) and
Se 1 €41 (U) = €m=971(U) such that

(1) R. takes values in &™ 1(U),

(2) R(T)—T =09S5.(T) + S.(07),

(3) Re(0T) = OR(T) and lime_g R(T) = T weakly.
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In particular, R. is a morphism of complexes (&,(U),0) — (™ *(U),d), and (2) implies that
it is a quasi-isomorphism. Since (&™~*(U),d) has homology concentrated in degree zero, it follows
that the same holds for (€,(U),d). Then we can sheafify the construction. O

Remark B.6. Arguing as in [12, §15, Th. 12|, we can globalize the construction on a manifold
with corners. More precisely, given a covering (U;);e; of M by charts, and ¢; > 0 small enough
(i € I), one can construct morphisms Re : €y, — &7~ and Se : €pr,y — €pro41 such that the
conclusion of Lemma B.5 holds for any T' € T'(M, €, ), up to replacing € with € = (g;);ies. In
particular, Re : (€pr..,0) — (&), d) is a quasi-isomorphism.

Let us end by recalling the computation of the Kronecker index made by de Rham. Let T},
and T}, be two currents of complementary dimension on U. If both currents are closed, let us
choose a decomposition T, = O™ P + 95,11 and T}, _, =0O"P+09Sy,_ ., where O™ 7 and ©""F
are C* closed forms. Then Byr(Ty,T,,_,) is by definition Q(©™ 7, ©¥) and is independent
of the choices. Without the closedness assumption, but if one of the supports is compact, the
intersection Bar (7}, T};,—,,) is defined by the limit, when it exists

lim (7, Re(Ty_,))-

We now consider the setting of Section A.f. Let us choose a simplex o, in M not contained
in OM and let D(o,) denote the dual cell in M°, which intersects o, at its barycenter 7,. Let us

set Tp = fa'p’ Tv\r/b—p = fﬁ(gp) and BdR(UP7 D(UP)) = BdR(TpaTw\r/L—p)'

Proposition B.7 ([12, p.85-86]). With these assumptions, the intersection Bag(c,, D(0},)) exists
and is given by the formula

Bar(0p, D(0y)) = £1,
where & is the orientation change between o, x D(o,) and M°.
Proof. Let us choose coordinates (z',2") = (21,...,%p, Tpt+1, - - - , Tm) S0 that o, (with orientation)

(resp. D(0p)) is contained in the coordinate plane (z1, ..., x,) (resp. (Tp41,--.,Tm)). The formula
for R, in Lemma B.5 is:

Ro(T},_,) = Omp(2)dai A - -Ady,  with O, (2) = / X(@ =9/ 4, A Ady,

Do) Y(y)™

where x : B(0,1) — Ry is a C*°-function with compact support and integral equal to 1 and,
for e > 0, let xc(v) = e"™x(v/e) with support in B(0,¢). Hence,

Bar(op, D(0p)) = lim dzy A+ Adxy - O p o (2)

e—0 op
1,/’ — 2"
— lim Xel( /,)ﬁ’( D dey n- oo nday = 1
=0 opXD(op) ¢($ )
by the properties of Y, if we assume that y is even with respect to the variables z”. O

B.c. Poincaré lemma for current with moderate growth. We consider the sheaf Db3? de-
fined as the subsheaf of j. Dby consisting of distributions extendable to M. Its space of sections
on an open set is the topological dual of the space of C*° functions with rapid decay along M,
endowed with its usual family of seminorms. Let us first consider the similar objects on U. It fol-
lows from [38, Chap. VII| that Db°¢ = €5°(x) Qe Dby, where we have set €3°(x) = €°[1/9].
We also have an exact sequence

(B.8) 0 — Dbpor) — Dby — Db — 0,

where Db denotes the subsheaf of distributions supported on 9M.
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Definition B.9 (Currents with moderate growth). We set €70 = &' " Qg 261 and
Cred = &7 @ DO

In a way similar to currents, a current 7" of dimension ¢ with moderate growth on M can be
paired with a test g-form ¢ on M with rapid decay and the Stokes formula holds.

Proposition B.10 (Poincaré lemma for (€3pd,d)). The chain complex (€3Pd,0) satisfies
Poincaré lemma as in Proposition B.4.

Proof. We will work with the cohomological version (Qﬁﬁ)d", d), that we wish to prove to be a
resolution of its .7, that is, Cp;. In other words, we wish to prove that the natural morphism
(€%, d) = (€7°%* d) is a quasi-isomorphism.

Lemma B.11. The complex (QI['SM],d) has cohomology in degree one only and, for xz, in the
intersection of p smooth components of OM, we have dim " ( faM]’ d),, =2°P—1.

Proof. Let Z C U denote the p-th intersection defined by z; = --- = z, = 0, so that
Dbz ~Dbz[0y,,. .., 0,]. We write (QZ['Z], d) as the simple complex associated to the p-cube with
i-th edges all equal to

Ox,
CY0zys -3 02,) — = €40, 0n,],

which is quasi-isomorphic to 6;1’ , SO 6[.2] has cohomology in degree p only, equal to the constant
sheaf Cz (by the Poincaré lemma for 7).

Let us set Z; = {z; = 0} and Z® = (J!_, Z;. We prove by induction on p that the lemma
hods for Z(®), the case p = 1 begin proved in the first point. According to [38, Prop. VIL.1.4], the
natural sequence of complexes

0— (Q[.Zl(]pfl)]ad) — (CEZp]ad) ® (Q:[.Z(pfl)]’d) — (sz(p)pd) —0

is exact. Let us restrict the complexes on Z = (}_; Z;. By induction, the middle complex has
cohomology in degree one only, of dimension 1 + (2P~1 — 1) = 2P=1. Also by induction, the left
complex has cohomology in degree 2 only, of dimension 2P~! — 1. This completes the proof. [

The exact sequence (B.8) gives rise to an exact sequence of complexes

mod,e

0— €y — ¢ — G —0

and the lemma above reduces it to an exact sequence 0 — Cy — %O(C?}Od") — %”I(Qf['aM]) — 0.

At a point x, € OM at the intersection of exactly p smooth components, 77 O(C?}Od")xo has thus
dimension 2P. If Uy are the 27 local connected components of U , then

A )s, = HE@U(U3) = @HU(E™N(UF L)),

so that each term in the sum is isomorphic to C. In particular, considering the component M ,
the natural composed morphism (after sheaf-theoretically restricting to M) €7, — Q:gmd" — gpod

induces an isomorphism on the #° at each x,, and hence is an isomorphism. (]

We define the complex of currents with rapid decay as (Qﬁrﬁf,@) ® (é‘}fj * d), with boundary
operator given by (B.4). From Propositions B.10 and B.2, we thus obtain:

Proposition B.12 (Poincaré lemma for (@5\9]”,8)). The chain complex (@5\‘}7.78) has homology
in degree m only, which is equal to jiCpyo.

Remark B.13. If M is compact, the homology of the complex (T'(M, Cﬁ\‘}’.), 0) is isomorphic to
H,(M?°,C), while that of (I'(M, Cﬁ}‘?.d), 0) is isomorphic to the Borel-Moore homology H?(M*°, C).
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APPENDIX C. REMARKS ON VERDIER DUALITY

To pass from local results on pairings to global ones, we use compatibility of Verdier duality
with proper pushforward. In this section is made precise an “obvious result” (Corollary C.6) which
we could not find in the literature. We refer to [29, Chap. 2 & 3] for standard results of sheaf theory.

We fix a field k and we work in the category of sheaves of k-vector spaces. All topological
spaces we consider are assumed to be locally compact, and all maps are assumed to have finite
local cohomological dimension. Let Dx be the dualizing complex. If ax : X — pt denotes the
constant map, one has Dx = a'y k.

C.a. The duality isomorphism. Let f : X — Y be a continuous map, let % be an object
of DP(kx) and & an object of DP(ky). There is a bifunctorial isomorphism

(C.1) Rf.R#om(ZF, f'Y) = R#om(RAHF,9)
in DP(ky) (see [29, Prop. 3.1.10]). By applying RIT'(Y, ), one obtains
RHom(.Z, f'9) = RHom(Rf.7,9),
and taking cohomology in degree 0,
Home(X)(f,f!%) — Hompu(y)(Rf1.Z,9).

There exists a natural morphism of functors Rfif' +— Id. Indeed, taking .# = f'& above, one
finds

Hompe (x)(f'Y, f'9) — Hompu vy (RAf'Y,9)

and the desired morphism is the image of the identity.
One can thus write the duality isomorphism (C.1) as the composition of two bifunctorial mor-
phisms (see [29, (2.6.25)] for the first one)

Rf.R#om(ZF, ['Y) — R#om(Rf.Z, Rf f'Y) — R#om(RAHLF,9).

C.b. Poincaré-Verdier duality. We set D.#% = R#om(%#,Dx). One then has an isomorphism
RI'(X,D.Z) = Hom(RI'.(X,.%), k),
and taking hypercohomology,
HYX,DZF) = H (X, 7)".
Via this isomorphism and by using the natural duality pairing, we deduce a perfect pairing

(C.2) H:Y(X, 7)o H (X,DF) — k.

C

On the other hand, one has a natural morphism % ® D.% — Dx and, in addition, according
to [29, (2.6.23)] for f = ax, a morphism

RI.(X, %) RT'(X,D%¥) — RI.(X,% @ D%).
By composing, one obtains a morphism
RI.(X,Z)® RT(X,DZ) — RI(X,# ® DF) — RI.(X,Dx) = Raxiaxk — k.
By taking hypercohomology, one obtains for each ¢ € Z a pairing
(C.3) H'(X,7)2 H'(X,D.7) — k.

Proposition C.4. The pairings (C.2) and (C.3) coincide. In particular, (C.3) is a perfect pairing.

For the sake of completeness, we will prove the following lemma at the end of this section.



QUADRATIC RELATIONS BETWEEN PERIODS OF CONNECTIONS 41

Lemma C.5. Let # and 9 be objects of DP(kx) and let f : X — Y be a morphism. The two
following composed natural morphisms coincide:

Rf.7 @ Rf.R#om(F,9) — Rfi(F @ R#tom(F,9)) — RNY,

RfiZ7 ® Rf.R#om(F,9) — RfiI.F @ R#¥om(RH.F,Rf(Y) — RfY.

Proof of Proposition C.4. Taking f = ax and ¢ = Dy, we have equality of the morphisms

RI.(X,7)® RU(X,D.Z) — RU(X,# ® DF) — RI.(X,Dyx)
and
RI'.(X,#)® RI'(X,D%) — RI'.(X,.#) @ Hom(RI'.(X, #),Rl'.(X,Dx)) — RI'.(X,Dx).
Besides, we have a commutative diagram, by considering the natural morphism RT'.(X,Dy) — k,

RI'(X,.7) ® Hom(RI((X,.7), RT«(X,Dx)) —— RI.(X,Dx).

| |

RT(X,.Z) ® Hom(RT(X, Z), k) k

Hence, both composed natural morphisms
RI'.(X,%) RT'(X,D¥) — RI'.(X,D¥ ® %) — k
and
RT.(X,%#)® RT'(X,D%) — RI.(X,#) ® Hom(RT.(X, %#),k) — k
coincide, and we deduce the proposition for every /. O
Let now #,% in D(kx). We have a natural isomorphism (see [29, (2.6.8)])
Hom(# ® 9,Dx) ~ Hom(%#,D¥Y) ~ Hom(¥Y, D.%).
Giving a pairing ¢ : ¥ ® 4 — Dx amounts thus to giving a morphism % — D¥, or as well
a morphism ¥4 — D.%. We say that the pairing ¢ is perfect if the corresponding morphism
F — DY (or as well 9 — D.¥) is an isomorphism.
A pairing ¢ induces in a natural way a pairing
RI.(X,9) @ RT'(X,#) — RI.(X,Z# ®¥9) — RI.(X,Dx) — k
(and a similar pairing by permuting the roles of # and ¢), and thus, for every ¢ € Z, pairings
o' H:YX,9) o H'(X,.7) — HY(X,Z# ®%9) — H’(X,Dx) = k.
Corollary C.6. If ¢ is a perfect pairing, the pairings ©° are also perfect.
Proof. By construction, the composition of ¢ and the isomorphism
H'(X,7) = H'(X,D%)
induced by ¢ is the pairing (C.3) for 4. O

Proof of Lemma C.5. We first show that, for sheaves .% and ¢ of k-vector spaces, the natural
morphisms

(C.7) [+F @ fodtom(F,G) — fo(F @ Hom(F,9)) — [.9,
(C.8) foF @ fodlom(F,9) — [ F @ Hom(f.F, [ Y) — f.4
coincide. Let us first recall the construction of the natural morphism &% ® #om(%,9) — 9.
We denote by [F @ Hom(F,4)]~ the presheaf U — T'(U, #) ® T'(U, #om(F,¥)) whose asso-

ciated sheaf is .# @ Hom(F,¥) by definition. Recall that I'(U, #om(.F#,¥)) = Hom(F 7,9 )
(compatible families of morphisms Hom(T'(U’, %#),T(U’,¥)) for U’ open in U), so that there is a
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forgetful morphism I'(U, #om(%#,¥)) — Hom(I'(U, %), T(U,¥)). By composition, we obtain a
morphism

[Z ® Hom(F, %)™~ (U) — (U, F) @ Hom(D(U, Z),L(U,9)) — D(U,9).

Since ¢ is a sheaf, it induces a sheaf morphism .# ® #om(.%#,¥4) — 4. Considering only open sets
of the form f~1(V) with V open in Y gives rise to the natural morphism f,(.# @ #om(F,9)) —
f+%. But the presheaf V — [F @ #om(F,9)]~(f~1(V)) is identified with the presheaf giving
rise to fuZ ® fudlom(F,9), so f(F @ Hom(F,9)) = [o.F & fudom(F,9). We thus have
obtained (C.7). Finally, the morphism above reads [f+.Z @ fo.lom(F,9)|~ (V) — D(V, f«¥), and
its sheafification is nothing but (C.8).

By suitably restricting to f-proper supports, we obtain the non-derived version of the identifica-
tion of morphisms in the lemma. In order to get the general case, one replaces ¢4 with an injective
resolution ¥* € Dt (kx). It follows that, for #,4 € DP(kx), R#om(F,9) = Hom(F,9")
is flabby (see [29, Prop.2.4.6(vii)|) and, by considering a flabby resolution .#* € D (kx) of .7,
we replace e.g. .F @ R#om(ZF,9) with F* @ Hom(F,9*), so that we can apply the result for
sheaves (we use flabbiness of J#om(%,9°*) since we cannot consider Som(F°*,94*), as R#om is
not defined on DT (kx) x DV (kx)). O

APPENDIX D. COHOMOLOGY WITH COMPACT SUPPORT

In this section, we apply the setting of Section 3.a. We consider two de Rham realizations of the
cohomology with compact support Hg(U*", C), namely the algebraic one Hiy .(U) and the C*°

one H*(T'(X, é";(d")). More precisely, we will recall that there exists a canonical isomorphism
can : Hjp (U) — H*(D(X, 65"°)).

Let Up be an affine neighbourhood of D in X. We will see that, by computing with a Cech
complex relative to the covering (Up, U), the cohomology space H?iR’C(U) is a quotient of Q}(UD),
with Up, = Up \ D. Let resp : Hig .(U) = C be induced by Y res, : Q'(Up) — C.

On the other hand, we consider the trace morphism

1 L]
try : — [ : H3(D(X, &) — C.
2mi b'e
Proposition D.1. The morphisms trx and resp are isomorphims and the following diagram
commutes:

H?iR,C(U)

resp
canJZ > C
tl"X
HX(D(X, 6¢7))

D.a. Analytic comparison. In this section, we endow X with its analytic topology, and we omit
the exponent ‘an’. We consider the (analytic) logarithmic de Rham complex

DR (0 (~ D)) — {m(—D) L otye ﬁx<—D>}

attached to the (analytic) logarithmic lattice &x (—D) of €x. This complex is quasi-isomorphic
to 51Cy, as can be seen in the local setting, where the assertion is reduced to checking that
20, +1: C{z} = C{z} is an isomorphism. Let Ap be the disjoint union of complex analytic discs
A, (z € D). Then the covering (Ap,U) is acyclic with respect to each term of the logarithmic
complex. The corresponding Cech complex will simply be denoted by C*(X,DR'8(&x(—D))).
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This is the simple complex attached to the double complex®

I(Ap, Oa,(~D)) & T(U, 6y) —2T(A3, Oa)

q Ja

I(Ap,Qh,) @ T(U, Q) —2— (A}, 04, )

that we regard as defined from the morphism between the first horizontal line to the second one.
There exists thus a canonical isomorphism (see e.g. [20, p.208], see also [4, §11.2])
(D.2) H*(€*(X,DR¢(0x(-D)))) — H:(U,C).

Since d : T'(Ap, Oa, (—D)) — T'(Ap, Q) is bijective, the above double complex is isomorphic to

(U, 0p) 25 T(A%, Oas)

q Ja

(U, 04) L= T(Ap, 04, )
where p is the restriction from U to A7,, and also to

D(U, 6p) ——T(Ap, j.Ons, /O, (D).

(D.3) dl Jd

(U, Q) ——T(Ap, .04, /O4)

On the other hand, the C*° de Rham complex (gf(d",d) with rapid decay at D is also a
resolution of jiCy: this follows for example from the similar result on the real bow-up space X
(Proposition B.4) after taking the direct image by X — X. Since each é‘}r(d" is fine, we obtain
canonical isomorphisms (see [20, Th.4.7.1, p. 181])

(D.4) H* (D(X, &5°),d) — HX (U, C).
In particular, by composing (D.2) and (D.4) we get a canonical isomorphism
(D.5) can : H2(C*(X,DR8(6x(~D)))) — H*(D(X, &%), d).
The group on the left-hand side is a quotient of I'(A%,, QIAB) while that on the right is a quo-
tient of T'(X, @“;(d’2). Let p € F(AB,QIA*D). Its image in F(A*D,é‘i’g) writes Yjas — @jaz, With

¢ € D(U,&5°) and v € T(Ap, é”zdﬂ;l’o): indeed, the Cech cohomology H'((Ap,U), &ExY) is zero

. d,1,0 -
since &y is fine.

Lemma D.6. For u as above, we have can([u]) = [de].
The proof will be given below.

Proof of Proposition D.1 in the analytic setting. With the above notation, recall that de has
rapid decay, so [ « dp is well-defined. We have

1 1 1 1 1
27 Jx T om X<Ap vt 27 Jap v 2mi /aAS/) 2 2mi /é)A p=1espp

D

5Given a morphism ¢ : (K§,do) — (K7,d1) of complexes, we associate with it the double complex (K**,d’,d")
with K0 = K, K\ = K, K =0 fori > 2, d = ¢, d" = (=1)7d;, so that d'd’ = d"d" = d'd" + d"d’ = 0.
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Proof of Lemma D.6. We denote by (é")lgg"(—D), d) the de Rham complex with terms
SREO(-D) = 6Y(-D), EEH(-D)= 600 8Y (D), £(-D)= 6%
The quasi-isomorphisms of complexes
DR Ox (=D) = (65*"(=D),d) « (&, d)
give rise to quasi-isomorphisms of Cech complexes (with respect to (Ap,U))

C*(X,DR85(0x (D)) —— €*(X, £ (- D)) +—— € (X, &)

[ [
[(X, &0 (=D)) +——T(X, &%)

and the diagram commutes. The isomorphisms induced on cohomology are the canonical ones,
defined similarly to (D.5).

Let p be as in the lemma. In particular, du = 0. We regard p as defining a class in H2(U). In
the realization by C*(X, &8 (—D)), it is written

(0,0, 1) € T(Ap, 8¢%*(~D)) @ T(U, 63) @ T(A}, &)

Any choice of ¢ € T(U,&}) and ¢ € F(AD,éZX’gl(—D)) such that ¢ — ¢ = p on A}, gives
rise to another representative, namely (di,dep,0), since the total differential of (1, ) is equal
to (dep,dp, o —1)). Such ¢ and 1 exist since H! (X, éﬁ’}f’l(—D)) = 0. Moreover, diy —dp =du =0
on A%, so that (di,dyp) glue as w € T'(X,&2). The image of [u] by the canonical morphism
H3, (U) = HY(I(X, £¢%°(—D)) = H2(X) is equal to [w].

Since H(X, éa;(d’l) = 0, we can also choose ¥ € F(AD,é‘}d’l) (up to changing ). Then
[de¢] € H3(T(X, 5;(d’°) maps to (the corresponding) [w] in H?(T'(X, gjgg"'(fD)), which concludes
the proof. O

D.b. Algebraic comparison. We now use the Zariski topology on X and indicate with an
exponent ‘an’ the analytic topology. We choose a covering (Up,U) of X by affine open subsets.
Its Cech resolution relative to (Up, U) is

ﬁUD(—D) ©® ﬁU L) ﬁULO).

dJ( ld
)
oy, eoh — o,

The de Rham cohomology H3R7C(U) is computed as the cohomology of the Cech complex

N(Up, 6y, (~D)) & T(U, ) —2 T(UB, Ours)

q Ja

D(Up, Q) & T(U. Q) —2— DU, 0k )

or equivalently

(U, 6v) —2— T(Up, Oy, (+D)/ 6y, (—D))

J s

P, Q%) 2 T(Up. QL (+D)/QY (~D)).
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This expression shows the independence with respect to the choice of the affine neighbourhood Up,
since the sheaves on the right-hand side are supported on D. The above complex maps canonically
to the corresponding analytic complex (D.3), defining the canonical map Hjg .(U) — Hgg (U™).
The canonical morphism of Proposition D.1 is composed from the latter and (D.5). Proposition D.1

then follows from its analytic version. (]
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