ON THE GROSS-DELIGNE CONJECTURE
FOR VARIATIONS OF HODGE-DE RHAM STRUCTURES

MASANORI ASAKURA AND JAVIER FRESAN

ABSTRACT. We prove an alternating variant of the Gross-Deligne conjecture for periods of
variations of Hodge-de Rham structures endowed with a multiplication by a number field.

0. INTRODUCTION

A CM elliptic curve is an elliptic curve defined over Q endowed with multiplication by an
imaginary quadratic field K. The multiplication gives rise to an action of K on the Betti
and de Rham cohomology groups H'(E,Q), Hiz(E/Q). Since dimgx HL(E,Q) = 1 one
has the eigendecompositions (H}(E, Q)X, Hl (E/Q)X) which are one-dimensional over Q for
each embedding x : K — Q. The difference of the two Q-structures via the comparison
isomorphism is called the period of the y-part. Roughly speaking, the Lerch-Chowla-Selberg
formula says that the period of a CM elliptic curve is a product of values of the gamma
function at certain rational numbers. The Gross-Deligne conjecture is a generalization of
the Lerch-Chowla-Selberg formula for the cohomology groups of smooth projective varieties
equipped with multiplication by an abelian number field [Gro78]. See §2 below for the precise
statement. The Gross-Deligne conjecture is still wide open, although some recent results give
new evidence supporting it.

Maillot and Rossler proved a variant of the conjecture for the complex absolute values of
periods [MRO04]. More recently, the second author proved the conjecture for the alternating
product of the cohomology groups of a variety acted upon by an automorphism of finite order
[Frel3].

The purpose of this paper is to prove the period conjecture of Gross-Deligne for the alternat-
ing product of the cohomology of fibrations equipped with relative multiplication. Theorem
5.1 is the main result in this paper. The proof is divided into two parts, one is describing
the period as a product of gamma values, and the other is computing the Hodge indices.
The former goes in the same way as in [Frel3], and it relies heavily on the seminal paper by
Saito-Terasoma [ST97]. The latter discussion, namely computing the Hodge indices goes in a
different way from [Frel3]. We apply Saito’s Jacobi sum formula [Sai94] to obtain an explicit
description of the Hodge-Tate representation on p-adic cohomology. Then the Hodge-Tate
conjecture proved by Faltings et al. gives the relationship between the Hodge-Tate represen-
tation and the (usual) Hodge decomposition of de Rham cohomology.

This paper is organized as follows. §1 is a section of preliminaries for the notion of Hodge—de
Rham structures and the periods. In §2 we give a precise statement of the period conjecture.
The techinical key to the formulation is the lemma of Deligne-Koblitz-Ogus (Lemma 2.1).
In §3, we review the period formula of Saito—Terasoma. In §4, we apply Saito’s Jacobi sum
formula to obtain the Hodge-Tate representation and then we compute the Hodge indices.
The main result and its applications for the cohomology of fibrations are given in §5. In
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the proof of the main theorem (Theorem 5.1), we use algebraic correspondences on weight
spectral sequences of non-complete smooth varieties. Since the authors were unable to find a
suitable reference for it, an exposition is given in §6 for the convenience of the reader.

0.1. Notation and conventions. Throughout the paper, Q denotes the algebraic closure
of Q in C. By a variety over a field k¥ we mean an integral separated k-scheme of finite type.
For a scheme X of finite type over C (resp. Q), we denote by X" the analytic site associated
to X (resp. X X@C). The structure sheaf on the analytic site is denoted by &%". The Zariski
site is simply denoted by X or by X#** whenever we want to emphasize it.

We denote by ugq(F') the set of d-th roots of unity contained in a field F'.

For a free R-module M of rank n with R a commutative ring, we denote the determinant
of M over R by detgp M = A\ M. By convention, detz{0} = R.

0.2. Acknowledgements. The first author is grateful to Dr. Kei Hagihara for stimulating
discussions, especially on algebraic Hecke characters. When he gave the first anouncement, an
additional condition was necessary in the theorem. He owes Dr. Hagihara a lot in removing
it. The second author thanks Claude Sabbah. He acknowledges support by the SNSF grants
200021-150099 and 200020-162928. The paper was completed when the authors were visiting
the MPIM.

1. PRELIMINARIES

1.1. Periods of rank one Betti—-de Rham structures. Let K C C be a subfield. A
Betti-de Rham structure over K is a triple H = (Hyg, Hp, t) consisting of

e a finite-dimensional K-vector space Hgg,
e a finite-dimensional Q-vector space Hp,
e an isomorphism of complex vector spaces ¢: Hqgg @ x C — Hp Qg C.

Assume further that K C Q. To a rank one Betti-de Rham structure H, it is attached a
period as follows: let eqr € Hgr and ep € Hp be bases over K and Q respectively. Then
there exists a complex number per(H) satisfying

t(eqr) = per(H )ep.
This is well-defined up to multiplication by Q”, thus yielding a class per(H) € C* /@X

1.2. Hodge—de Rham structures. Let K C C be a subfield. A Hodge—de Rham structure
over K is a triple H = ((Hggr, F'*), Hp, ) consisting of
e a finite dimensional K-vector space Hgr together with a decreasing filtration F*®Hgp,
e a finite dimensional Q-vector space Hp,
e an isomorphism of complex vector spaces ¢: Hqr ®x C — Hp ®g C

such that F'® induces a pure Hodge structure on Hg via ¢.

De Rham and Betti cohomologies of smooth proper varieties X over F, together with the
comparison isomorphism, define a Hodge-de Rham structure H"(X). We will say that a
Hodge—de Rham structure has geometric origin if... There is a forgetful functor from the
category of Hodge-de Rham structures over F' to that of Hodge structures. If F = C, the
functor is the identity, in other words, a Hodge-de Rham structure over C is nothing other
than a Hodge structure.
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Let F be a commutative Q-algebra. An F-multiplication on a Hodge-de Rham structure
H is a pair of F-actions on Hyr and Hp which are compatible with ¢ and F'*. In other words,
an F-action amounts to a ring morphism F' — Endpgr(H). We say that H has mazimal
multiplication if F' is a number field and dimp Hg = 1.

Suppose that K C Q. For each embedding x: F' — Q, the y-components
HYX: = (Q®k Har)Y, HYX = (Q®g Hp)X

are defined as the subspaces Hé‘R C Q®g Hgg (resp. HE C Q ®x Hp) on which 1 ® g acts
by multiplication by x(g) for all ¢ € F. Whenever the F-multiplication is maximal, the triple
(HE, Hé‘R, ¢) forms a rank one Betti-de Rham structure in the sense of §1.1. Thus the period

of the y-component is defined and will be denoted by per(HX) € C*/Q".

Example 1.1. For each integer r, the Tate Hodge—de Rham structure (over Q) is defined as
Q(r) = HY (G, Q)® ™" ~ H?(P',Q)®~". Its period is per(Q(r)) = (27i)~".

1.3. Connections. Let K C C be a subfield, and U a smooth quasi-projective variety over
K. A connection over U is a triple 4 = ((Mygr, V), Mp,t) consisting of

e a locally-free Op-module of finite rank Mgg on U, together with an integrable con-
nection V: Mgr — Mgr ®g,, Qllj,

e a local system of Q-vector spaces Mp on the analytic complex manifold U2",

e an isomorphism ¢: Mp g O — Mar Qg OF

such that the analytic connection V*" annhilates «(Mp @g C).

We say that the connection (Mygr, V) has regular singularities if the following holds. Let
j : U <= X be a smooth compactification such that D = X \ U is a simple normal crossings
divisor. Then there exists a locally free subsheaf Mgr C j.Mgr on the Zariski site such that
j*Mar = Mgr and

V(MdR) C MdR & Qﬁ((log D)

Given a connection .# over U and a closed point x, we define the fiber .#, = (Mp », Mar z, ¢).

1.4. Variations of Hodge—de Rham structure. Let U be a smooth quasi-projective va-
riety over K C C. We say that the data .# = ((Mgr,V, F*), Mp,.) forms a variation of
Hodge—de Rham structures on U if

e Mp is a smooth sheaf of finite-dimensional Q-vector spaces on U®",

e Mgg is a locally free OF*-module, and F'*® is a descending filtration,

o 1: C®qg Mp — OF" ®@gpzar Mgr is a homomorphism,

e (Myr, V) is an integrable connection on U”*" with regular singularities,
o (Mg, 0" ®@grar Mar, 1, F*, V) is a variation of Hodge structures on U".

If K = C, a smooth sheaf of Hodge—de Rham structure is nothing other than a variation of
Hodge structures. A polarization form is a pair of homomorphisms Qp : Mp ® Mp — Q and
Qar : Mgr ® Mgr — O which induce the polarization on the variation of Hodge structures
(MBa ﬁ[(}n & grar MdR7 L, F.a V)

Let K be a number field. A multiplication on .# by a number field K is a ring morphism
p: K — End(#). We say that .# has maximal multiplication by K if the fibers of the local
system Mp have dimension one over K.
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1.5. Local period.

Theorem 1.2. Let # = ((Mgr, V), Mp,t) be a rank one connection over Q. Then the period
per(.#4y) does not depend on x.

Proposition 1.3. Let # = ((Mar,V,F*®),Mp,t) be a polarizable variation of Hodge—de
Rham structures endowed with mazimal multiplication by a number field F'. Assume K C Q.

Let My = (MB g, MR z,t, F'®) denote the restriction at a point x € U(Q). Then for any
x: F < Q, the period per(.#y) does not depend on x.

Proof. We first show that the monodromy representation m (U%",x) — GL(Mp,) factors
through a finite quotient. Let x : K — Q and M C Q ® Mp, the x-part. Then m1(U")
acts on M¥ = Q. We want to show that for any T € m (U, z) the eigenvalue A\, of T' on
M g is a root of unity or, equivalently, that the residues of (Myg, V) are rational numbers.
Let o, be such a residue. Since Myp is defined over Q, we have a € Q. On the other hand,
In view of the previous argument, there exists a finite étale cover h: U’ — U such that h*Mpg
is a constant sheaf. Then (M}, My, ¢, V) is a connection with regular singularities of rank
one and M g is a constant sheaf. Now the assertion follows from Lemma 1.4. O

Lemma 1.4. Let # = ((Mgr, V), Mp,t) be a connection of rank one with regular singulari-
ties. Suppose that Mp is a constant sheaf. Let eg € I'(U*, Mp) and eqr € I'(U*", MyRr) be
bases and f*" € O(U)* an analytic function satisfying

L(BB) = fan X eqr € F(Uan, ﬁ(a]n ®ﬁU MdR)'

Then there are c € C* and f € O(U*)* such that f* = cf. In particular, if F' C Q, then
the period per(#,) does not depend on the choice of a point x € U(Q).

Proof. Write Uc = U xp C. Since M has regular singularities, (Mp, Mgr,t, V) is a trivial
connection on Uc by the Riemann-Hilbert correspondence (cf. [Mal87] (1,1) and (7.2.1)).
Therefore C®p Mgr is a free O7f"-module of rank one and ¢(ep) is a free basis of I’ (U, Cor
Mgar). Therefore f* € O(UE*)* = C* - 0(U"™)*. O

2. THE GROSS-DELIGNE CONJECTURE

In this section, we give the precise statement of the Gross-Deligne conjecture [Gro78], as
well as a self-contained proof of a lemma by Koblitz-Ogus which plays a crucial role in the
formulation.

2.1. The gamma distribution. Let () be symbols indexed by Q/Z and consider the free
@-module S generated by them
S= P Qo)

acQ/Z
Let T" C S denote the sub-Q-module of S generated by the symbols
m—1
), @+ (o) =2(1/2), Y {a+i/m) - (m—1)(1/2) - (ma),
i=0

where a € Q/Z is non-zero and m > 1.

Let {—} : Q/Z — QN]|0, 1) denote the inverse map of the natural bijection QN[0,1) — Q/Z.
It induces the Q-linear map {—} : S/T" — Q such that {(«)} = {a}, which we write by the
same notation.
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The group Z* acts on Q/Z in a natural way and it extends to the action on S/T. Then the

Galois group Gal(Q(peo)/Q) acts on /T via the cyclotomic character Gal(Q(puso)/Q) = Z%.
Let

F(s):/ t e tat
0

be the gamma function. Define a Q-linear map I' : § — C*/Q” by T'({a)) := I'(—&) where
& € Q is a lifting of @ € Q/Z such that & > 0. One sees that this does not depend on the
choice of the lifting by the formula I'(s + 1) = sI'(s). The classical identites

m—1

, H I(s+r/m)= (2%)%(m_1)m%_msf(ms)
r=0

[(1/2) = Vm, T(s)I(1-s)=

sin(7s)
yield that T kills 7 so that we have a Q-linear map

r:S/T — C*/Q".
2.2. Lemma of Koblitz-Ogus. Let F' be an abelian extension of Q. Put G := Gal(Q(us)/F).
We denote by (S/T)F the fixed part by Gr. We then consider the Q-linear map

Or: (S/T)" — Q[Gal(F/Q)]

E— Y A{ogoh
seGal(F/Q)

This is a Gal(F/Q)-equivariant map.

Lemma 2.1 (Koblitz-Ogus). The map 0 is injective and its image is generated by
1) Tr:= > o 1-7 (r€Gal(F/Q))
o€Gal(F/Q)

where T denotes the composition with complex conjugation In other words, OF induces a bi-
jection

(S/T)%" ~ QTp & Q[Gal(F/Q)]~
where Q[Gal(F/Q)]~ denotes the (—1)-eigenspace for the action of complex conjugation

We shall give a self-contained proof of Lemma 2.1 below.
Remark 2.2.
2.3. The Gross-Deligne conjecture.

Conjecture 2.3 (Gross-Deligne). Let H = ((Hgr, F'*), Hp, ) be a Hodge—de Rham structure
over Q of geometric origin. Suppose that H has mazimal multiplication by an abelian number
field F, and fix an embedding i: F < C. For each embedding x: F — C, let (py,qy) € Z*
denote the unique couple of integers such that H()fR C HPxIx. Let p; € (S/T)GF be the unique
element satisfying O (9;) = ., Pico ™+ by Lemma 2.1. Then the equality

per(H') = T(pf)
holds in C* Q" for all o € Gal(F/Q).

Note that Y  pico~! € QT & Q[Gal(F/Q)] since py + py is a constant function of x by
the Hodge symmetry.
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Remark 2.4. The Gross-Deligne conjecture does not depend on the choice of the embedding
i: F < C. Indeed, if i is replaced by i’ = iog, with op € Gal(F/Q), then

Ok (pir) = ZPi/aU_l =00 Zpiaa_l = 00(0k (i) = Ox (97°)-

By Lemma 2.1, this implies that py = p° and hence per(H) = T'(p7) for all o € Gal(F/Q)
if and only if per(H??) = T(p3) for all o € Gal(F/Q).

For later use, we formulate the period conjecture for F' not necessarily an abelian field.

Conjecture 2.5 (A variant of the Gross-Deligne conjecture). Let the notation be as before,
but F' an arbitrary number field. Put Fo = FNQ(ps). Assume that (py,qy) depends only on
X0 := X|F,- Then per(HX) depends only on xo and, letting p; € (S/T)%Fo denote the unique
element satisfying O, (9i) = Y., pico L, the equality

per(H') = T'(pf)
holds in C*/Q” for all o € Gal(Fy/Q).

2.4. Proof of Lemma 2.1. Suppose F' C Q(um,). Write G, = Gal(Q(too)/Q(1tm,)) and
Gr = Gal(Q(poo)/F). Then G = G1 D GF 2 Gy,. There is a commutative diagram

(S/T)Gm 2 Q[G /G

| |

0
(S/T)%r —= Q[G/GrF]
where 0, = 0g(,,,), the left vertical arrow is the natural inclusion and the right vertical arrow
is given by
o Z 76, (6 € G are liftings).
TGGK/Gm
Since the G p/G,,-fixed part of the arrow 6,,, coincides with 0, it is enough to prove Lemma

2.1 in the case where F' = Q(py,) for m > 3.

2.4.1. Surjectivity of 0p,. For k € 7%, let o € G denote the automorphism given by o1 (¢) =
¢F, ¢ € pios. We want to show

(2) Om 1 C®q (S/T)Gm — CT,, ®C[G/G]™, T := Z o
ke(Z/mZ)>
is surjective. The surjectivity onto the component C7,, is immediate as

3) O <;> -y %a,;l - 9”(2’”):/;”.

k

C[G/Gm]i = @ C[G/Gm]xv
X:Odd

where x : G/Gp, = (Z/mZ)* — C* is a character and “odd” means x(o_1) = —1. We want
to show that C[G]X belongs to the image of (2). Note that each C[G]X is one-dimensional.
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We associate to x a Dirichlet character x : Z — C in the customary way. Namely letting f,
be the conductor of x, define x(k) = x(ox) if (k, fy) =1 and =0 if (k, fy) # 1. Put

Since

one has 0,,(ey) € C[G]X. Thus if one can show that 6,,(e,) # 0, then this finishes the proof.
Since

—_

m—

ISED VNS MERSC It

i=1 ke(Z/mZ)

it is enough to show nonvanishing of

m—1 i 1 m—1 1 m/fx—lfx_l 1 Ix—1
St sty - (i S0X0) = + 3 ()
i=1 i=0 j=0 =0 X =0

However, as is well-known, the last term is the special value of Dirichlet L-function for the
odd character y

(0§~
L(1,x) = wﬁf—x 3 ix(i)
X =0

and hence it is nonzero.
2.4.2. Injectivity of 0,,. Put
Sy = P Q(a) € 8¢, S, := Image(Sp) C (S/T)Em.
aclz/7, or a=1/2
The proof in §2.4.1 shows that Sy, is onto QT,,, ® Q[G/Gy,]~. Therefore it is enough to show
(4 Sm=(5/T)°"

and

—_

(5) dimg Sy, < 54,0(m) +1

where we define

o(m) = {ﬁ(Z/mZ)X m> 2

0 m=1,2
We first show (4). For m|n, let I, , := ker[(Z/nZ)* — (Z/mZ)*] and define a Q-linear
map

Trpm = Z o) - §CGn _y §Gm,
k€ln,m
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Then (S/T)%" is generated by the set

e i)

where 7,4 run over the integers such that m|n and (n,) = 1. Hence it is enough to show that
they belongs to Sy,. Since Tr, ,, o Try, , = Try 4, one can reduce it to the case n = pm with
p a prime number.

Case (p fm). Let a be an integer such that 1 <a <p—1and am = —1 mod p. Then I,
is the set of the elements

l+km, (0<k<p-—1, k+a).

e ()2

Sy (s

=)+ () () et

and the last term belongs to Sy, as p|(1 + am).

Hence

Case (p/m). In this case I, is the set of the elements
1+km, (0<k<p-1).

o <i>_”zl<z'+z‘k>

T \pm /= \pmo p
_/i\N, p-1/1
_<m>+ 5 <2> mod T

and the last term belongs to Sy,.
Next we show (5). Let S, be defined by

Hence

1 _ ~
O—>Q(§)—>Sm—>5m—>0

Here the injectivity of the left arrow follows from the fact that 6,,,(3) # 0, cf. (3). Then (5)
is equivalent to the following

-1
(6) dimg Sy, < §¢(m).
Let Q,, C S;, be the sub Q-module generated by

o (e S (2). wmrsisnon

Put M := S,,,/Qm, on which Gal(Q(us)/Q) acts. Then one easily sees that the natural map
M — §m
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is surjective where M~ denotes the part on which the complex conjugation o_1 € Gal(Q(ps0)/Q)
acts by multiplication by —1. Hence it is enough to show

(7) dimg M~ < —¢(m).

Define sub Q[Gal(Q(im,)/Q)]-modules
P
M=% .= Image [EB @(2) — M] DM~ = Y M°
1=0 eld,e#d

for d/m. Obviously M<¢ c M=? if e¢|d, and M<? = 0, M = M=™. The quotient M=¢/M <4
is a Q[Gal(Q(ua)/Q)]-module generated by (%). Moreover it is annihilated by elements

Trge = Z o, (eld, e #d).
o€Gal(Q(ra)/Q(ue))

Hence there is the surjection

14 = QIGa(Q1a) /O] (Tra)epgera — MM, o ()

of Q[Gal(Q(pm)/Q)]-module. Hence to show (7), it is enough to show

) Y dimg(zh) =Y dimg(LY)” < =

d|m,d#1 dlm

p(m)

O |

(note (L')™ = 0). Let d = [, p* be the prime decomposition. Then there is a canonical
isomorphism

Ld ~ ® LPZz
i

of Q[Gal(Q(um)/Q)]-algebra where the tensor product is taken over Q and Gal(Q(unm)/Q)
acts on the right hand side diagonally. One can easily sees

n—1
) - W) n>9
Lp ~ Q[ ]/ P 2(p—l)_1 — (p 2 3)’

Qel/ (227)  n=1

L'=1*=Q, L'=Qo_1]/(o-1+1),

n n—3
L2 = Q[O——lay]/(ggl - 1ay2 + 1)7 n 2 37

where o_; is the complex conjugation, z corresponds to a cyclic generator of Gal(Q(u,»)/Q)
(Z/p"7Z)* and y corresponds to a cyclic generator of ker[Gal(Q(uzn)/Q) — Gal(Q(u4)/Q)]

o~
o~
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7./2"27,. We thus have, if m = [L:p",

-nfe+)

dlm dlm
~®(I1+)
i k=0

- @ Q[Gal(Q(p,)/Q)]
= Q[Gal(Q(um)/Q)]-

Hence
S dim(Z%)~ = dim (QIGal(Q(um) /Q)]7) = 2o(m)
2
dlm

as desired. This completes the proof of (5).

3. THE SAITO-TERASOMA THEOREM

Let U be a smooth quasi-projective variety, and X a smooth projective variety containing
U as the complement of a simple normal crossings divisor D = X \ U, with everything defined
over Q.

Let # = (Mggr, V), Mp,t) be a connection with regular singularities. We define

det I'(U, Mp) = (R) det H'(U, Mp)® =",

i

det I'(U, Myg) = ® det H'(U, DR(Mgg, V)=V

(2

where the tensor product is taken over Q. There is the comparison isomorphism (also denoted
by ¢) and then we have a rank one Betti-de Rham structure

det RI'(U, #) := (det I'(U, M), det I'(U, MgRr), ¢)

We denote the period simply by perRI'(U, .#).

The period of the unit object perRI'(U, Q) is defined in the same way. However, since the
Hodge-de Rham structure det RI'(U, Q) is a Tate twist Q(—ry ), we simply have perRI'(U, Q) =
(2mi)~"U (Example 1.1). The value of ryy is computed in [Frel3, Prop. 2.2 and Lemma 3.2]:

n

ru = Y (=1)Ppx(X, 9% (log D).
p=0

The gamma factor I'(V : Mgr) is defined in the following way. Since (Mg, V) has regular
singulaities, one has the log connection
V: MdR — Qﬁ((log D) ®MdR7

and it gives rise to the residue map Resp, (V) on &p, @ M 4r along an irreducible component D;
of D. Let ap,; (j =1,...,rank.#) be the eigenvalues of Resp, (V). Put D} = D; \ Uy, Dy
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Then the gamma factor is defined as
D(V : Mggr) == [ [T(ap, )" PD e C*/Q"
i,J
where x*°P denotes the topological Euler characteristic.

Saito introduced the relative canonical cycle cx gy which is a zero-cycle of degree x*P(U)
on U modulo some equivalence relation which is finer than the rational equivalence. We refer
to [Sai93] §1 or [Frel3] 1.4 for the detailed construction. Let % ;; det.# denote the Betti-de

Rham structure consisting of restrictions X det@ Mp and c det@ Myr.

The main theorem of [ST97] is stated as follows.

Theorem 3.1 (Saito-Terasoma). The following equality holds in (CX/@X :
9) perRI(U, . #) = perRI'(U, Q)" . T(=V : MgR) - per(cy y det .Z).
3.1. We shall apply the theorem of Saito-Terasoma to the following case.

Theorem 3.2. Let # = (Mp, Mgr,t, F*,V) be a polarizable variation of Hodge—de Rham
structure on U endowed with multiplication by a number field K. Put

H(AM) = detg RT(U, M) @5 dete (M) 5 X"V g det RT(U, Q)%

a Hodge-de Rham structure with mazimal multiplication by K for x € U (Q). Then for
X : K — Q one has

perH(A)X =T(=V : M};) = HF(_aﬁ’j)X“’p(Df)
0,J

where a%i’j (j =1,...,rank.#X) are eigenvalues of Resp, (V) on the x-part MJy.
Proof. Note
H()X = detgRI (U, .4X) &g detg(.4X)* X ") @ det RI(U,Q)®
Apply Theorem 3.1 to .ZX. It is enough to check
per(cy y det A#X) = per(det@///;g‘)xmp([]).
Since a variation det.# = (detqg M B, detg Mar, ¢, F°, V) has maximal multiplication by K

and satisfies the assumption in Proposition 1.3, the period per(det@ M) does not depend on
z € U(Q). Then the above follows from the fact that the degree of cx ¢ is x*°P(U). O

4. RIEMANN-ROCH

Let X be a smooth projective complex variety and D a simple normal crossings divisor on
X. Let us denote by U the complement of D in X and by j: U — X the inclusion. Let
(H,V) be a vector bundle together with an integrable connection V: H — H ®p,, Qf; with
regular singularities. Then the cohomology groups

H)o(U,H) = B (X, H @0, QF)

are equipped with a mixed Hodge structure. According to [Sai90, Prop. 3.11], the Hodge
filtration can be described as follows. Recall that Deligne’s canonical extension is a locally free
Ox-module H together with a logarithmic integrable connection V: H — H ®p, Q}((log D)
such that (H, ﬁ)IU ~ (H,V) and that the eigenvalues A of the residues of V along the
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irreducible components of D satisfy Re(\) € [0,1). Define FPH = H N j, FP. Tt follows from
the nilpotent orbit theorem that the sheaves FPH are locally free.

Lemma 4.1. One has
FPH} (U, H) = H(X, FP~*H @ Q% (log D)),

hence

Crh HI(U, M) = W (X, Grh* o @ Q% (log D)).
4.1.

Theorem 4.2. Let .# be a variation of Hodge-de Rham structures with multiplication by a
number field F (not necessarily mazimal). Then:

py(detp RU(U, 4)) = X(U)py (detp. ) + k(A %)ry + > (D)) ek, ;}

i3

Proof.
px(detpRE(U, . 4)) = > (1) py(detp HY (U, A ))

j=0

= (=1)) ) pdim G}, HY (U, .4)
Jj>0 p=>0

= (-1)) ) pdim B/ (U, Grl *.* @ Q% (log D))
§>0 p>0

:Z( sz 1) (U, Grb L a* @ Q% (log D))
7>0 p>0 ¢>0

=Y (=)™ (p + j)h (Grhat* @ ¥y (log D))
.5,k

We now compute each of the terms in the last sum:

Proposition 4.3. Let t be any closed point in U. Then:
(10) > (=1)*> px(Grhpst* © Q% (log D)) = X(U) - py(detr.4,)

q=0 p=0
Proof. By the Hirzebruch-Riemann-Roch theorem,

3 (1) (Crha* @ QY% (log D)) = /X ch(Grh.%) 37 (—1)4ch (A4 (log D))td(TX)

920 q>0
= (—1)”/ ch(Grh X) e, (2% (log D))
)
Above the first equality follows from the identity
> (—1)%ch(A9F) = (=1)"¢,(F) + higher order

q=0
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for a rank r vector bundle .Z, and the second uses x(U) = (—=1)" [y ¢, (2% (log D)). Hence
the left hand side of (10) is equal to

Zprk(Grf%x)x(U) = x(U)py(detp.2;)

p=>0

for any closed point ¢ of U. O
Proposition 4.4. The following equality holds:

S (~1)Ppx (U, X @ D (log D)) = tk(aX)ry + > x(D9){ak, )}

p>0 &
Proof. By the Hirzebruch-Riemann-Roch theorem,
x(U, #* @ Q% (log D)) — tk(#X) - x (U, Q% (log D))

_ /X (eh(o ) — tk(a)|ch(2% (log D)) TA(TX),
so we are reduced to compute

/X [ch(X) — k()] - [3(~1)peh (AP (log D)))] - TA(TX)
p=>0

— (-1 /X 1 () - e (O (log D))

rk(#X)

_Z Z (D) {a, ;}-

el j=
The first equality above follows from the identity
Z(—l)qqch(Aqﬂ) = (—1)"¢,—1(#) + higher order
q>0
and the second from the combination of the identity [Frel3, Lemma 3.4]
X(D7) = (=1)""" deg ¢u—1 (2 (log D)) p,

and the fact that the first Chern class of a vector bundle equipped with a connection with
regular singularities can be expressed in terms of the residues [EV87, Appendix B

o (MX) = ZTr (Resp, V)] ZZ{ D“]

This completes the proof. O

5. MAIN THEOREM AND ITS APPLICATIONS

Theorem 5.1 (Main Theorem). Let .# = (Mp, Myr,t, F*,V) be a polarizable variation of
Hodge—de Rham structure on a smooth variety Y endowed with multiplication by a number
field F'. Then

(11)  detpRI(Y,.#) ® (detp.aty)®XY)
satisfies the period conjecture of Gross-Deligne 2.5.
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Proof. By Lemma 5.2 below (11) satisfies the assumption in Conjecture 2.5. Then the asser-
tion is immediate from Theorems 3.1 and 4.2. (|

Lemma 5.2. Let Fy = FNQ(uoo). Then, for x: F — Q

(12)  py(detpRI(Y, 4) @ (detp.tf))® XYy = rk(t)ry + 3" (D), ;}
1,
depends only on x|r, (the equality follows from Theorem 4.2). More precisely, let 7: C — C

be any homomorphism of Q-algebra and let X' = 7x. Let s € > be the associated element to
T|Q(too) via the cyclotomic character Gal(Q(uoo)/Q) = Z*. Then the collection {soz’éij €

Q/Z}; coincides with {a%m‘ €Q/Z};.
Proof. Tt is enough to see that 3 {a}, ;} depends only on x|g,. Recall that ap, ; are
defined to be the eigenvalues of Resp,(V) on the y-part .#;;. Then, as is well-known,
exp(27r\/—1a>[<)i j) are the eigenvalues of the local monodromy around D;. More precisely,
let p : m(Y,t) — GL(#)) be the monodromy representation. Let pp, be the restriction
on Z(1)p, = 2miZ C m(Y) the subgroup generated by the local monodromy 7p, around
D;. By the monodromy theorem its semisimplification p7;; is a product of characters p35. ; €
Hom(Z(1), ptoo) of finite orders. Under the canonical identification Hom(Z(1), 1eo) = Q/Z,
the collection {p%, ;}; is associated to {a}, ;};.
Letting ¥’ : ' — C be another embedding, we compare two characteristic polynomials

det(1 — 2Tp, : A)) and det(1 — 2Tp, : A" ). Let 7: C — C satisfies X’ = 7x. Since

MY =%ker(x(o)®1-1®0:CQ M - CR M), JoeF
by definition, one has (7 ® 1)(.#;*) C .///tX,. This implies

det(1 — 2Tp, : AX)" = det(1 — 2Tp, : M),
Hence the collection {7 exp(2m/~1ay, ;) = exp(2my/—1saf; ;)}; coincides with the collection
{exp(2mv/—T1ap, )}, namely {sa}, .}; = {ap, };. a

5.1. Multiplication by automorphism of finite order. The following is an immediate
corollary of Theorem 5.1.

Theorem 5.3. Let f : X — Y be a smooth projective morphism over Q. Let S C IL End(R'f.Q)
be a finite dimensional semisimple commutative Q-algebra. Let e : S — F be a projector onto
a number field F'. Then the period conjecture holds for

detpeRI'(X,Q) ® (detpeRI'( Xy, Q))®*X(Y)
where Xy = f~1(t) denotes the general fiber.

Of particular interest is the case that S is generated by an auomorphims of finite order.
Let W be a smooth projective variety over Q. Let ¢ : W — W be an automorphism of
order n > 2. Let f : W — V = W/(o) be the quotient variety by o. Let Y C V be
a Zariski open set in the smooth locus such that X := f~1(Y) — Y is finite etale. Let
S C TI;End(R'f.Q) be the Q-algbera generated by o. Let e : S — Q(u,) be a projec-
tor such that e(o) is a primitive n-th root of unity. Theorem 5.3 yields the period con-
jecture for detpeRI'(X,Q) ® (detpeRI'(X;, Q))®~X(Y) Since X; is O-dimensional, one can
remove the term “detpeRI'(X;,@Q)”. On the other hand, one finds that detpeRI'(X,Q) =
detpeRI'(W,Q) ([Frel3] 3.1). We thus have the following theorem.
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Corollary 5.4 ([Frel3] Theorem A). Let o : W — W be an automorphism of order n > 2.
Then the period conjecture of Gross-Deligne for detg,,,)eRI'(W,Q) holds.

5.2. Removing detp.#;. It is not obvious to remove the term detp.#; from the main the-
orem. Here we give sufficient conditions.

Theorem 5.5. Assume that either of the following conditions holds.

(a) There is a point ty such that detp.#y, satisfies the period conjecture.

(b) There is a non-constant map h : C — Y with C a smooth curve and a point P €
C'\ C with C a compactification, such that the period conjecture holds for the nearby
cohomology detpipp(h* ) of Hodge—de Rham structure.

Then the period conjecture holds for detp.#; and hence for detp RI'(Y, . #).

Proof. The key is the fact that a variation of Hodge-de Rham structures with maximal
multiplication has constant periods (Proposition 1.3). In particular the periods of detp.#;

do not depend on ¢t € Y(Q), and they also agree with the periods of the nearby cohomology
detpwp(h*./ﬂ). ]

Corollary 5.6. Let Y be a smooth variety and f : X — Y a family of abelian varieties
endowed with mulptiplication by F'. Assume that either of the following holds.
(1) there is a point t € Y(Q) such that H(f~1(t),Q) has a mazimal multiplication by a
number field F' D F.
(2) f has a totally degeneration at a boundary point.

Then the period conjecture holds for detp RI'(Y, R f.Q) for any i.

Proof. In case of (1), the period conjecture for H'(f~!(t),Q) is known by Shimura, Deligne
and Anderson. In case of (2), the nearby cohomology det g1 p(h*.#) turns out to be of mixed
Tate type as a Hodge—de Rham structure. Now the assertion is straightforward from Theorem
9.9. [l

5.3. Hypergeometric Fibrations. Even when one is able to remove the term detp.#;
from the main theorem, it seems still very difficult to separate the contributions coming from
different degrees and weights, which would yield the conjecture for all det FGrnw{ HI(Y, ).
We end this section by showing a particular example, i.e. the period conjecture for the weight
graded piece of cohomology of hypergeometric fibrations. Recall the definition from [AO15].

Definition 5.7. Let F' be a number field. A hypergeometric fibration with relative multipli-
cation by F is a smooth projective morphism f: X — PL\ {0,1, 00}, together with a relative
multiplication on R f,Q, such that the following two conditions hold:

(i) dimp R'f,Q = 2.
(ii) The local monodromy Ty of R'f.Q around t = 1 € P! is unipotent and

2-1k(T) — 1) = dimg H'(X;, Q).
For x : F = C, we denote by ag; (i = 1,2) the eigenvalues of Res(V) on R'f,CXatt =0,
and O‘é{o,i at t = oo.
Let ¢ be a non-constant rational function on P! such that there is no gy such that g = 90

n > 2. Consider the cyclic covering 7 : C — P! of degree I > 1 obtained from the field
extension Q(t, g'/*)/Q(t). Put a smooth motivic sheaf

M = m1.Q® R f.Q
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onY = P\{0,1, 00, Supp div(g)} on which F[u] acts in a natural way. A pair of k € Z/IZ and
X : F < C determines a morphism of Q-algebras e, ®x : F[u;] — C such that (ex,®x)((;) = Clk
and (e ® x)|F = X, and all morphisms are given in such a way.

The following is a vast generalization of [AO15], Theorem 4.1.

Theorem 5.8. Let e: Flu] — E be a projector onto a number field E. Fiz a complex
embedding of E and let ¢ ® x : F[Hl] — C factor through e. Put ry := ord;—o(g) and
Too i= 0rdi=oo(g). Assume rock/l+ ¢ Z for i =1,2 and that either of the following the
conditions holds.

(1) rok/l + a%‘ji &7 fori=1,2,

(2) ag, or a5, € Z.
Then the period conjecture for detgWoH (Y, e.#) holds.

Remark 5.9. Note that rok/l +ag; and rok /14 o no,i are the eigenvalues of Res(V) on A .
It follows from Lemma 5.2 that the conditions in Theorem 5.8 depend only on e but not on
the choice of (e, x) factoring through e.

Proof. Let j : Y < P! denote the inclusion. Then there is an exact sequence

0 — H' (P, joM) —— H\ Y, #) — H°(P', R'j,. ) — 0.

WoH(Y, )

Since HO(Y,.#) = 0 and .# satisfies condition (b) in Theorem 5.5, one has the period
conjecture for detg H'(Y, e.# ). Therefore it is enough to show that the period conjecture for
the determinant of

(RYjutl )o = Coker[Ty — 1 : Yol — ot & Q(—1)]

holds for each o € {0, 1, 00, Supp div(f)} where T, is the local monodromy at t = «, and
Yol = YamQ @ YR £.Q is the nearby cohomology equipped with the limiting mixed
Hodge—de Rham structure at t = a

In case o = 00, since Took/l + X ; & Z this implies (R!j,.#)s = 0.

In case @ = 1 the assertion follows from the fact that ¢.#; is a mixed Tate Hodge—de
Rham structure.

In case a € Supp div(f) \ {0, 1,00}, one finds

(le*///)a = COker[Ta —1: Ho(ﬂ'il(t)) — H0<7771(t))] ®Q (le*Q)a
and hence
detge(Rj.M ) o = detpe[Coker(T, — 1) ®q detp(R' £.Q)a).

Since detr(R! f,Q); is of Tate type, the period conjecture also holds.
There remains the case a = 0. If condition (1) is satisfied, then (R'j,.# )y = 0 so there is
nothing to prove. Suppose that condition (2) is satisfied. Let

wOle*Q _ wgnip ® w(;)éunip

be the decomposition into the unipotent part and the non-unipotent part with respect to
the local monodromy Ty at t = 0. If both agii € Z, then Tj is unipotent and non-trivial

because H'(X;)X is an irreducible F[r;(P!\ {0,1, 0})]-module ([AO15] Lemma 3.8). This




THE GROSS DELIGNE CONJECTURE FOR VARIATIONS OF HODGE-DE RHAM STRUCTURES 17

implies that wgé P — 0 and w[l)mip is of mixed Tate type. Hence the period conjecture for
detpe(RYj.. ) follows.
Suppose that 045"1 € Z and a6‘72 ¢ 7Z. In this case 1/13'5 WP and @/J(L)lmp are one-dimensional

over I'. We first claim that both of wgﬁ P and wounip (with multiplication by F') satisfy
the period conjecture. Indeed, it is enough to see it only for ¢y " because detpR!f.Q =
YT ®p d}gfump is of Tate type. Note that both of aifm- cannot be integers (if Elasz € 7,
then H'(X;)X is a reducible F[ri(P'\ {0, 1, 00})]-module, which does not happen by [AO15]

Lemma 3.8). This implies dimp Coker(T — 1) = 0. Since dimp Coker(77 — 1) = 1 and
dimpg H'(P'\ {0, 1,00}, R' £,Q) = 2, one has

HY(P'\ {0, 1,00}, R' f,Q) = Coker(Ty — 1) & Coker(Ty — 1) = ¢3"* ® Coker(T} — 1).
Since R!f,Q satisfies (b) in Theorem 5.5, detp H*(P! \ {0,1, 0}, R f.Q) satisfies the period
conjecture. Since Coker(T — 1) is of Tate type, the period conjecture for 1, follows.

We now have the period conjecture for 9" and ¢3’5 "P “and hence for e(1omQ @ 1y"")
and e(YomQ ® waé P with multiplication by E. Since e(¢om.Q ® ¢5""") is one-dimensional
over F/

eCoker[Tp — 1 : 1homQ @ Y™ — 1homQ @ Y™ @ Q(—1)] = YomQ ® o™ © Q(—1) or 0,

and the same holds for wgﬁ P Hence

eR jutl = hom,Q @ g™ © Q(—1) or YomQ® 3" ® Q(~1) or 02 E or 0

and this satisfies the period conjecture. This completes the proof in case o = 0. (]

6. HODGE-TATE DECOMPOSITION

6.1. Infinite type of algebraic Hecke characters. Let F' and E be number fields. We
denote by Z[Hom(F, E)] the free abelian group generated by the embeddings of F' into a fixed
algebraic closure E of E. If f is an integral ideal of F, we denote by I Fj the multiplicative
group of fractional ideals of F' prime to f.

Definition 6.1. An algebraic Hecke character with conductor dividing f of infinite type T =
> o Moo € Z[Hom(F, E)| is a homomorphism ® : Ir; — E* which satisfies

(o) =a” =[Jol0)™ € E
if a € F* is totally positive and o = 1 mod §.

We refer the reader to [Sch88, Ch. 0.

Let Ay = (R®q F)* x (Z @7 F)* be the group of ideles of F. Using the approximation
theorem ([Neu99] Ch II, (3.4)), one can show that the algebraic Hecke character ® induces a
unique continuous homomorphism

P AL — E*
satisfying the following conditions:
(i) ®(s) = [T, @(1)°" ) for s a finite idele prime to f,
(ii) ®(a) = ol for a € F*.
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The infinite type 7' can be viewed as an homomorphism Resg/qgGm — Resg/gGn, of algebraic
groups in a canonical way. Hence it induces a homomorphism T} : Ax — A%. For a prime p
of F, we write T, := pry o T} : A; — pr where pry, is the projection onto the component at
p. We then have a well-defined continuous character

Dpp: AS/F* — BY, Dpy(s) = D(s)Tp(s) "
The following is an easy exersice (and well-known).
Lemma 6.2. @4, factors through a finite quotient if and only if T = 0.

Let [ be a prime of F' and Fj the completion. Suppose that both of [ and p are prime to f.
Then the composition

pi:Op = F* — AR /F* — Ef

is given by pi(a) = [ o(a) ™ where [’ means that ¢ runs over the embeddings such that
o~ (9O5).

Lemma 6.3. Suppose that F' = E is a finite Galois extension of Q and | = p. Let V(py)
be the one-dimensional Galois representation of Gal(Fp/Fp) over Fy defined by py. Let C,
be the completion of Fy and Cy(r) := C, ®z, Zy(r) denotes the Tate twist. Then there is an
isomorphism

(13)  Cp@p, V(pp) = Cpnia)
of Gal(Fy/F,)-modules where g € Gal(Fy,/Fy,) acts on the left hand side by g @ g
Proof. See [Ser98] Chapter III, A.6, Exercise 2. g

6.2. Smooth sheaves of mixed realization. Let F' be a number field embedded into Q.
Let X be a smooth projective smooth variety over F' and D a simple normal crossings divisor
on X with irreducible components D;. Let U = X \ D denote the complement of D in X.
We assume that X and all D; are geometrically irreducible over F'.

We say that a collection # = (Mp, Mar, F'*, W,,V, My,, tc, ;) with [ primes is a smooth
sheaf of mized realization on U if

e Mp is a smooth sheaf of Z-modules of finite rank on U®" equipped with the weight
filtration W, on Mp g = Q ®z Mp,
o (Myr,W,, F*) is a locally free sheaf of &p-module of finite rank with the weight
filtration W, and the Hodge filtrartion F'®,
o ¢ : (OF ®z Mp,W,) = (0" @, Mar,Ws) a comparison isomorphism of filtered
modules,
o V: My — Q%,/k ® Mg is an integrable connection,
o (Mp, Mygr, F*,W,,V,ic) is an admissible VMHS,
e (Mg,, Ws) is a filtered finite dimensional smooth Q-sheaf on U which is defined on
a model of U of finite type over Z,
oy : (Q ®z Mp,W,) = (Mg,,W,) comparison isomorphisms of filtered modules on
UG,TL’
If U = SpecF we simply say .# a mized realization over F. The standard operations ®,
Hom are defined in the customary way. For f: U — V a morphism of smooth varieties, the
pull-back f* is defined in a canonical way. Moreover if the sheaf R’ f,Mp is a smooth sheaf,
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then R'f,.# carries a mixed realization in such a way that the underlying admissible VMHS
is given by the theory of Hodge modules due to M. Saito. There is the functor

GrY : (Mixed realizations over F') — (Hodge-de Rham structures over F)

by taking a weight piece. Letting 7 : G,, Xz U — U the Tate twist is defined as Q(r) :=
(R'7,Q)®~". If there is a finite extension F'/F such that each graded piece Grg///l]UXFF/
is isomorphic to a product of copies of Tate twists, then we say it a sheaf of mixed Tate
realization.

Suppose that A has multiplication by a number field K (we do not fix an embedding
K — Q). Put
m =rankg.#, detgRI'(U,Q) = Q(—ry).
For a point i, : SpecF — U, we write .#, = i’ (.#') the pull-back. This is a mixed realization
over F' and the determinant dety (.#,) does not depend on .
We shall discuss a mixed realization
—X"°P(U)

(14) H = H(A) :=detx RU'(U, #) @k detg (M) Qk - - QK detg (M) 20Q(rym),

especially the Hodge decomposition on Hyg(.#).

Let x : K < Q be an embedding. Let Mg, be the y-component of @@Q Mp, i.e. the
subspace on which 1 ® g acts by multiplication by x(g) ® 1 for all ¢ € K. Let p be the
monodromy representation of 7 (U, x) on Mp, and pp, the restriction on Z(1)p, = 2miZ C
7B (U)® = Hy(U,Z) the subgroup generated by the local monodromy around D;. By the
monodromy theorem, its semisimplification pj5. factors through a finite quotient. Hence one
has a decomposition

m
ps&'|MJ>§ = @ p)éi,j
j=1
where pf, ;1 Z(1) = Q/Z(1) = o C Q" is a character of finite order. Let af, ; € Q/Zbe the
corresponding element to p’f)i ; under the canonical isomorphism Hom(Z(1), Q/Z(1)) 5 Q/Z.

Fix an integer d > 1 such that a’f)“j € 1Z/Z for all i,j (e.g. the least common multiple of
orders of aj; ;’s).

Lemma 6.4. Let X' = ox for 0 € Gal(Q/Q). Then, by changing the numbering ‘i’ if
necessary,

exp(27rioz>gi7j) = exp(27ria’f)i,j)".
X/

In particular if x = X" on Ko = K N Q(uo) then aﬁ ;=ap, -

Proof. This follows from the fact that the isomorphism c®1 : Q@ Mp — Q®Mp is compatible
with the action of 71 (U, z) and it satisfies (o ® 1)(M}) C M} . O
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6.3. Saito’s Jacobi sum formula [Sai94]. Let p be a prime number such that (p,d) = 1.
Fix an embedding 7 : Q — @p. Let p be a prime of K associated to the embedding 7 o ¥,
and K the completion. Hence 7 o x is naturally extended to an embedding K, — @p. Let
M}gp C K, ®g, Mg, be the part on which 1 ® g acts by multiplication by x(g) ® 1. Then

(15) H(//{)}‘(p = detg, RI'(U, M}gp) ®, detg, (M;gp’z)@?—xtop(U) ®q, Qp(rym)
is a one-dimensional Q,-sheaf on Spec(F') where the tensor product “® — x*P(U)” in the

middle term is taken over K.
In the paper [Sai94], Saito introduced a sheaf Jp, M of Jacobi Hecke sum character which
UKy

is determined by the ramification data of M I)gp and showed that there is an isomorphism
X o~
(16)  H(4)%, = Tpasy,
of sheaves on U = U®. Let us briefly recall the definition of .J MY
TRy

Let g = p14(Q) € Q" be the group of d-th roots of unity in Q. Let ¢;; : Z(l)@ — g Q"
be the homomorphism associated to O%i,j S éZ/Z. Put T;; := SpecF (ug) and n;j == x'"°P(DY)
where Df = D; \ U;;(Di N D). Then the datum {(Ti;)ij, (T © ¢ij)ij, (nij)i;} defines the
Jacobi datum on SpecF' with coefficient in K, in the sense of [Sai94] p.416, Definition (see,

loc.cit. p.424, Theorem 1). It defines a one-dimensional Kj-sheaf on SpecF, which we denotre
by Jp MY (loc.cit. p.417, Proposition 2). Moreover, by the Hasse-Davenport theorem, one
T Ky

can show that it is isomorphic to the sheaf arising from an algebraic Hecke character (loc.cit.
p.418, Corollary). More precisely let Ig(,,).q be the group of fractional ideals of Q(j4) prime

to d. Let po be a prime of Q(ug) corresponding to Q(ug) € Q = @p, so that we have an
embedding Q(q)p, — @p. Then there is an algebraic Hecke character

(17) @ Igguy).ae — Qua)”™
with conductor dividing d? such that

(18)  Kp(na) ©@x;, w"JIp e = Kp(a) ©Q(ua)p, V" Jo,00m)

where u : SpecF(puq) — SpecF, v : SpecF(uq) — SpecQ(uq) and Jg g(u,) is the one-
dimensional Q(pq)p-sheaf on SpecQ(fq) associated to the Hecke character

Dpyp A@(#d)/(@(ﬂd)x — Q(pa)p

at p arising from ®.

Let us give an explicit description of ® (17). Let [ be a prime of Q(ug) which does not
divide d. Let k(I) be the residue field of [ and p4(k(l)) denotes the group of d-th roots of

unity in s([). Since the reduction pg = pa(Q) — pa(x()) modulo [ is bijective, there is a
unique homomorphism ¢;; : £(I)* — pq such that

5@'(3«")
Fix a nontrivial additive character ¢ : £(I) = Q. Let 7(¢;;) := — > zen()x igl(x)w(x) be the
Gauss sum. The Jacobi sum is defined to be

J(0) =] 7@)" = [[7@:)* " P € Q1)

1, 1,

295 mod [, 1% :=tx(l).
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and this is independent of the choice of ¥. Then the algebraic Hecke character (17) is given
by

HJ ord[(s S € I@(Md)7d2‘

By the theorem of Weil [Wei52], the infinite type of @ is

(19 T= Y |D. XDt} ;} ] ot € Z[Gal(Q(ua)/Q)]

te(z/dz)* \ i
where o, is defined by (%t = (.

Proposition 6.5 (Hodge-Tate representation of H(.#)q,). Let o be the prime of F' associated

to FCQ— @p and Fy, the completion. Let Fé) C @p be the composition of fields F, and K.
Then there is an isomorphism

Cp @K, H( M) = Cp(—pyT), py" =Y X"P(D)){a, ;)
0

of Gal(Q,/F))-modules where C, = @p and g € Gal(Q,/F}) acts on the left hand side by
9g&g.

Proof. We may replace F by any finite extension. Hence we can assume Q(ugq) C F. By
(15) and (18) we can reduce the assertion to the case of Jg g(,,), and then this follows from
Lemma 6.3 and (19). O

6.4. Hodge-Tate conjecture for cohomology with coefficients in a mixed realiza-
tion. Let H be a mixed realization over F'. Let p be a prime of F' above p and F|, the
completion. Let S C End(H) be a subring. We say that the S-equivariant Hodge-Tate
conjecture for H over I, holds if there is a Cj-linear isomorphism

Cp ®q, Ho, = @C i) @, GripHar F,

which is compatible with the actions of S and Gal(@p /Fy). Here Har F, = F, @ Hqr and

F* Hgr denotes the Hodge filtration. The action of g € Gal(@p/Fp) is given by g ® g on the
left hand side, and g ® 1 on the right hand side. The action of € S is given by 1 ® 7 on both
sides.

Proposition 6.6. Let the notation be as in §6.2. Let p be a primeof F above p prime to d.
Assume that the K-equivariant Hodge-Tate conjecture for H(.') over Fy, holds. Then

Dx = pET = Z XtOp(ch‘)){ai()i,j}
4,3

for each x : K < Q. Here p,, is the unique integer satisfying that the x-component H(,//l)dR
belongs to the Hodge (py, gy )-component. In particular, the period conjecture of Gross-Deligne
holds for H(.A).
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Proof. Let 7: Q — @p be an embedding extending F' — F|, C @p. Let p be the prime of K
associated to 7 o x and K, the completion. Then the K-equivariant Hodge-Tate conjecture
for H(.#') over F, immediately implies an isomorphism

(20) (Cp XK, H(///);((p = Cp(_px) S H(///)Zfﬁ

of Gal(Q,/F])-modules where F = FyK,. Thus the assertion follows from Proposition
6.5 ]

The following is a variant of Proposition 6.6, and the proof goes in the same way.

Proposition 6.7. Let .#; be smooth sheaves of mixed realizations equipped with multiplication
by a number field K. Assume that the K -equivariant Hodge-Tate conjecture for

H = (Q) H(M;)*"

over I, holds where the tensor product is taken over K. Then the period conjecture of Gross-
Deligne holds for H.

7. APPENDIX : NOTE ON S-EQUIVARIANT HODGE-TATE CONJECTURE FOR GRADED
WEIGHT PIECES

Let f: X — Y be a smooth proper morphism of quasi-projective smooth varieties over a
field. Let I' € CH"(X xy X) be an algebraic cycle of codimension r. It induces an algebraic
correspondence

T, : H*(X,Q) — H*™ 24X, Q(r —d)), d:=dimX —dimY

on any Borel-Moore cohomology groups which is the composition of the maps

H(X,Q) 25 H*(X xy X,Q) 2 5+ (X xy X, Q(r)) 22 H**=2(X, Q(r — d))

where the middle arrow denotes the cup-product with the cycle class [I'] € H*" (X xy, X, Q(r)).
Suppose that the base field is a p-adic local field k. Write X := X X, k. Then the algebraic
correspondence induces maps

T, : Gry H3R(X/k) — GrlYy o, ogHIG > 724X /k)

T, o Gry H (X7, Qp) — (Groy gy 0aHE TP (X7, Q) ® Qp(r — d)

on the graded weight pieces. In the proof of Theorem 7?7, we used the fact that there is a
Galois equivariant isomorphism

(21) Gp® GrZ;VHgt(XEv Qp) = @(CP(_i) ® Gr%erWHJR(X/k)

which is compatible with the algebraic correspondence I'y. In this section we give an explicit
construction of it. To do this it is enough to construct the Hodge-Tate isomorphism (21) for
each smooth varieties X over k which satisfies the following compatibilities.

(a) Compatibility with the pull-back of morphisms,
(b) Compatibility with the Gysin maps f, for proper morphisms f,
(¢) Compatibility with the cup-product U[Z] for Z € CH"(X).
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If X is a smooth projective variety, then the the Hodge-Tate isomorphim is given by Faltings
et al and it is compatible with the pull-back (cf. [I1194] 3.1.2). It is also compatible with the
Gysin map f, for f: X; — X9 a morphism of projective smooth varieties, since it is the dual
map of the pull-back f*. For non-complete X, let X D X be a smooth compactification such
that the complement D = U;D; = X \ X is a simple normal crossing divisor. There is the
exact sequence

s H)(X) & Haaimx—y(D) -5 HI(X) 2 HI(X) — -

Note that ¢; is the Gysin map. Hence

coker[Gr}’VHQdimX,j(D) — HI(X)] w=j
GI‘Z‘)/H](X) = ker[Gr}/_Vt,_lHQdimX—j—l(D) — Hj+l(Y)] w = ] +1
GrY Ho gim x—j—1(D) w>j+1

Since Gr)Y Hq(D) is described by the cohomology groups Hy gim x—;(D!4) where D4 denotes
the sum of g-fold intersections of components of D, one obtains the Hodge-Tate isomorphism
for the graded pieces Gr)Y Ho(D) and hence for Gr!Y H(X).

Next we see the compatibility (a). Let f : X; — X2 be a morphism of smooth varieties.
Let X; O X; be smooth compctifications such that the complement D; = X; \ X; is a simple
normal crossing divisor and f extends to a map f : X; — Xa. To see the comaptibility
(a), it is enough to see the comaptibility of the Hodge-Tate isomorphism for f on H*(X;)
and on Gr!Y He(D;). The former is immediate. To see the latter, we look at the map f* :
Gr% Hp, (X2) — Grl/ Hp, (X1) in an explicit way. Let D; = UpD;j be the irreducible
decomposition, and let f‘l(Dzk) = >, ex D1 be the scheme-theoretic inverse image. The
pull-back f* on GrEJVHbi (X;) is induced from the map f~'R9j,Q — R%j1,Q where j; : X; <
X;. One has the composition

(22) f_lQDQ,kl ﬂ---ﬁDQ,kq — QDgI] = f_qujZ*Q — qul*@ = Qng] — QDl,zlﬁ---ﬂDQ,lq

and this is described in the following way. If det(ek,,)1<st<q = O then (22) is zero. If
det(eks,lt)lgsfgq # 0, then f(Dag, N---N Dag,) C Dyyy N---N Dy, and (22) is equal to
det(ex, i) - (f|Dyx,n-nDy )" Now the desired compatibility is immediate.

Let us see the compatibility (b). Let f : X; — X5 and f be as before and assume that f
is proper. Then f~'(Dy) = D; (as f is proper). The compatibility for f, on Gr'V H*(X;) is
reduced to the comatibility for f, on H*(X;) and on Gr!¥ H,(D;). The former is clear because
it is the dual map of the pull-back. To see the latter it is enough to see the compatibility
of the Hodge-Tate isomorphism for f* : GrlV H*(Dy) — Gr!V H*(D;). The graded piece
GrZ}V H*(D;) is described by the cohomology of the components of a proper hypercovering of
D; ([Del74] 8.3.5), and the Hodge-Tate isomorphism is induced from them. Now the assertion
follows from the functoriality of proper hypercoverings (loc.cit. 6.2.8).

We finally see the compatibility (c). We now have isomorphims (21) which satisfy the
compatibilities (a) and (b). Moreover it is also compatible with the Kiinneth decomposition.
To see (c), we may assume that Z is an irreducible subvariety in X. Let Z' — Z be a
desingularization and let ¢ : Z’ — X be the morphism into X. Then letting i, : Q =
H°(Z',Q) — H*(X,Q(r)) be the Gysin map, one has [Z] = i.(1) and the cup-product U[Z]
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is given as the composition
Hi(X) = HY(Z) @ H'(X) "2 B2 (X)® HI(X) 25 H¥(X)
where A : X — X x; X denotes the diagonal embedding. Thus the compatibility (c) follows.
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