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ABSTRACT. Following ideas of Katz, Kontsevich, and Nori, we construct a neutral Q-linear tan-
nakian category of exponential motives over a subfield k of the complex numbers. This category
is endowed with Betti and de Rham realisation functors, as well as a comparison isomorphism be-
tween them. When k is algebraic over Q, the coefficients of this comparison isomorphism are called
exponential periods and form a class of complex numbers including the special values of the gamma
and the Bessel functions, the Euler-Mascheroni constant, and other interesting numbers that are
not expected to be periods of usual motives. In particular, we attach to exponential motives a

Galois group that conjecturally governs all algebraic relations among their periods.
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CHAPTER 1

Introduction

What motives are to algebraic varieties, exponential motives are to varieties with a potential,
that is, to pairs (X, f) consisting of an algebraic variety X over some field k and a regular function f
on X. These objects have attracted considerable attention in recent years, especially in connection
with mirror symmetry, where one seeks to associate with a Fano variety Y a Landau—Ginzburg
mirror (X, f) so that certain invariants of Y such as the Hodge numbers are reflected by the ge-
ometry of f, namely its critical locus. Our motivation is somewhat different: exponential motives
provide a framework to deal with many interesting numbers that are not expected to be periods in
the usual sense of algebraic geometry. Following ideas of Katz, Kontsevich, and Nori, we shall con-
struct a Q-linear neutral tannakian category of exponential motives over a subfield &k of the complex
numbers and compute a few examples of the resulting motivic Galois groups. Classical results and
conjectures of transcendence theory may then be interpreted—in the spirit of Grothendieck’s period
conjecture—as instances of the statement that the transcendence degree of the field generated by

the periods of an exponential motive agrees with the dimension of its Galois group.

1.1. Exponential periods

1.1.1. — To get in tune, let us introduce two cohomology theories for varieties with a potential.
The first one, rapid decay cohomology, appears implicitly in the classical study of the asymptotic
behaviour of the solutions of differential equations with irregular singularities. To our knowledge, it
was first considered in a 1976 letter from Deligne to Malgrange [25, p. 17]. We learnt the definition
below from the last paragraph of the article on periods by Kontsevich and Zagier [59, §4.3] and
the work of Kontsevich and Soibelman [58, Def. 4.1].

For each real number r, we let S, C C denote the closed half-plane {Re(z) > r}. Given
a complex algebraic variety X and a regular function f: X — C, the rapid decay homology in

degree n of the pair (X, f) is defined as the limit
H'Y(X, f) = lim H,(X(C), f 4(S,);Q). (1.1.1.1)

r—+00

On the right-hand side stands the singular homology with rational coefficients of the topological
space X (C) relative to the closed subspace f~1(S,), and the limit is taken in the category of
vector spaces with respect to the transition maps induced by the inclusions f=1(S;) € f~1(S;,)

7



8 1. INTRODUCTION

for all t > r. For big enough r, all these maps are in fact isomorphisms, and the fibre f~1(r)
is homotopically equivalent to f~1(S,), so one may as well think of rapid decay homology as the
homology of X (C) relative to a general fibre of the function f. The reason for the name will become
apparent soon. The rapid decay cohomology in degree n of the pair (X, f) is then defined as the
linear dual H?, (X, f) of the rapid decay homology space, that is:

ra(X, f) = Homg (H;}(X, ), Q)
= colim H"(X(C), f~1(S,); Q).

r—400

(1.1.1.2)

This cohomology theory for varieties with a potential enjoys many of the usual properties: the vector
space H7; (X, f) has finite dimension, depends functorially on (X, f), satisfies a Kiinneth formula,
fits into a Mayer—Vietoris long exact sequence, etc. Whenever f is constant, the subspace f~1(.S;)
is empty for big enough r, so H, (X, f) agrees with the usual Betti cohomology of X.

As for usual cohomology, rapid decay cohomology admits a purely algebraic counterpart. Let X
be a smooth variety over a field k of characteristic zero, f: X — Al a regular function, and

& = (0x, dy)

the trivial rank-one vector bundle on X together with the integrable connection d;: Ox — Qﬁ(
uniquely determined by d¢(1) = —df. If k is a subfield of the complex numbers, the local system of
analytic horizontal sections of £7 is the trivial local system on X (C) generated by the exponential
of f, which justifies the notation and our choice of the minus sign in the definition of dy. However,
the algebraic connection £/ is non-trivial as long as f is non-constant (which can of course only
happen if X is not proper), witnessing the fact that it then has irregular singularities at infinity.
Let DR(E7) be the de Rham complex of £7, namely the complex of Zariski sheaves

d d d .
DR(E)): Oox Lol L ... L odmX

where the differential dy: Q% — Qg;rl is given by df(w) = dw — df A w on local sections w. By
definition, the de Rham cohomology of the pair (X, f) is the cohomology of this complex:

ir(X, f) = H*(X,DR(&T)). (1.1.1.3)

As we shall see in Section 7.1, using standard techniques in homological algebra, this definition
generalises to singular varieties and yields another cohomology theory for varieties with a potential.
If f is constant, then dj is nothing but the exterior derivative and Hjjy (X, f) agrees with the usual
de Rham cohomology of the algebraic variety X.

1.1.2. — Let (X, f) be a smooth variety with a potential defined over a subfield k of C. By
a series of works starting from the aforementioned letter and continuing with Dimca-Saito [28],
Sabbah [68], Hien-Roucairol [45], and Hien [44], there is a canonical comparison isomorphism

which we shall most conveniently regard as a perfect pairing

Hir(X, /)@ H(X, ) = C (1.1.2.1)
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between de Rham cohomology and rapid decay homology. Intuitively, elements of HI4(X, f) are
homology classes of topological cycles v on X (C) which are not necessarily compact, but are only
unbounded in the directions where Re(f) tends to infinity. More precisely, we view them as classes
of compatible systems v = (7, ),er of compact cycles ~, in X (C) whose boundary 9, is contained
in f=1(S,). Besides, when X is affine, de Rham cohomology can be computed using global sections
of the complex DR(E'), so that elements of H'% (X, f) are represented by n-forms w on X. In this
case, the pairing (1.1.2.1) sends [w] ® [y] to the integral

/efw: lim e*fw,
5 T—+00 Y

which is absolutely convergent since e~/ decays rapidly in the directions where 7 is unbounded.
The value of the integral is independent of the choice of representatives by Stokes’ theorem: for
example, two cohomologous forms will differ by d(n) for some 1 € Q% 1(X), and we have

/efdf(n) = /d(efn) = lim ein=0
gl g

r—+00 877‘

because 7 is algebraic and e~/ goes to zero faster than any polynomial along the boundary of ;.

If the base field k is further assumed to lie inside Q, the algebraic closure of Q in C, one
calls ezponential periods the complex numbers arising as values of the pairing (1.1.2.1). Note that,
when f is a non-zero constant function, although we are dealing with usual de Rham and singular
cohomology of X, the comparison isomorphism is twisted by e~/. For this reason, exponentials of
algebraic numbers are exponential periods associated with zero-dimensional varieties, and will play

in what follows a similar role to algebraic numbers in the classical theory of periods.

1.1.3. — We now present two more elaborated examples of exponential periods that appear,
under various guises, in the work of Bloch-Esnault [11, §5], [12, p.360-361], Kontsevich-Zagier
[59, §4.3], Deligne [25, p. 115-128], Hien-Roucairol [45, p. 529-530], and Bertrand [10, §6].

EXAMPLE 1.1.4. — Let X = Speck[z]| be the affine line and f = a,z" + ... 4 ag a polynomial
of degree n > 2. The global de Rham complex of the connection £f reads:
d
klz] 5 k[z]dx
g— (9" = f'g)da.

Since dy is injective, the only non-trivial cohomology group is Hiy (X, f) = coker(ds). A basis
is given by the differentials dx,zdz, ..., z" 2dz. Indeed, these classes are linearly independent
because the image of d; consists of elements of the form hdx with h of degree at least n — 1. That
they generate the whole cohomology can be seen by induction on noting that, for each m > 0, there
is a polynomial h,, of degree at most n +m — 2 with

2"ty — by de = df(%xm).

Let us now turn to rapid decay homology. The asymptotics of Re(f) being governed by the
leading term of the polynomial, we may assume without loss of generality that f = a,z"™ and
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write a, = ue'® with u > 0 and « € [0,27). Given a real number 7 > 0, the subspace f~!(S,) C C

consists of the n disjoint regions

n—1 1
0 | —at+@2i—-H)m —a+(2j+ )7 . n
H {se — 2= << —2=, 5= (7%05(&%9)) )
=0
which are concentrated around the half-lines
aj:{sew‘ﬁz%%j,820}, j=0,...,n—1.

We orient each o; from zero to infinity. A basis of HI4(X, f) is then given by the cycles
Yi = 0 — O0p, 7;=1,...,n—1.

Figure 1.1.1 illustrates the case of a polynomial of degree n = 5 whose leading term a,, is a positive
real number: the subspace f~!(S,) is drawn in blue and the half-lines o; in green.

FIGURE 1.1.1. A basis of the rapid decay homology of a
polynomial of degree 5 with positive leading term

With respect to these bases, the matrix of the period pairing (1.1.2.1) is

P = </ xj_le_f(x)dx> .
¥i ij=1,..n—1

Assuming that the base field k is algebraic, the entries of P are exponential periods. Let us see a

few examples of familiar numbers which appear this way:
(i) Given a quadratic polynomial f = az? + bx + ¢, the cohomology is one-dimensional. In this

. . _ iarg(a) c s . .
case, the cycle —v; is the “rotated” real line e > R, with its usual orientation, and one gets:

2
/ + axg(a) e 0 TbrC gy = eia_c\/?. (1.1.4.1)
e 2 R a

A particular case, for f = 22, is the Gaussian integral

/ e dx = /7, (1.1.4.2)
R
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which is not expected to be a period in the usual sense since, granted a theory of weights for
periods, it would hint at the existence of a one-dimensional pure Hodge structure of weight one.
We will prove in Section 12.2 that, assuming the analogue of the Grothendieck period conjecture
for exponential motives, /7 is not a period of a usual motive.

(ii) More generally, consider the polynomial f = 2™ for n > 2. Set { = ¢ ' and let T be the
classical gamma function. Then the entries of P are the exponential periods

o i o i _ .
e dy = £ 1 gn et dy = £ 1F (l) )
; n 0 n "

To get the special value of the gamma value alone, i.e. without the cyclotomic factor, it suffices to
observe that the relation Z?:_ll €9 = —1 yields

r (%) :/ 2item" dg. (1.1.4.3)
Y17 Yn—1

Again, one does not expect single gamma values to be periods in the usual sense. However, we

can obtain periods by taking suitable monomials in them.

Using geometric techniques inspired from the stationary phase formula—which will carry over
to exponential motives—, Bloch and Esnault computed the determinant of the period matrix P in
[11, Prop. 5.4]:

det P o /(1) 2 s n T cexp(— Y fla (1.1.4.4)
f'(@)=0
where s = 1 if n is odd and s = na,/2 if n is even. The symbol ~;x means that the left and the
right-hand side agree up to multiplication by an element of £*. Note the particular case (1.1.4.1).

EXAMPLE 1.1.5. — Consider the torus X = Spec k[z, z7!], together with the Laurent polynomial
f==3(—3)

for some A\ € k*, which we view for the moment as a fixed parameter. Arguing as before, one sees
that coker(dy) is generated by aPdx, for p € Z, modulo the relations

xPdx + 27p$p_1da: + 2P 2dx = 0.

It follows that the de Rham cohomology H CllR(X , f) is two-dimensional, a basis being given by the
classes of the differentials 2 P~ 'dz and x~Pdx for any choice of an integer p.

On the rapid decay side, the subspace f~1(S,) C C* consists of two disjoint regions which are
roughly a half-plane where Re(—\x) is large and the inversion with respect to the unit circle of the
half-plane where Re(Ax) is large (see Figure 1.1.2 below). By passing to the limit » — o0 in the
long exact sequence of relative homology

= Hi(f71(5,), Q) = Hi(C*,Q) = Hi(C*, f71(S,);Q) — Ho(f~'(Sr),Q) = Ho(C*,Q) —

one sees that HI4(X, f) is two-dimensional and contains H;(C*, Q). Therefore, a loop v; winding
once counterclockwise around 0 defines a class in rapid decay homology. To complete it to a basis,
we consider any path joining the two connected components of f~1(S,), for example the cycle o
in C* consisting of the straight line from 0 (not included) to ), the positive arc from A to —\ and
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the half-line from —\ towards —\oo, as shown in Figure 1.1.2. Alternatively, we note that, on the
vertical axis {z = it | t € R}, the real part of f is given by Re(f) = Im(A)(t + 1), so, as long as A
is not real, we can take the path v5 : R~g — C* defined by

it if Im(\) > 0,

Y2(t) =
—it ifTm(\) < 0.

FIGURE 1.1.2. The subspaces f~!(S,) and a basis of the rapid decay
homology HI4(X, f) when A = 1+ (left) and A = 1 (right)

Recall that, given an integer n, the Bessel function of the first kind of order n is defined by

In(z) = ! /eg(gg_;r)dx z€C,
7 x

2 n+1’

and the Bessel function of the third kind of order n is defined by
1 z d
H,(z) = / S G e N
i ), x
We adopt the conventions from [89, 6.21]. The function .J,,(z) is entire whereas H,(z) is holomor-
phic on C\ R if the cycle 7 is given by the first description. The functions J,(z) and H,(z) are
two linearly independent solutions of the second order linear differential equation

d*u  1du n?
@‘i‘;%-‘r (1—Z2>’U,=0 (1-1'5'1)

for an unknown function u in one variable z. Observe that (1.1.5.1) has a regular singular point at
z = 0 and an irregular singularity at infinity.

The matrix of the period pairing (1.1.2.1) with respect to the basis 27" 'dx and x~"dz of de
Rham cohomology and 1,2 of rapid decay homology reads

| 2midp(N) 2midpo1(N)
pP= ( EL0) M) ) (1.1.5.2)
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1.2. Exponential motives

1.2.1 (An abelian category after Nori). — According to the philosophy of motives, the existence
of two cohomology theories for varieties with potential, as well as a comparison isomorphism be-
tween them, suggests looking for a universal cohomology with values in a tannakian category, from
which any other reasonable cohomology theory would be obtained by composition with realisation
functors. Such a category of exponential motives over a fixed subfield k of C indeed exists, and we
shall construct it using Nori’s formalism [65].

Extending slightly the definition of rapid decay cohomology, we associate with a k-variety X,
a closed subvariety Y C X, a regular function f on X, and two integers n and i the vector space

p([X,Y, f,n,i]) = Hig(X, Y, f)(i)
= colim H"(X (C),Y/(C)U f~1(S,); Q) (i), (1.2.1.1)

r—+00
where the twist (i) means tensoring —i times with the one-dimensional vector space H'(G,,, Q).
Note that we do not require any compatibility between the function and the subvariety.

Let us preliminarily write QP (k) for the category with objects the tuples [X,Y, f,n,i] as
above, and morphisms the maps of k-varieties compatible with the subvarieties and the functions
in the obvious way. Then the assignment (1.2.1.1) defines a functor

p: Q™P(k) — Vecy. (1.2.1.2)
The basic idea is to look at the endomorphism algebra of p, that is,
End(p) = {(eg) €[] End(p(a)) | eqop(f) = p(f)oep forall f:p— q}. (1.2.1.3)
q€QP (k)
Filtering Q*®(k) by subcategories with a finite number of objects and morphisms, one sees that
End(p) has a canonical structure of pro-algebra over Q. Bearing this in mind, we tentatively define
the category of exponential motives as

M (k) = {

finite-dimensional QQ-vector spaces endowed (1.2.1.4)
with a continuous End(p)-action o

The category M“P(k) is abelian, Q-linear, and the functor p lifts canonically to a functor
p: QP (k) — M®P (k). The images of the objects of Q**P(k) will be denoted by

H"(X,Y, f)(@) = p([X, Y, f,n, i)

When Y is empty or ¢ = 0, we will usually drop them from the notation. In general, an exponential
motive is a subquotient of a finite direct sum of objects of the form H"(X,Y, f)(i).

So far, there are no morphisms between objects of QP (k) with different n or i. Yet, given a
closed subvariety Z of Y, there is a canonical morphism of vector spaces

o([Y,Z, fly,n —1,i]) = p(IX,Y, f,n,i]) (1.2.1.5)

which is induced, after passing to the limit, by the connecting morphism in the long exact sequence
for the closed immersions ZU f~1(S,) C Y U f71(S,) C X. We would like to lift this morphism to
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the category M®P (k). To achieve this, we simply add to Q*®(k) an artificial morphism
[X,Y,f,n,i] - [Y7Z7f|Y7n* 1,i]a

and declare its image under p to be (1.2.1.5). As we do not specify any composition law for the
new morphisms, QP (k) ceases to be a category, and is now only a quiver (or a diagram in Nori’s
terminology). By that, we understand a collection of objects, morphisms with source and target,
and specified identity morphisms (see Section 4.1 for a reminder).

The definitions (1.2.1.3) and (1.2.1.4) are still meaningful, and now the morphisms (1.2.1.5)
obviously lift to M*P (k). After introducing a second class of extra morphisms to Q®P(k), which
relate objects having different twists, we arrive at our final definition of the quiver Q*®? (k) and the
category M*P (k). We will call Betti realisation the forgetful functor

Rp: M®P(k) — Vecg. (1.2.1.6)

Adapted to our context, Nori’s main theorem about the categories associated with quiver repre-
sentations [65, 48] says that M“P (k) is universal for all cohomology theories which are comparable
to rapid decay cohomology. More precisely, one has the following result:

THEOREM 1.2.2 (Nori). — Let F be a field of characteristic zero and A an abelian, F-linear
category together with an exact, F-linear, faithful functor A — Vecp. Let h: Q“P(k) — A be a
functor, and suppose that natural isomorphisms of vector spaces

WX, Y, fonyd]) = p([X, Y, fon,i]) @ F

are given for each object [X,Y, f,n,i|. Then there exists a unique functor, up to isomorphism,
Ra : M®P(k) — A such that h is the composite of Ra and the canonical lift p: Q¥P (k) — MP (k).

This universal property will be used to construct other realisation functors. Important examples

are the period and the perverse realisations, which we now discuss.

1.2.3 (The period realisation). — A period structure over k is a triple (V, W, «) consisting of
a Q-vector space V, a k-vector space W, and an isomorphism a: V ®g C = W ®;, C of complex
vector spaces. Together with the obvious morphisms, period structures form an abelian Q-linear
category PS(k). There is a forgetful functor PS(k) — Vecq sending (V, W, a) to V.

Extending the definition of de Rham cohomology and the comparison isomorphism from 1.1.1
and 1.1.2 to the relative setting and singular varieties, one obtains a functor Q“®*(k) — PS(k),
whose composition with the forgetful functor is nothing else but p. Therefore, Nori’s Theorem 1.2.2
yields an exact and faithful functor

Rp : M (k) — PS(k),

which we call the period realisation. Composing with the functor PS(k) — Vecy, sending (V, W, «)
to W, we obtain the de Rham realisation

RdR3 MeXp(k‘) — Veck.
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1.2.4 (The perverse realisation). — We now turn to another realisation functor which takes
values in a subcategory of perverse sheaves with rational coefficients on the complex affine line.
Recall that, given two objects A and B of the derived category of constructible sheaves of Q-vector
spaces on A!(C), one defines their additive convolution by

A * B = Rsum, (prjA ® pr3B),

where sum: A? — A! is the summation map, and pr;: A2 — A! the projections onto the two
factors. Even if we start with two perverse sheaves, their additive convolution fails to be perverse
in general. To remedy this, we will restrict to the full subcategory Pervg of Q-perverse sheaves on
A'(C) consisting of those objects C' without global cohomology, i.e. such that Rm.C = 0 for 7 the
structure morphism of Al. A typical object of this category is E(0) = jij*Q[1], where j: G,,, — Al
stands for the natural inclusion. Indeed, we shall see that all the objects of Pervy are of the form
F[1] for some constructible sheaf of Q-vector spaces F satisfying H*(A!(C), F') = 0. This enables
us to define the “nearby fibre at infinity” V., : Pervg — Vecq as
Vo (F[1]) = lim F(S,).

r—+00

Besides, the inclusion of Pervy into Perv admits a left adjoint II: Perv — Pervy which is given
by additive convolution with the object E(0), that is, II(C) = C x E(0).

For a variety X and a closed subvariety ¥ C X, let 8: X \' Y < X be the inclusion of
the complement and Q[X,Y] = (8*Q the sheaf computing the relative cohomology of the pair
(X(C),Y(C)). We define a functor Q**P(k) — Pervy by assigning to [X,Y, f,n,i] the perverse
sheaf

TEH (R )0),
where PH™ stands for the cohomology with respect to the t-structure defining Perv inside the
derived category of constructible sheaves. As we shall prove in 3.2, the composition of this functor
with U, gives back the rapid decay cohomology. Invoking the universal property again, this yields
the perverse realisation

Rperv: MP(k) — Pervy.

1.2.5 (The tensor structure). — Given two pairs (X1, f1) and (Xo, f2) of varieties with potential,
the cartesian product X7 x X5 is equipped with the Thom-Sebastiani sum

(LB f2) (@1, m2) = fr(z1) + fa(22). (1.2.5.1)
There is a cup-product in rapid decay cohomology
HH(X1, Y1, f1) ® HJ2(Xa, Ya, fo) — HF T2 (X1 x X, (Y1 x X2) U (X1 x Y2), f1 B f2)
which induces an isomorphism of Q-vector spaces (Kinneth formula):

P HY(X1, Y1, /1) @ HYy(X2, Yo, f2) ~ Hiy(X1 x Xo, (Y1 x X2) U (X1 x Ya), f1 B fa).
a+b=n

The technical heart of this work is the following theorem:
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THEOREM 1.2.6 (cf. Theorem 4.4.1). — There exists a unique monoidal structure on M%P (k)
which is compatible with the Betti realisation Rp: M®P (k) — Vecg and with cup-products. With

respect to this monoidal structure, M®P (k) is a neutral tannakian category with Rp as fibre functor.

The difficulty of constructing the tensor product stems from the fact that the obvious rule
[X17 }/17 fla nl)il] & [X2a Y27 f27n27i2] = [Xl X X27 (}/1 X XQ) U (Xl X }/2)7 fl H f27n1 + n?yil + 22]

is not compatible with the Kiinneth formula unless the rapid decay cohomology of the triples
(X;, Y, fi) is concentrated in a single degree. As for usual Nori motives, the problem is solved
by showing that every object admits a “cellular filtration”. More precisely, the key ingredient is
the following statement, which—thanks to the perverse realisation—follows from Beilinson’s most
general form of the basic lemma.

THEOREM 1.2.7 (Exponential basic lemma, cf. Corollary 3.3.3). — Let X be an affine variety
of dimension d, together with a regular function f: X — A, and let Y C X be a closed subvariety,

There exists a closed subvariety Z C X of dimension at most d — 1 and containing Y such that

H(X,Z,f) =0 for all i # d.

Once we have the tensor product at our disposal, many relations between exponential periods
can be proved to be of motivic origin. For instance, the value (1.1.4.2) of the Gaussian integral
reflects the isomorphism of motives

Hl(Al,xz)@’Q _ Hl({x2 +y2 _ 1})

which will be established in Section 12.2.

1.2.8 (Relation with usual Nori motives). — Nori’s category of (non-effective cohomological)
mixed motives over k is related to our construction as follows. Let Q(k) be the full subquiver of
Q%P (k) consisting of those tuples [X,Y, f,n,i] with f = 0. The restriction of the representation p
to this subquiver is nothing other than the usual Betti cohomology of the pair (X (C), Y (C)). Nori’s
category of mixed motives M (k) is the category of finite-dimensional Q-vector spaces equipped with
a continuous End(p|qk))-action. From the inclusion Q(k) — Q®P(k), one obtains a restriction
homomorphism End(p) — End(p|qx)), and hence a canonical functor ¢: M(k) — M®P® (k) which,
by the general formalism, is faithful and exact.

THEOREM 1.2.9 (cf. Theorem 5.1.1). — The functor v: M(k) — M*P(k) is full.

This enables us to identify the category of classical Nori motives with a full subcategory of
the category of exponential motives. However, the image of M(k) in M*P(k) is not stable under

extension. In Chapter 12, we shall construct an extension of Q(—1) by Q(0) whose period matrix

I
0 2mi |’

is given by
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where v = limy, 00 (3_F_; 1 — log(n)) denotes the Euler-Mascheroni constant.

1.3. The motivic exponential Galois group

By the fundamental theorem of tannakian categories, M“P(k) is equivalent to the category
of representations of an affine group scheme G*P(k) over Q, which will be called the motivic
exponential Galois group. A formal consequence of the construction of the tannakian category

M®P (k) and the realisations functors will be the following:

PROPOSITION 1.3.1 (cf. Proposition 8.3.1). — The scheme of tensor isomorphisms
m® (RdRa RB)

is a torsor under the motivic exponential Galois group.

Given an exponential motive M, one can look at the smallest tannakian subcategory (M)® of
M®P (k) containing M. Invoking again the general formalism, (M)® is equivalent to Rep(G ;) for
a linear algebraic group Gj; € GL(Rp(M)) which we call the Galois group of M. It follows from
Proposition 1.3.1 that, when k is a number field, the dimension of G, is an upper bound for the
transcendence degree of the field generated by the periods of M. Indeed, one conjectures:

CONJECTURE 1.3.2 (Exponential period conjecture, cf. Conjecture 8.2.6). — Given an exponen-

tial motive M over a number field, one has

trdeg Q(periods of M) = dim G ;.

A number of classical results and conjectures in transcendence theory may be seen as instances of
this equality. For example, we will show in Section 12.1 that the Lindemann—Weierstrass theorem
(given Q-linearly independent algebraic numbers aq,...,ay,, their exponentials e*, ... e%" are
algebraically independent) is the exponential period conjecture for the motive

M = EB H(Speck, —a),

i=1
where k denotes the number field generated by aq, ..., a,.
1.3.3 (Gamma motives and the abelianisation of the exponential Galois group). — For each

integer n > 2, consider the following exponential motive over Q:
M, = HY(A', z"). (1.3.3.1)
By Example 1.1.4, all the values of the gamma function at rational numbers of denominator n are

periods of M, so it makes sense to call (1.3.3.1) a gamma motive. Avatars of the M,, already
appeared in the work of Anderson [1] under the name of ulterior motives. The rationale behind his
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choice of terminology was that, while M,, are “not themselves motives, motives may be constructed
from them via the operations of linear algebra” (loc.cit. p.154). As a striking illustration, he showed
that, for all m > 2, the tensor product M%™ contains a submotive isomorphic to the primitive
motive of Fermat hypersurface X = {7 + ... + 2% = 0} C P!, We shall recover this fact in a

very natural way in Chapter 13, c¢f. Proposition 13.3.3.

CONJECTURE 1.3.4 (Lang). — Let n > 3 be an integer. The transcendence degree of the field
generated over Q by the gamma values I'(%), fora=1,...,n—1, is equal to 1 + ¢(n)/2.

At the time of writing, the conjecture is only known for n = 3,4, 6, as a corollary of Chudnovsky’s
theorem that the transcendence degree of the field of periods of an elliptic curve over Q is at least 2
and the Chowla-Selberg formula [19]. As observed by André [2, 24.6], this conjecture follows from
Grothendieck’s period conjecture, although in a rather indirect way which requires to know that
periods of abelian varieties with complex multiplication by a cyclotomic field can be expressed in
terms of gamma values. We shall prove that the Galois group of the motive M, fits into an exact

sequence

0= pin — Gy, —> S 0,

where SQUn) stands for the Serre torus of the cyclotomic field Q(u,). This implies that Gy, has

dimension 1 + ¢(n)/2 and enables us to see Lang’s conjecture as an instance of Conjecture 1.3.2.

1.4. Outline

Briefly, the text is organised as follows. We refer the reader to the introductions of each chapter

for a more precise description.

Chapter 2 contains some preliminaries about perverse sheaves that will be used in the sequel.
The main result is that the category Pervy is tannakian with respect to the monoidal structure
given by additive convolution and the nearby fibre at infinity functor. We then discuss another fibre
functor, given by the total vanishing cycles. A careful study of the local monodromies of the additive
convolution allows one to see the compatibility with the tensor structures as a reformulation of the

Thom-Sebastiani theorem.

In Chapter 3, we study the basic properties of rapid decay cohomology. Besides the elementary
definition, we give two alternative descriptions. The first one, as the nearby fibre at infinity of a
perverse sheaf, is used to obtain the exponential basic lemma. The second one, in terms of the
oriented real blow-up, will play a pivotal role in the proof of the comparison isomorphism.

Chapter 4 is the technical core of this work. After some preliminaries about Nori’s formalism,
we define M®*P (k) as an abelian category. We then move to the construction of the tensor product
using the exponential basic lemma from the previous chapter. In the last sections, we show that
the Gysin long exact sequence is motivic and we complete the proof that M“P (k) is tannakian.
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In Chapter 5, we prove that classical Nori motives form a full subcategory of exponential
motives. We then explain how the categories M®® (k) behave with respect to base field extension.
We end the chapter with a brief discussion of the conjectural relation with a Voevodsky-like category
of exponential motives and the Grothendieck ring of varieties with exponentials.

Chapter 6 presents the construction of the perverse realisation. The main result of this chapter
is that an exponential motives comes from a classical motive if and only if its perverse realisation
is trivial. We also give a few examples of situations where the knowledge of the fundamental group
of the perverse realisation allows one to compute the whole motivic fundamental group.

Chapter 7 is devoted to the comparison isomorphism between rapid decay and de Rham co-
homology. Revisiting work of Hien and Roucairol, we prove a Poincaré lemma for the moderate
growth twisted de Rham complex and use it to construct the period pairing.

Chapter 8 exploits the results of the previous chapter to obtain the period realisation functor.
We then discuss a number of related topics, especially the notion of motivic exponential period and
the coaction of the motivic Galois group.

In Chapter 9, we introduce a realisation functor with values in the category of Z-modules over
the affine line and we explain how to use Fourier transform to obtain the de Rham realisation out
of it. This gives a new interpretation of the fundamental group of the object of Pervg underlying
an exponential motives as a differential Galois group.

Chapter 10 contains a brief discussion about how to associate an ¢-adic perverse sheaf with an
exponential motive. Over a number field, one can then reduce modulo a prime ideal this f-adic
sheaf and compute traces of Frobenius.

Chapter 11 deals with exponential Hodge theory. We upgrade the perverse realisation to a
Hodge realisation with values in a subcategory of mixed Hodge modules on the affine line. We then
prove that the weight filtration is motivic and discuss briefly the irregular Hodge filtration.

In Chapter 12, we present a collection of examples of exponential motives and compute their
periods and Galois groups. These include exponentials of algebraic numbers, the motive Q(1/2),
special values of the Bessel functions, and the Euler—-Mascheroni constant.

Finally, in Chapter 13 we examine the gamma motives M,. We compute their Galois groups
and show that their dimensions are in accordance with Lang’s conjecture. From this we obtain a

conjectural description of the abelianisation of the exponential motivic Galois group.

The text is supplemented by an appendix where we gather a few results from the theory of

tannakian categories that are often used in the main text.

1.4.1 (Notation and conventions). — Throughout, k denotes a subfield of C. By a variety
over k we mean a quasi-projective separated scheme of finite type over k. We shall call normal
crossing divisor what is usually called a simple or strict normal crossing divisor, i.e. the irreducible
components are smooth. Although this assumption is not indispensable for all constructions, there
will be no lost in making it. Given a variety X, a closed subvariety Y C X, and a constructible
sheaf F' on X, we set Fiyy] = fif*F where 8: X \'Y < X is the inclusion of the complement.
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CHAPTER 2

The category Perv,

In this chapter, we study the category Pervg of perverse sheaves with vanishing cohomology on
the complex affine line, which was originally introduced by Katz [55, 12.6] and further discussed by
Kontsevich and Soibelman [58, 4.2]. The main result is that Pervg has the structure of a neutral
tannakian category, with additive convolution as a tensor product and the nearby fibre at infinity
as a fibre functor. This category plays a pivotal role in the description of rapid decay cohomology
and the proof of the exponential lemma in Chapter 3. Later on, it will also be indispensable for
the construction of the Hodge realisation functor.

2.1. Preliminaries on perverse sheaves

In this section, we collect a few basic definitions and facts about perverse sheaves that will be
used in the sequel. Our standard references are [8], [20], [27], [53], [79]. We convene that “sheaf”
means “sheaf of finite-dimensional Q-vector spaces” unless otherwise indicated. We will try to

systematically stick to the following naming convention:

A,B,C,... complexes of sheaves (e.g. perverse sheaves),
F.G,... sheaves or complexes concentrated in degree zero.
2.1.1 (Constructible sheaves and the six functors formalism). — Given an algebraic variety X

over a subfield k of C, we denote by Sh(X) the abelian category of sheaves on the topological
space X (C), by D(X) the derived category of Sh(X), and by D®(X) the bounded derived category.
A sheaf F' in Sh(X) is said to be constructible if there exist closed subvarieties

P=X 1CXoCX;C---CX, =X

such that, for each p = 0,...,r, the restriction of F' to X,(C) \ X,—1(C) is a local system of finite
rank. If two out of three terms in a short exact sequence of sheaves on X are constructible, then
so is the third one. Constructible sheaves thus form an abelian subcategory of Sh(X), which is
moreover stable under tensor products and internal Hom.

21
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DEFINITION 2.1.2. — The bounded derived category of constructible sheaves D2(X) is the full
subcategory of D(X) consisting of those complexes A whose cohomology sheaves H9(A) are con-
structible for all integers ¢. Sometimes we will also call constructible sheaf an object A of D2(X)
such that H9(A) = 0 unless ¢ = 0.

The terminology is not completely abusive. Writing D®(Constr(X)) for the bounded derived
category of the abelian category of constructible sheaves on X, the obvious functor

D®(Constr(X)) — D4(X)

is an equivalence of categories by a theorem of Nori [66, Theorem 3(b)].

2.1.3. — Associated with each morphism f: X — Y of algebraic varieties, there are functors
f*: Sh(Y) — Sh(X) inverse image
f«: Sh(X) — Sh(Y) direct image
fi: Sh(X) — Sh(Y) direct image with compact support.

The inverse image functor f* is exact, whereas the two direct image functors f, and f, are only left
exact. Taking their derived functors yields f*: D(Y) — D(X) and Rf., Rfi: D(X) — D(Y). The
functors f* and Rf, are adjoint to each other, so there is a natural adjunction isomorphism

Hompy) (A, Rf.B) = Hompx)(f*A, B)

for all objects A of D(Y') and B of D(X). It is a non-trivial result that the functor Rf admits a
right adjoint f': D(Y)) — D(X), so there is a natural adjunction isomorphism

Hompy)(RfiB, A) = Hompx(B, f'A)

for all objects A of D(Y) and B of D(X). This adjoint f' only exists on the derived categories; the
functor f between the abelian categories of sheaves has in general no right adjoint. The situation

is summarised in the following diagram:

Rf« I
X —Y > D(X) D(Y) D(X),
~N~N~N~}Y @ \_/
f* Rfy

where functors on top are right adjoint to functors below.

The functor sheaf of homomorphisms that associates with sheaves F' and G on X the sheaf

Hom(F,G) on X can be derived as a left exact functor in G, giving rise to the functor
RHom: D(X)? x D(X) — D(X).

Since we will only consider sheaves of vector spaces, the functor associating with sheaves F' and G
on X the tensor product sheaf F®G is exact in both variables and there is no need to derive it. Given
objects A, B,C of D(X), the usual adjunction formula holds: there is a canonical isomorphism

RHom(A ® B,C) = RHom(A, RHom(B, C))
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in the derived category D(X) which is natural in the three arguments. The functors
Rf*a f*7Rf!7f!7®, RHom

are usually referred to as the siz operations.

THEOREM 2.1.4 (Verdier’s constructibility theorem). — The sixz operations preserve the derived
categories of constructible sheaves.

To our knowledge, Verdier never stated this theorem explicitly. The stability under the three
operations f*, ®, and RHom is straightforward. As explained in [8, 2.1.13 and 2.2.1], the statement
that Rf,, Rfi, and f' preserve constructibility follows formally from the fact that every stratification
of an algebraic variety can be refined into a Whitney stratification, which is proven by Verdier
in [87, Théoréme 2.2]. One can also prove it by induction on the dimension of supports, using the
fact that, for every morphism of complex algebraic varieties f: X — Y, there exists a non-empty
Zariski open subset U C Y such that f~!'(U) — U is a fibre bundle for the complex topology.
This statement is the content of [87, Corollaire 5.1], and can also be proved using resolution
of singularities and Ehresmann’s fibration theorem. A quite different approach is taken by Nori
in [66, Theorem 4], where he shows that Rf,. can be computed using a resolution by constructible
sheaves. Therefore, in order to show that Rf. preserves constructibility it suffices to show that f,
does so, which is not difficult. A proof of Verdier’s constructibility theorem in a more general
context is given in [79, Chapter 4].

2.1.5. — Let f: X — Y be a morphism of algebraic varieties. In special cases, depending on the
quality of f, direct and inverse image functors between derived categories of constructible sheaves
satisfy useful relations, that we collect here pour mémoire:

(1) If f is proper, then Rf. = Rf.

(2) If f is a smooth morphism of relative dimension d, then f' = f*[2d].
(3) If f is a closed immersion, then f, is exact.

(4) If f is an open immersion, then fi is exact and f' = f*.

2.1.6 (Base change theorems). — Consider a cartesian square of complex algebraic varieties
X! Xy

Jf (2.1.6.1)

YILY’

f/

which simply means that X’ is the fibre product of X and Y’ over Y. For every sheaf F on X, or
more generally for every object A of D(X), there is a canonical and natural morphism

gy Rf«A — Rfigi A (2.1.6.2)
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on the derived category of Y called base change morphism. In general, (2.1.6.2) is not an isomor-
phism. There are, however, two important geometric situations in which it is. The proper base
change theorem states that, if f is a proper morphism, then (2.1.6.2) is an isomorphism for all
objects A of D(X). In particular, there is an isomorphism

Gy RAA — RflgkA (2.1.6.3)

without any condition on f. The smooth base change theorem states that, if gy is smooth,
then (2.1.6.2) is an isomorphism for all objects A of D%(X). This can be deduced from point (2)
of 2.1.5 and the base change theorem for the exceptional inverse image, which gives a canonical

and natural isomorphism
gy Rf.A— Rflgk A (2.1.6.4)

without any condition on gy. Proofs can be found in [53, Proposition 2.5.11] for proper base

change, and [53, Proposition 3.1.9] for smooth base change.

2.1.7. — Let X be a variety over k and w: X — Spec(k) the structure morphism. The dualising
complex of X (often dualising sheaf, although it is not really a sheaf) is the object

wx = 71'!@

of the category D%(X). More generally, the relative dualising complex for a morphism f: X — Y
is defined as wy/y = f'Qy. One then defines the Verdier dual of an object A of D2(X) as

D(A) = RHom(A,wx),

which is again an object of the derived category of constructible sheaves on X.

THEOREM 2.1.8 (Local Verdier duality). — Given a morphism f: X — Y of algebraic varieties
and objects A of DY(X) and B of D3(Y), there is a natural isomorphism

RHom(RfiA, B) = Rf.RHom(A, f'B) (2.1.8.1)
in the category DY(X). In particular, for all objects A of D%(X), there are natural isomorphisms

D(RfiA) = RE,D(A) and D(D(A)) = A.

References are [53, Proposition 3.1.10] or [27, Theorem 3.2.3]. Taking global sections on both
sides of (2.1.8.1) yields the global form of Verdier’s duality theorem.

2.1.9. — The dualising complex wx on X has the following explicit description. For any open
set U C X(C),let U=UU {-} be the one-point compactification of U, and let

C(U N = [ — Co(U.{}) — CLU{}) — Co(U,{-})]

be the singular chain complex with rational coefficients of the pair (U,{-}). We view this as a
complex concentrated in degrees < 0. For any inclusion of open sets V' C U, there is a canonical
map U — V contracting the complement U \ V' to the point - € V. This map yields a morphism
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of complexes C,(U,{-}) = C«(V,{-}). The dualising complex is the complex of sheaves associ-
ated with the presheaves U — C,(U,{-}). In particular, #?(wy) is the sheaf associated with
the presheaf given by reduced singular homology U —— flp(U) The easiest example where this
recipe for computing the dualising complex yields a concrete description is the case where X is
smooth of dimension d. In that case, X (C) is locally homeomorphic to an open ball of real dimen-
sion 2d, so every point of X (C) has a fundamental system of open neighbourhoods U for which U
is homeomorphic to a sphere of dimension 2d. Hence, the dualising complex is isomorphic to

wx = Qx[Qd].

A useful consequence is that the Verdier dual of a local system L on X is given by D(L) = LV[2d],
where LY = Hom(L,Qx) denotes the dual local system.

To see what Verdier’s local duality theorem 2.1.8 has to do with more classical duality the-
orems, consider a smooth variety X, and take for f the structure morphism. Choose for A the
constant sheaf Qx on X, and for B the sheaf Q on the point. The complex RfiA computes
the cohomology with compact support HY (X (C),Q) of X, whereas RHom(Rfi A, B) computes its
linear dual H?(X(C),Q)Y. The sheaf RHom(A, f'B) is the dualising sheaf wx = Qx[2d], and
hence Rf,RHom(A, f'B) computes the homology of X. Bookkeeping the shifting, the canonical
isomorphism in Verdier’s duality theorem boils down to the classical Poincaré duality pairing

HP(X(C),Q) ® H**P(X(C),Q) — Q

[

between cohomology and cohomology with compact support.

THEOREM 2.1.10 (Artin’s vanishing theorem). — Let X be an affine variety over k, and let F
be a constructible sheaf on X. Then HY(X,F) =0 for all ¢ > dim X.

The original reference is Artin’s Exposé XIV in SGA 4 [5]. An analytic proof, relying on the
Riemann—Hilbert correspondence, is given by Esnault in [33].

2.1.11 (Perverse sheaves). — Beilinson, Bernstein, Deligne, and Gabber [8] defined an abelian
subcategory Perv(X) of D%(X) whose objects are called perverse sheaves. Recall that the support
of a sheaf F' on X is the closed subset

supp F' = {z € X(C) | F, # 0}.

DEFINITION 2.1.12. — An object A of D2(X) is called semiperverse if the inequality
dim(suppH %(A)) < ¢

holds for all integers q. A perverse sheaf is an object A of D%(X) such that both A and its Verdier
dual D(A) are semiperverse.

ExXAMPLE 2.1.13. — Let X be a smooth variety of dimension d. For each local system L on X,
the complex L[d] is a perverse sheaf. Indeed, its only non-trivial cohomology sheaf is H~%(A) = L,
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which has full support. This shows that A is semiperverse. Thanks to the shift by the dimension,

its Verdier dual is of the same shape, namely D(A) = LY[d], so it is also semiperverse.

2.1.14. — Let PD5%(X) be the full subcategory of D%(X) consisting of semiperverse complexes,
and PDZ%(X) the full subcategory of complexes A such that D(A) is semiperverse. One of the main
results of [8] is that the pair

(PDY(X),PDZ°(X))
forms a t-structure on the triangulated category D%(X). Perverse sheaves are precisely the objects
of the heart PDS%(X) N?DZ%(X) and thus form an abelian category. This allows one to define
cohomology functors
PH™: DY(X) — Perv(X).

THEOREM 2.1.15 (Artin’s vanishing theorem for perverse sheaves). — Let X be an affine variety
and A a perverse sheaf on X. Then HY(X,A) =0 for all ¢ >0, and H(X,A) =0 for all ¢ < 0.

THEOREM 2.1.16 (Artin). — Let f: X — Y be an affine morphism. Then Rf, is t-right exact

and Rfy is t-left exact for the perverse t-structure.

ExaMpLE 2.1.17. — Let X be a smooth variety of dimension d and let 3: U — X be the
inclusion of the complement of a divisor D. Then Qg [d] is a perverse sheaf on X. Indeed, the
morphism § is affine and RS = (i by 2.1.5, so Artin’s vanishing theorem implies that 8 sends
perverse sheaves on U to perverse sheaves on X.

2.1.18 (Perverse sheaves on the affine line). — Since we will be mainly dealing with perverse
sheaves on the affine line, we now specialize to this setting. A perverse sheaf on the complex affine
line is a bounded complex A of sheaves of Q-vector spaces on A!(C) with constructible homology
sheaves H"(A) such that the following three conditions hold:

(a) H"(A) =0 for n ¢ {—1,0},
(b) H~'(A) has no non-zero global sections with finite support,
(c) HY(A) is a skyscraper sheaf.

2.1.19 (Nearby and vanishing cycles). — Let A be an object of the derived category of con-
structible sheaves on the complex affine line. Let S be the set of singularities of A. For every point
z € C, we denote by ®,(A) the complex of vanishing cycles of A at z. It is a complex of vector
spaces given as follows: Let a: {z} — C be the inclusion, let §: Dy — C be the inclusion of a
small punctured disk around z, not containing any of the singularities of A, and let e: U — Dy be
a universal covering. We define the following complexes of vector spaces (sheaves on a point)

U.(A) = o Bese’ B A[-1], (2.1.19.1)
®.(A) = cone(a*A — a*fiee*[*A)[-1], (2.1.19.2)
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where the map in (2.1.19.2) is given by adjunction. We call ¥,(A) the complex of nearby cycles
and ®,(A) the complex of vanishing cycles of A at z. If z ¢ S, the complex of vanishing cycles
is nullhomotopic. Notice that the definition of nearby and vanishing cycles depends on the choice
of a universal covering U — Dy. A different choice U' — Dy yields different functors ¥/, and @’,.
Any isomorphism of covers v: U — U’ induces isomorphisms v*: ¥/, — ¥, and v*: &/, — &,. In
particular, the deck transformation U — U coming from the action of the standard generator of
m1(Dp) induces an automorphism of vector spaces

Yz Y (A) — U, (A)

called the local monodromy operator.

The following lemma, is a special case of the general fact that, whenever A is a perverse sheaf,
the nearby and vanishing cycles are perverse sheaves as well.

LEMMA 2.1.20. — Let A be a perverse sheaf on C. The complexes V,(A) and ®,(A) are homo-

logically concentrated in degree 0.

PROOF. Let z € S. Without loss of generality, we may restrict A to a small disk D around z not
containing any other singularity of A. This means that the sheaves H"(A) on D are constructible
with respect to the stratification {z} C D. The complex A fits into the exact truncation triangle
HL(A)] - A — HO(A)[0], and ¥, (A) and ®,(A) are triangulated functors, so it is enough to
prove the lemma in the case where A is a skyscraper sheaf sitting in degree 0, and in the case where
A is a constructible sheaf with no non-zero sections with finite support sitting in degree —1. For
a skyscraper sheaf, ®,(A) is zero and V,(A) is the stalk at z sitting in degree 0. In the case of
a constructible sheaf, ®.(A) is the vector space of global sections of the local system e*(*A[—1]
on the universal cover of D \ {z}, viewed as a complex of sheaves on {z} concentrated in degree
0. Finally, the kernel of the adjunction map a*A[—1] — a*f.e.e*5*A[—1] is the vector space of
sections of A[—1] supported on {z}, but this space is zero because A is perverse. Therefore, the
adjunction map is injective and its cone W, (A) is homologically concentrated in degree 0. g

2.1.21. — Let F be a constructible sheaf on A! and let 2 € C. The nearby cycles ¥, (F) and the
vanishing cycles ®,(F') can be constructed in a less intrinsic, but more effectively conveying way.
The fibre of F' at z is defined as the colimit F, = colim F'(U,,), where (U,)°; is a fundamental
system of open neighbourhoods of z. The nearby fibre can be defined as the colimit

U, (F) = colim F(V,,),

where (V)% is the filter of open sets V,, = {u € U, | Re(u) > Re(z)}, or any other filter
equivalent to it. The restriction maps F(U,) — F(V,) induce a map F, — U,(F'), which is called
cospecialisation. The two-term complex ®,(F) = [F, — V,(F)] is the complex of vanishing cycles.
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2.2. Computing the cohomology of constructible sheaves on the affine line

In this section, we describe the cohomology of constructible sheaves on the affine line using
cochains. This is reminiscent of the cochain description of group cohomology, and will be help-
ful for concrete computations, in particular when we want to handle specific cohomology classes.
We will come back to this description in Section 2.6, where cochains are used to compute the
additive convolution of perverse sheaves. Throughout, all vector spaces are understood to be
finite-dimensional vector spaces over Q.

2.2.1. — We first interpret constructible sheaves on the complex plane C in terms of group
representations. Let S C C be a finite set, X = C\ S its complement, and denote by
s el x
the inclusions. A constructible sheaf F' on C with singularities in S is uniquely described by the
following data:
(1) A local system F'x on X.
(2) A sheaf Fg on the discrete set S, and a morphism of sheaves Fg — a5, Fx on S.

Fix a base point x € X, set G = 71(X,z) and denote by V the fibre of F' at z. The local
system F'x corresponds to a representation p: G — GL(V'). The sheaf Fyg is given by a collection
of vector spaces (Vs)ses. For every path p: [0,1] — C with p(0) = s, p(1) = z and p(t) € X for
all t > 0, the gluing data (2) determines a linear map ps(p): Vs — V called cospecialisation. If now
«a and 3 denote the inclusions

{0} = [0,1] € (0,1],
then ps(p) is the linear map Vs — a*B.(p|(0,1))" F'x composed with the canonical isomorphism
@ Bu(plo1]) Fx = T((7]0,1))" Fx) = V.

The linear map ps(p) only depends on the class of p up to homotopies in X leaving p(0) = s and
p(1) = x fixed. This makes sense despite the fact that s is not in X. Write

Py = {paths from s to z in X}/ghomowpy'

for the set of these classes. The fundamental group G acts transitively on Ps; by concatenation of
paths, and for g € G and p € Ps the relation ps(gp) = p(g)ps(p) holds. Once a base point x is chosen,
we may thus describe constructible sheaves on C with singularities in S by the following data:
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(1) A vector space V, and a linear representation p: G — GL(V).

(2) For every s € S, a vector space Vs and, for every path p € P, a cospecialisation map
ps(p): Vs — V such that ps(gp) = p(g)ps(p) holds for all p € P, and all g € G.

For fixed S and x, the tuples (V, p, (Vs, ps)scs) form an abelian category in the evident way, which
is equivalent to the category of constructible sheaves on C with singularities contained in S. We

can now forget about the geometric origin of G and the Ps, and are lead to the following definition.

DEFINITION 2.2.2. — Let G be a group, and let Ps = (Ps)scs be a finite, possibly empty
collection of non-empty G-sets. A representation of (G, Ps) consists of a vector space V' and vector
spaces (Vs)ses, a group homomorphism p: G — GL(V), and maps ps: P; — Hom(Vs, V) satisfying
the equality ps(gp) = p(g)ps(p) for all g € G and p € P;. Morphisms of representations and their
composition are defined in the evident way. We denote the resulting category by Rep(G, Ps).

2.2.3. — The category Rep(G, Ps) is abelian, and it is indeed the category of sheaves on an
appropriate site. Given a representation V of (G, Pg), we call invariants the subspace

vers) ¢ ve v
seS
of tuples (v, (vs)ses) satisfying gv = v for all ¢ € G and pvs = v for all p € P;. Here, as we shall
do from now on if no confusion seems possible, we suppressed p and ps from the notation. We can
regard the invariants also as a homomorphism set

V(GvPS) = HOIn(G,pS)(QaV)’

where Q stands for the constant representation, in which all involved vector spaces are Q and all
maps p(g) and ps(p) are the identities. Associating with a representation its space of invariants
defines a left exact functor from Rep(G, Ps) to the category of vector spaces. We can thus define
cohomology groups

H" (G, Ps,V)

using the right derived functor of the invariants functor. As for ordinary group cohomology, there
is an explicit, functorial chain complex which computes this cohomology. Namely, define

G, Ps,V) = Ve,

seS
C™(G,Ps,V) = Maps(G",V)® @ Maps(G™' x P, V), (n>1),
sesS
and call elements of C"(G, Ps, V) cochains. Alternatively, we will also think of cochains as V-
valued functions on the disjoint union of G™ and the various G"~! x P,. This can make notation
shorter. Define differentials
0 ! 2 a?

C*(G,Ps,V) — C*(G,Ps,V) — C*(G, P, V) — - -+ (2.2.3.1)

as follows. We set

do(”? (US)SES)(Q) =V —=gv and do(vv (US)SES)(p) =V — Pus
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and, for n > 1 and c € C"(G, Ps, V), we define d"c by the usual formula
(dnc)(gla -5y 9n, y) = 910(927 <oy 9n; y)+
n—1 '
+ Z(—l)ZC(QL ey 9iGi4+1y - - -y 9ny y) + (_1)%6(917 o )gny) + (_1)n+1c(gl7 o 7gn)7
i=1

where y is either an element of G or an element of P, for some s € S. The verification that the
spaces C"(G, Ps, V') and the differentials d" form a complex is straightforward. The chain complex
C*(G, Ps, V) depends functorially on the representation V in the evident way. The kernel of d° is
the space of invariants, and if S is empty, we get back the standard cochain complex computing

group cohomology.

LEMMA 2.2.4. — The chain complex (2.2.3.1) computes the right derived functor of the invariants
functor Hom g poy(Q, —).

ProOF. We can compute R Hom g py)(Q, (V, (Vs)ses)) either by choosing an injective resolu-
tion of V' or by choosing a projective resolution of the constant representation Q. Let us construct

a projective resolution as follows. Set

Lo = (QG) & @ Q[P (Q)ses)

SES

and let G act on Q[G] & @, g Q[Ps] by left multiplication, and for p € P, define ps(p)(1) =1 p.
This makes Ly into a (G, Pg)-representation. For n > 1 set

Ly, = (QIG" & @ QIG™ x P, (0)scs)
ses
and endow L,, with a (G, Ps)-action by letting G act via multiplication on the left. Differentials
are given by

n

(90, gn-1,4) = > _(=1)(gos - Gi-1:Git1s -1 9n-1,9) + (=1)"(g0, - - -, Gn—1)
i=0
for n > 1 and do: Lo — Q by do(g) = do(p) = 1 and dp (1) = 1. A straightforward computation
shows that -+ — Ly — L1 — Lo — Q — 0 is an exact complex of (G, Ps)-representations, and
that there is a natural isomorphism of chain complexes

Hom(G,Ps)(L*v V) = O*(Ga Pg, V)

for every representation V' of (G, Ps, V). In particular, the functor Hom ¢ py)(Ln, —) is exact, so

L, is a projective resolution of Q. O

2.2.5. — We keep the notation from paragraph 2.2.3, and have a closer look at the first coho-
mology group H'(G, Ps, V). The space of cocycles Z'(G, Ps, V) = ker(d') is the space of tuples
(¢, (cs)ses) consisting of maps ¢: G — V and ¢s: P; — V satisfying the cocycle relations

c(gh) =c(g) +ge(h)  and  cs(gp) = c(g) + ges(p)
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for all g,h € G and p,s € Ps, and the space of coboundaries B'(G, Ps, V) = im(d") is the space of
those tuples of the form

clg)=v—gv and  c(p) =v—pu,s

for some v € V and v, € V5. For general (G, Pg) and V nothing more can be said.

2.2.6. — A particular case is interesting to us: pick for every s € S an element p; € Ps, and
suppose that G acts transitively on the sets Ps, and that the stabilisers G5 = {g € G | gps = ps}
generate G. In that case, the whole cocycle c¢ is determined by the values ¢s(ps), and in particular,
H(G, P,V) is finite-dimensional. Indeed, if ¢ is a cocycle satisfying c¢(ps) = 0 for all s € S, then

c(gps) = c(g) + ge(ps) = c(g)

for all g € G. In particular we find ¢(g) = 0 for all g € Gs. Since ¢: G — V is an ordinary cocycle
and the stabilisers G generate G, we find ¢(g) = 0 for all g € G. But then, since G acts transitively
on Py, we find ¢(p) = 0 for all p € Py as well, so ¢ = 0. A particular case of this is the situation
where G is the free group on generators {gs | s € S}, and P; = G/(gs) is the quotient of G by the
equivalence relation ggs ~ g, and p; is the class of the unit element. In that case, the injective map

ZNG,Ps,V) = PV (2.2.6.1)
ses
sending ¢ to c(ps)ses is also surjective, and the complex C°(G, Ps,V) — ZY(G, Ps,V) takes the
following shape:

vea@v. LPv (2.2.6.2)

ses ses

v, (US)SGS — (’U - pSUS)SES'

This is of course precisely the situation at which we arrived in 2.2.1, where G was the fundamental
group of X = C\ S based at x € X, and P, the G-set of homotopy classes of paths from s € S to
X. The complex (2.2.6.2) computes thus the cohomology H*(A!, F), where F is the constructible
sheaf corresponding to the representation V.

2.2.7. — Let us now come back to the geometric situation described in 2.2.1, where G is the
fundamental group of the complement of a finite set S C C, and P the G-set of paths from S to
the base point 2z € C\ S. We can use the cochain complex (2.2.3.1), or the more economic variant
(2.2.6.2) to compute the cohomology of constructible sheaves with singularities in S. Let us now

explain how this computation works in families.

We consider the following setup: Let (;);cs be a finite collection of paths «; : [0, 1] — C which
are disjoint at all times ¢ € [0, 1], and never meet the base point z € C. We also denote by ~; the
set {(v;(t),t) |t € [0,1]}. The sets «; are the strands of a braid in C x [0, 1] from initial points
SO = {4;(0) | j € J} to endpoints S1) = {~,(1) | j € J}, as illustrated in Figure 2.2.2.

For each t € [0,1], let G® be the fundamental group of C \ S® based at . For each j € J,

the group G*) acts on the set Pj(t) of paths from v;(¢) to . By continuously deforming loops and
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FIGURE 2.2.2. A general braid

paths as t moves from 0 to 1, we obtain a group isomorphism and bijections
5:GO —»c®  anda g P - PV

compatible with group actions.

Let F be a sheaf on C x [0, 1] which is constructible with respect to the stratification given by
the strands v;, so F' is locally constant on each strand, and on the complement of the strands. For
each time ¢ € [0, 1], the restriction

1w:C — CX[O,l]

O — g
't z — (z,1)

is a constructible sheaf with singularities contained in S = {~;(t)|j € J}. We write V() for
the fibre of F) at z, and VY for the fibre of F® at the singular point s = 7;(t) € S®. By
constructibility of F', there are given parallel transport isomorphisms

. 17(0) (1) . 1/(0) (1)
7: VW =V and T.ij 0)—>V'Yj(1)

for all j € J.

Let w: Cx [0,1] — [0, 1] be the projection. The sheaf R™m,F on [0, 1] is a local system on [0, 1],
whose fibre at ¢ € [0,1] is

(R"m,F)y = HY(C, F®) =~ g ((G1, pW), v 1) (2.2.7.1)

by smooth base change. The following lemma expresses parallel transport for the locally constant
sheaf R™mF in terms of cocycles.
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LEMMA 2.2.8. — The parallel transport morphism (R"m.F)g — (R"7F)1 is, via the isomor-
phism (2.2.7.1), induced by the morphism of chain complexes
OGO, pO) vy L ol pO)) yO)
! o'

co(aW, p), vy L ot p)y, vy

given in degree zero by parallel transport morphisms
0 1
L VO @V v e @V 0, () es0) = (70,70 50
J€J JjeJ
and in degrees n > 0 by parallel transport and deformation of paths

" (c)(g15- -1 9n) = 76(57191, cee 5flgn)
@n(c)(gla'-'agnflap) = Tc(ﬂ_lgl,...,B_lgnfl’ﬁjﬁl]))

for all c € C"((GO, PO V), and all g1,...,9, € GV and p € Pj(l).

PROOF. The parallel transport morphism (R"m.F)y — (R"m.F); is obtained in sheaf coho-
mology terms as the composite of base change morphisms

H™(C,FO) += H™(C x [0,1],F) — H"(C,FM) (2.2.8.1)

induced by inclusions ¢; : C — C x [0, 1] for ¢ = 0, 1. Let us denote by G be the fundamental group
of the complement of the strands v; in C x [0, 1], with base point the contractible set {z} x [0, 1],
so elements of G are paths starting and ending in {z} x [0,1] and not meeting the strands ~;,
modulo appropriate homotopies. For j € J, let P; be the G-set of homotopy classes of paths from
7v; to {z} x [0,1], not meeting strands ~; for ¢ # j, modulo appropriate homotopies. The inclusion
1t : C — C x [0,1] induces a group isomorphism and bijections

elYe! and Pj(t) — P;

compatible with group actions. The category of sheaves on C x [0,1] which are constructible
with respect to the stratification given by the strands «; is equivalent to the category of (G, P)-
representations, via the equivalence of categories sending the sheaf F' to the (G, P) representation
on the vector spaces

V=H%xx[0,1,F) and Vj=H";F)

Moreover, the this equivalence is compatible with the equivalence between (G(t), P(t)) representa-
tions and constructible sheaves on C with singularities in S®). In particular, the chain complex
C*((G, P),V) computes the cohomology H*(C x [0,1], F'), and the specialisation maps

H™(C % [0,1], F) — H™(C x [0,1], F), = H"(C, F®)

are obtained from the morphism of chain complexes

(@, P),V) —— (G, P),V)

¥? ot}

co((q®, poy vy L cl(g®, pt)y, y®)
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given by specialisation maps V — V) and Vi — Vj(t) in degree n = 0, and by composition with
isomorphism G) — G and P() — P and specialisation V' — V() in degree n > 1. Together with
the observation the group isomorphism 3 and the bijections 3; all are composites

B:60 =66V  and g P” = PP
and that the parallel transport maps 7 and 7; are composites

VO v vl and 5 vO Sy v

this proves the lemma. O

2.2.9. — We shall also need to understand how to express cospecialisation in terms of cocycle
cohomology. We consider the same setup as in 2.2.7, except that now we allow the strands v; to
meet at time ¢ = 0, and allow the sheaf F' to be constructible with respect to the finer stratification
given by the strands «;, their startpoints ~;(0) and the ¢ = 0 plane. The sheaf R"m,F is then
a constructible sheaf on [0, 1], with respect to the stratification {0} C [0, 1]. Instead of parallel

transport, we now have a cospecialisation map
H™(C,F©) = H™(C x [0,1], F)o — H™(C x [0,1], F); = H"(C, FW)

which we want to understand in terms of cocycles. The recipe is very similar to the one given by
Lemma 2.2.8. By continuous deformation of paths and loops, we obtain a group homomorphism
and maps

:¢0 5oV and PO S PY

compatible with group actions. From the sheaf F' we obtain vector spaces V® and Vs(t) for s € S
which constitute a representation of (G(t), P(t)). The cospecialisation map translates to a morphism
in the derived category of vector spaces, given explicitly by the roof between chain complexes

Cékot
/ \ (2.2.9.1)
€ (G, PO), V) C* (G, PO, VD)
0

which we shall describe presently. Elements of Cf2, are pairs (c?,c!) consisting of a cocycle ¥ €

C((GO), PO V() and a cocycle ¢! € C™((G®, P(), V() such that the equalities
Cl(ﬂgl,...,ﬁgn) = TCO(Qh--wgn)
Cl(ﬁglw"vﬁgnflaﬁp) = Tco(gla"wgnflap)

hold for all g1, ...,g, € G and p € Pj(o). The differential in C72, is given by d(c°, ¢!) = (dc°, det),
and the morphisms in (2.2.9.1) are given by projections (¢, ¢!) — ¢ and (c, ¢!) — ¢!, One can
check that the leftward morphism in (2.2.9.1) is indeed a quasi-isomorphism. The complex Cfi,
computes the cohomology H*(C x [0,1], F'), and the morphism

(G, PO),VO) & 5 (GO, PV), VD)

induced by the roof (2.2.9.1) identifies with the cospecialisation map.
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2.2.10. — For concrete calculations, it is useful to have a standard ordered set of generators of
the free group G = m1(C\ S, x) at our disposal. Here it is. Let S C C be finite, and let x € R be a
real number, larger than the real part of any s € 9, serving as a base point. Let us enumerate the
set S in western reading order (left-to-right, top-to-bottom), so that we have S = {s1,s2,...,5,}
with

Im(s;) > Im(s;41) and Im(s;) = Im(s;+1) = Re(si) < Re(sit1)-

We declare standard paths p; from s; € S to x to be paths in C\ S such that

Re(pi(t1)) = Re(p;(t2)) = Im(p;i(t1)) > Im(p;(t2))

holds for all 1 < i < j < mand t1,t € [0,1). In other words, for i < j it is required that the path p;
lies strictly above the path p; in the complex plane. Up to homotopy, the paths p; are uniquely
determined by this requirement. We declare standard loops around s; to be the loops composed in
the accustomed way by the paths p; and their inverses, and a small, positively oriented simple loop

around s;.

FIGURE 2.2.3. Standard paths and and standard loops

With this convention for standard paths, a constructible sheaf on A! can be described by the
following data:

(1) A finite set S = {s1,...,sn} C C, ordered in western reading order.
(2) Vector spaces V and Vi, Va,...,V,
(3) Automorphisms g; € GL(V) and homomorphisms p; : V; — V satisfying g;p; = p; for all

i=1,2,...,n.

Given the ordered set S, this data can be described effectively by a finite list of matrices with
rational coefficients. If for some i the map p; : V; — V is an isomorphism, then g; is the identity,
and s; € C is not a singular point of the constructible sheaf. In that case, deleting s; from S leads
to a shorter description of the same sheaf. On the other hand, we may add an additional point s;
to S, and set V; =V and p; = ¢g; = id.

2.2.11. — We are particularly interested in constructible sheaves F' on C satisfying H*(A, F') = 0,
that is, Rm«F = 0 for the map 7 from C to a point. Let again S C C be a finite set containing
the singularities of F', and regard F' as a representation V of (G, Pg) as in 2.2.1. The cohomology
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H"(A',F) = H"(G, Ps,V) is zero for n > 2. Therefore, Rr,F = 0 holds if and only if the differ-
ential d: C°(G, Ps,V) — Z(G, Ps, V) is an isomorphism. Explicitly, this means that for all s € S
the map ps: Vs — V is injective, and that

ﬂ psVs = {0} and Z dim(V/psVs) = dim(V)

ses seS
holds. It follows from this description that, given constructible sheaves F} and F» on C such that
Rm.Fy = RmyF5 = 0, a morphism ¢: Fy — F5 which induces an isomorphism between the fibres
over x is an isomorphism. More generally, the functor

Constructible sheaves F
on C with singularities ; — Vecg (2.2.11.1)
in S and R, F =0

sending F’ to its fibre V = F}, is exact and faithful.

LEMMA 2.2.12. — Let F' and G be constructible sheaves on C. Suppose that F' has no non-zero
global sections, and that G has no non-zero global sections with finite support. Then F'® G has no
non-zero global sections.

ProOOF. Choose a sufficiently large finite set S C C containing the singularities of both F'
and G. In the notation of 2.2.1, the sheaves F' and G correspond to representations V and W
of (G, Ps). Fix elements ps € Ps, that is, paths from s € S to the base point z avoiding S along
the way. We get complexes

ve@v, @V ad we@Pw, Y Pw
ses ses ses ses

with dv(v, (US)SES) = (U - psvs)ses and dW(w7 (ws)SGS) = (w - psws)ses- The representation of
(G, Ps) given by the vector spaces V @ W and (Vs ® W;)sesS with the diagonal actions

g(’U ® w) =gv R gw and ps(vs & ws) = PsVs @ PsWs

corresponds to the sheaf F'® G. That F' and G have no non-zero sections with finite support means
that the maps ps: Vs — V and ps: Wy — W are injective, and that F' has no non-zero sections
means that moreover the intersection of the p;Vy in V' is zero. It follows that ps: Vi,@W, - VW
is injective for every s € S, and hence F'® G has no non-zero sections with finite support. We also

have
ﬂps(Vs®Ws)gﬂ(psV®W <ﬂps )®W_{O}®W {0}
ses seS seS
so F'® G has no non-zero global sections at all. U
LEMMA 2.2.13. — Let F' and G be constructible sheaves on C with disjoint sets of singularities.

The Euler characteristics of F', G, and F ® G are related by
X(F®G)+1k(F® Q) =rk(G)x(F) + rk(F)x(Q),

where tk(F) and rk(G) are the dimensions of the local systems underlying F' and G.
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PrOOF. Let S and T be the sets of singularities of F' and G respectively. Fix a base point
x € C\ (SUT) and choose a path from each element of SUT to x. The cohomology of F' and G
is then computed by the complexes

ve@Vv. PV ad we@Pw, 2 Pw
s€S s€s teT teT
and the Euler characteristics of F' and G are the Euler characteristics of these complexes. Explicitly,
these are
X(F)=(1=#Sn+> n, and  x(G)=(1—#T)m+ Y my
seS teT

where we set n = dimV = rk(F) and ns = dim Vs, and similarly m = dimW = rk(G) and
my = dim W;. The constructible sheaf F' ® G has singularities in S U T, and its cohomology is
computed by the complex

d
Vew)o@PV.oW)e @V ew,) — PV eWw)sPV ew),
s€S teT s€S teT
whose Euler characteristic is that of F' ® GG. An elementary computation shows the equality

X(F®G)= (—#S—#T—i—l)nm—l—mZns—l—ant

seS teT
=mx(F) +nx(G) — nm

which is what we wanted to prove. O

2.3. The category Pervg

In this section, we introduce the category Pervy and derive some of its basic properties.
Throughout, we let 7: A}C — Spec(C) denote the structure morphism and

Perv = Perv(A!(C),Q)

the abelian category of perverse sheaves with rational coefficients on the complex affine line. Recall
that its objects are bounded complexes C of sheaves of Q-vector spaces on A!'(C) with constructible
cohomology and satisfying the conditions from 2.1.18.

DEFINITION 2.3.1. — The category Pervy is the full subcategory of Perv consisting of those
objects A with no global cohomology, that is, Rm,A = H*(A!(C), A) = 0.

2.3.2. — Here are some premonitions of what is to become of the category Pervy. As we
shall show in Proposition 2.3.7, it is an abelian category. It will turn out in Proposition 2.4.3 that
the inclusion Pervy — Perv has a left adjoint I1: Perv — Pervy. Once we understand the basic
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structure of objects of Pervg, we will be able to define functors nearby fibre at infinity and total
vanishing cycles
V. : Pervg — Vecq and ®: Pervg — Vecg

which are exact and faithful. As a consequence, Pervy is artinian and noetherian, and we can
associate a dimension with every object A of Pervy by declaring that it is the dimension of the
vector space ¥oo(A). In Section 2.4 we will introduce a tannakian structure on Pervy, for which we
will verify later in Section 2.8 that W, as well as ® are fibre functors. In Section 3.2 we will relate
objects of Perv( with rapid decay cohomology (1.1.1.2) by establishing a canonical and natural

isomorphism

MO F) = UL (PR £Q, ),
where Q  is the constant sheaf with value Q on X. This isomorphism can be seen as an enrichment
of the vector space H, (X, f) with an additional structure, namely that of an object of Pervy.

LEMMA 2.3.3 ([57], proof of Theorem 2.29). — An object C of the derived category of constructible
sheaves on AY(C) belongs to Pervy if and only if it is of the form C = F[1] for some constructible
sheaf ' satisfying Rm.F = 0.

PROOF. If F is a constructible sheaf on Al, then H"(F[1]) = 0 forn # —1 and H~1(F[1]) = F,
so to ensure that F'[1] is perverse one only needs to check that the condition RmF = 0 implies
that F' has no non-zero global sections with finite support. This is clear since F' has no non-zero
global sections at all. Conversely, let C' be a perverse sheaf on A!l. Invoking the exact triangle

HHO)1] — C = H(O)[0],
it suffices to prove that both #°(C) and Rm,H 1 (C) vanish under the assumption R7,C = 0. This
will follow from the spectral sequence
ES? = HP(A', HY(C)) = HPTI(A',C).
Combining the facts that H"(C) = 0 for n ¢ {—1,0} and H°(C) is a skyscraper sheaf with Artin’s
vanishing theorem 2.1.10, the spectral sequence degenerates at Fs and we have:
H™Y(ANC) = HY (AL HTH(0)),
H(A',0) = H'(AL, H(C)) @ HO(A', HO(O)).

Therefore, the condition Rm,C = 0 implies H*(A!, H(C)) = 0 and Rr,H1(C) = 0. Since H°(C)
is a skyscraper sheaf, we necessarily have H°(C) = 0. O

EXAMPLE 2.3.4. — Let s € C be a point, and denote by j(s): C\ {s} < C the inclusion. The
constructible sheaf j(s)17(s)*Q has trivial cohomology. Therefore,

E(s) = j(s)j(s)"Q[1] (2.3.4.1)

defines an object of the category Pervy. More generally, for every local system L on C\ {s}, the
object j(s)iL[1] belongs to Pervy. Conversely, if a constructible sheaf F' has trivial cohomology
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and only one singular fibre, located at the point s € C, then F is of the form j(s);L for the local
system L = j(s)*F on C\ {s}.

DEFINITION 2.3.5. — We call nearby fibre at infinity the functor

Vo : Pervg — Vecg
F[1] — colim F'(S,)

r——+00

defined in the evident way on morphisms. Recall that S, is the closed half-plane {z € C|Re(z) > r}.

REMARK 2.3.6. — The nearby fibre at infinity functor is related to the nearby cycles functor
from 2.1.19 as follows: writing j: G,, — A! for the inclusion and i: G,, — G,, for the inversion

i(z) = 271, there is a natural isomorphism
Voo (F[1]) = Wo(5i"j"F[1]),

where nearby cycles at z = 0 on the right-hand side are computed as in 2.1.21, using the filter of
contractible sets i(Sy);>o0.

PROPOSITION 2.3.7. — The category Pervy is a Q-linear abelian category and the functor nearby
fibre at infinity ¥, : Pervg — Vecq is faithful and exact.

PRrROOF. The category Pervy is a full additive subcategory of the abelian Q-linear category
of rational perverse sheaves on Al(C), so Pervy is itself a Q-linear category. If f: F — G is
a morphism between constructible sheaves on C satisfying Rm.F = Rw.G = 0, then one has
Ry (ker f) = 0 and R, (coker f) = 0, as one can read off the long exact sequences associated with
the exact triangles

0= G] = [F — G]— [F — 0] and [ker f — 0] — [F — G] — [0 — coker f],

noting that [0 — coker f] is quasi-isomorphic to [F'/ker f — G]. Thus, kernels and cokernels of a
morphism in Pervy are its kernel and cokernel in Perv, and if any two objects in an exact sequence
in Perv belong to Pervy, then so does the third, again because R, is a triangulated functor.

The functor ¥, is exact: indeed, pick any exact sequence 0 — F' — G — H — 0 of con-
structible sheaves on A!(C). For every sufficiently big 7, the restrictions of these sheaves to S, are
local systems, and hence constant sheaves since S, is simply connected. Thus, for every sufficiently
big r, the sequence 0 — F(S,) — G(S,) — H(S,) — 0 is exact. Finally, we prove that U, is
faithful. Let f: ' — G be a morphism of constructible sheaves with vanishing global cohomology
such that the induced map F'(S,) — G(S,) is the zero map for some r. We need to show that f =0,
that is, f,: F, — G, for any z € C. The choice of a path starting at z, ending in S, and avoiding
the singularities of F' and G induces functorial cospecialisation maps F, — F(S,) and G, — G(S,).
By 2.2.11, these maps are injective by the assumption on the vanishing of cohomology, and therefore
f==0. O
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2.3.8. — Let A = F1] be an object of Pervy. We can describe the constructible sheaf F' on

Al in terms of representations as follows. The sheaf I corresponds to data

(1) A finite set S = {s1,...,s,} of complex numbers.
(2) A vector space V and subspaces V1, Va, ..., V, of V such that the linear map

n n
vePvi—— Pv
i=1 i=1
given by d(v, (v;)!_) = (v — v;)]_; is an isomorphism.

(3) Automorphisms g1, ..., g, of V satisfying V; C V(9.

Here, we think of V' as the fibre of F' near infinity and of V; as the fibre of F' at the point s;. The
inclusion V; — V is the cospecialisation map along the standard path p; from s; to +o0, and the

automorphisms g; are the corresponding monodromy operators.

LEMMA 2.3.9. — Let V be a finite-dimensional vector space, and let Vi, ..., V, be subspaces of V

such that the linear map
vePvi-Ppv (v, (v)P—y) — (v — V)P, (2.3.9.1)
i=1 i=1

is an isomorphism. For i € {1,2,...,n}, define V; = ﬂj# Vj. For every subset I C {1,2,...,n},

bvi=Nv (2.3.9.2)
i1 iel
holds. In particular, V' is the direct sum of its subspaces V.

the equality

PROOF. Write d for the dimension of V', write d; for the dimension of V; and d;, for the dimension
of V. For every subset I C {1,2,...,n}, define
Vi=(\Vi
el
and d; = dim V7. For every i, the subspace of V' generated by the Vj’ with j # 4 is contained in V;,
hence the inclusion

vin) v ¢ vinvi = (Vi = {o},
i=1

where the last equality follows from the injectivity of the map (2.3.9.1). It follows that the canonical

map

Pvi-v (2.3.9.3)
=1

is injective. The codimension of an intersection of subspaces is at most the sum of the codimension
of the subspaces, so the inequality
d-d <3~ d)
i
holds. Summing over all ¢ and combining the equality d+ > | d; = nd, which holds since (2.3.9.1)

is an isomorphism, we find d = )", d;. Hence, (2.3.9.3) is indeed an isomorphism. This shows
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the desired equality (2.3.9.2) in the essential case I = @&. The general case is shown similarly by

counting dimensions. O

2.3.10. — Let A = F[1] be an object of Pervy. With the help of Lemma 2.3.9, we can describe
the constructible sheaf F' on A! in the following equivalent way: the sheaf F' corresponds to data

(1) a finite set S = {s1,...,sp} of complex numbers,
(2) a vector space V together with an endomorphism g € V' and a decomposition

V= év;
=1

such that the linear maps V/ nel oy 9,y PO V/ are invertible for alli = 1,2,...,n.

This presentation of objects of Pervy is related to the presentation given in 2.3.8 as follows: the
Vi=@Vv/

J#

and the monodromy operators are given by g; = gm, + m;, where m,: V' — V is the projection onto

subspaces V; C V are given by

the factor V/, and m; = 1 — =} is the projection onto the complement V; of V.

EXAMPLE 2.3.11 (The perverse realisation of a polynomial). — Let n > 2 be an integer and
let f € C[x] be a polynomial of degree n. We shall view f as a finite morphism f: Al — Al
The constructible sheaf f,Q contains the constant sheaf QQ as the image of the adjunction map
Q — f:Q = f.f*Q, and we are interested in the quotient F' = f,Q/Q. Since f is a finite morphism,
the higher direct images R?f.Q vanish for all ¢ > 1, and it then follows from the Leray spectral
sequence that the cohomology H*(A!, F') vanishes. Hence, F[1] belongs to Pervy.

Let us describe the singularities and the local system underlying F'. First, it is a general fact
that the singularities of a constructible sheaf with no punctual sections are the points at which the
fibre has dimension strictly smaller than the generic rank. The singularities of F', which are the
same as those of f,Q, are thus given by the set

S={f(a)|aeC, f'(a)=0} = {s € C|#f'(s) <n}

of critical values of f. Fix a base point z € X = C\ S with large real part. The restriction of f to
f71(X) is a connected covering f~1(X) — X, corresponding to a transitive action

p: m(X,2) = Perm(f!(x)).

The local system underlying f.Q corresponds to the permutation representation Map(f~!(z), Q) of
71(X, x), which contains a one-dimensional trivial subrepresentation given by constant functions.
The quotient V = Map(f~!(x),Q)/Q is the (n — 1)-dimensional representation associated with the
underlying local system of F.

For every element s € S, let gs: [0,1] — X be a standard loop around s based at z, as
described in 2.2.10. The cycle type of the permutation p(gs) can be read from the factorisation of
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the polynomial f(x) — s. Indeed, if
f@)-s= [ @-0,
tef=1(s)
then the cycle type of p(gs) is the partition n = > e;. The Riemann-Hurwitz Formula for the
ramified covering f: P! — P! gives the equality

—2=-22+> Y (a—D+(ec—1)=—n—1+> (n—#f7"(s)), (2.3.11.1)
seStef—1(s) seS

where the ramification index at infinity is e, = n since f~!(c0) = {co}. We can express the
dimensions of the special fibres of F' and the vanishing cycles in terms of these invariants, namely:

dimV, = #f71(s) =1, dim®,(F)=n—#f"1(s).
Then the equality (2.3.11.1) becomes!

> dim @y (F) =n— 1,
seS

which is the content of the vanishing H!(A!, F) = 0 according to the discussion in 2.2.11.

2.3.12 (Simple objects of Pervy). — We end this section with a description of the simple objects
of the category Pervy and of certain extension groups.

LEMMA 2.3.13. — Let F[1] be a simple object of Pervy. Let S C C be the set of singular points
of F' and denote by j: C\ S — C the inclusion. Then either S consists of a single point and
F = j1j*Q, or the local system j*F on C\ S is simple and F = j.j*F.

PRrROOF. Let us first suppose that there exists some s € S such that F' has a non-zero section
over C\ {s}, or in other words, that there exists a non-zero morphism j(s)*Q — j(s)*F. In that

case, we obtain a non-zero morphism
3(s)j(s)" Q1] — F[1]

in the category Pervy, which must be an isomorphism since F' is simple. Let us now suppose that
HO(C\ {s},j(s)*F) =0 for all s € S. For every s € S, the adjunction morphism F — j(s).j(s)*F
is injective, and in the short exact sequence

0— F — j(s)sj(s)'F — G —0
the sheaf GG is a skyscraper sheaf supported at s. In the associated long exact sequence
0 — HY(C, F) — H°(C, j(s)+j(s)*F) — H°(C,G) — HY(C, F) — -

the map H°(C, j*(s)j(s)«F) — HY(C, Q) is an isomorphism and all other terms vanish, because
F[1] belongs to Pervy. Since j(s)*F has no non-zero sections also H(C, j(s).j(s)*F) and hence
HY(C, Q) is zero, so G = 0 because it is a skyscraper sheaf. It follows that the adjunction morphism
F — j(s)«j(s)*F is an isomorphism for all s € S. But then, also the adjunction morphism

1TODO: introduce vanishing cycles in the discussion about conditions to belong to Pervyg
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F — j,5°F is an isomorphism because locally around any s € S it is. Finally, if j*F was not
simple, say j*F = F| @ F5, then we could write F' as j,F] @ j.F>. If a direct sum of constructible
sheaves has trivial cohomology, then both summands have trivial cohomology, and therefore both
J«F1[1] and j.F»[1] are objects of Pervy, which conflicts our hypothesis that F' was simple. O

REMARK 2.3.14. — For every finite set .S C C containing at least two elements, there exist
local systems on C \ S which do not come from objects in Pervy. For example, let L be a local
system of rank » > 0 on C\ S with the property that, for each s € S, the local monodromy
operator around s, acting on the fibre of L near s, has no non-zero fixed points. Then j,L = jiL

has non-trivial cohomology; in fact, H'(C, jiL) is a vector space of dimension (#S — 1)r.

EXAMPLE 2.3.15. — Let us go back to the perverse sheaf associated with a polynomial f € C[z]
of degree n > 2 as in Example 2.3.11. The local system underlying f.Q is obtained by linearising

the permutation representation
p: m(C\ S,z) — Perm(f () ~ &,

corresponding to the covering of C\ S defined by f. The image G C &,, of p is a transitive sub-
group containing an n-cycle, which we can assume to be (1,2,...,n). The standard n-dimensional
permutation representation of G splits canonically as Q & V', where G acts trivially on Q, and the
local system underlying F' = f,Q/Q corresponds to the representation V' of G, or of m(C\ S, z).
If this representation is simple, then the object A = F[1] of Pervy is simple and vice versa. Thus,
in order to decide whether A is simple, we only need to compute the finite group G as a subgroup
of &,, and understand its action on V. For instance, A is simple in the following two cases:

(1) if n is a prime number

(2) if f has n — 1 distinct critical values

Indeed, if the degree m of f is prime, then V contains no non-trivial subspace invariant under
the n-cycle. If f has n — 1 distinct critical values, then G C &,, is a transitive subgroup generated
by n — 1 transpositions, and hence is equal to &,,.

2.3.16 (Extensions by E(0)). — We can also compute extension groups in Pervg. For the time
being, we restrict our attention to Ext"(E(0), A), where E(0) = j1j*Q[1] is as in Example 2.3.4
with j = j(0) the inclusion A\ {0} — A'. We will see later that Pervy is a tannakian category
with E(0) as neutral object for the tensor product. This allows then for the computation of general
extension groups. Let A = F'[1] be an arbitrary object of Pervy. We have

Hom(E(0), A) = Hom(51j°Q, F') = Hom(j*Q, j*F'),
hence the equality
Ext"(E(0), A) = H"(A'\ {0}, j*F)

for all n > 0. This shows that Ext"(E(0),A) = 0 for n > 2. Let S C C be a finite set containing
0 and all singularities of F', pick a base point z € C\ S. For every s € S, choose a path ps from
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stox (in C\ S except for the starting point), and denote by gs € m1(C \ S, z) the corresponding
generator. The sheaf F' corresponds to the following data:

(1)
(2)
(3) a linear action of G = 71 (C\ S, x) on V, the global monodromy;
(4)

a vector space V, the fibre of F' at z;
vector spaces (V)seg, the fibres of F' at s € S;

for every s € S a map ps: Vs — V, the cospecialisation along the chosen path.

Since A = F[1] belongs to Pervy, the map
d
Ve @ Vo —— @ Vv d(v, (US)SES) = (U - psvs)ses
ses ses

is an isomorphism. Let us write S* = S\ {0}, and go € G for the class of the simple loop around
0 determined by the path py. The two term complex

Vo @ Vs LN Vo @ \% d(v,(vs)sesx) = (v — gov, (v —psvs)sesx)
sESX sESX

computes the cohomology H*(A!\ {0},7*F). This makes it easy to compute the dimension of
Ext!(F(0), A). Set h° = dim Hom(F(0), A) and k' = dim Ext!(E(0), A). We find

- dimV+ZdimV— dimV+ZdimV5 + Ao

ISR s€8X
= > (dimV —dimV;) — (dimV — dim Vp) + A°
ses
= dimV — (dimV — dim Vp) + h°
= dimVp + A

In particular, if A = F[1] is simple and different from F(0), then we have h’ = 0 and hence
h! = dim Vj.

EXAMPLE 2.3.17. — In the case A = E(0) we find V5 = 0 and h° = 1, so Ext!(E(0), E(0))
is one-dimensional. A nontrivial extension of E(0) by E(0) is the perverse sheaf with only one
singularity S = {0}, corresponding to the vector space V = Q? and monodromy operator go(é %)

In the case A = F(s), where s is some nonzero complex number, we find Vy = 1 and h° = 0, so
Ext!(F(0), E(s)) is one-dimensional. A nontrivial extension of E(0) by E(s) is the perverse sheaf
with two singularities S = {0, s}, corresponding to the vector space V.= Q @ Q, its two subspaces
Vo=Q®0 and V5 = 0 Q, together with monodromy operators

90=1(51) 9=(9)

for the chosen loops around 0 and s. The subobject E(s) corresponds to the subspace Q @0 of V.

EXAMPLE 2.3.18. — Let N > 0 be an integer, and let A be the object of Pervy whose only

singularity is zero,
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2.4. Additive convolution

In this section, we introduce the additive convolution of perverse sheaves on the affine line,
and prove that Pervy is stable under additive convolution. We verify that Pervg is a Q-linear
tannakian category with respect to the tensor product given by additive convolution, with the
exception of the existence of a fibre functor. The discussion of fibre functors will be postponed to
Section 2.8. It will turn out that the nearby fibre at infinity ¥, as well as the total vanishing
cycles functor ® are QQ-linear fibre functors.

DEFINITION 2.4.1. — Let A and B be objects of D2(A'), the bounded derived category of
constructible sheaves on Al. We define the additive convolution of A and B as

A x B = Rsum,(pr] A ® pr5 B)

where sum: A2 — A! is the summation map, and pry, pry: A? — Al are the projection maps. We
define the functor I1: D%(A') — Db(A) as
II(A) = A * jij*Q[1], (2.4.1.1)

where j: Al\ {0} — Al is the inclusion.

LEMMA 2.4.2. — Let A and B be objects of DY(A'). For every z € C, there is a natural
isomorphism
(A B), — Rm.(A®7}B)

in the derived category of vector spaces, where T, : A — Al is the reflection map 7,(x) = z — .

PrROOF. We first suppose that A and B are constructible sheaves F' and G concentrated in
degree zero. Let S and T be finite sets containing the singular points of F' and G respectively, and
set Y =5 xCUC x T — C. The following holds:

(1) The summation map sum: C?> — C is a fibre bundle.
(2) The morphism sum: Y — C is proper.
(3) Outside Y, the sheaf pri F' ® prj G is a local system.

It was observed by Nori [65, Lemma 2.7] or [66, Proposition 1.3A] that (1), (2) and (3) imply via
a combination of proper base change and the Kiinneth formula that the base change morphisms

(Rsum* (pTT F® pr§ G))Z - Rﬂ'*((prT F® pI‘; G)‘sum—l(z)) (2'4'2'1)

are isomorphisms in the derived category of vector spaces. The base change morphism (2.4.2.1)
is a natural morphism for arbitrary sheaves or complexes of sheaves, and hence it follows from a
dévissage argument that (2.4.2.1) is an isomorphism also when F' and G are replaced by objects A
and B of the bounded derived category of constructible sheaves. The fibre

sum~1(z2) = {(z,7.(z)) | z € C}

is an affine line, and with respect to the coordinate x the restriction of prj A ® pr3 B to this line is
the sheaf A ® 77 B. Hence we obtain a natural isomorphism as claimed. O
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PROPOSITION 2.4.3. — Let A and B be objects of DY(AY).
(1) There is a natural isomorphism Rm.(A * B) = Rrm.(A) ® Rm.(B) in the derived category
of vector spaces.

(2) If A is perverse and B is an object of Pervy, then A x B is an object of Pervy. In
particular, the endofunctor A — A x B on the derived category of constructible sheaves

1s exact for the perverse t-structure.

(8) The functor I from (2.4.1.1) sends Perv to Pervy and is left adjoint to the inclusion
Pervy — Perv.

(4) If A is an object of Pervy, then the canonical morphism A — I1(A) is an isomorphism.

PROOF. Denote by 72: C? — Spec(C) the structure morphism and set AX B = pr} A ® pr} B.
The composite isomorphism

Rm.(A % B) = Rr2(prj A® pry B) = Rr?(pr} A) @ Rr2(pry B) = Rr.(A) ® Rm.(B)

yields (1). The second isomorphism is explained by the fact that a tensor product of flasque sheaves
is flasque, and that for arbitrary sheaves F' and G we have 72(F X G) = 1, F ® m.G (the presheaf

tensor product is already a sheaf).

Now suppose that the objects A and B are perverse, and that Rm.B = 0 holds. By (1) we have
Rm.(A*B) = 0, so it will be enough to convince ourselves that A B is a constructible sheaf placed
in degree —1. According to Lemma 2.3.3, the complex A X B of constructible sheaves on C? sits
in degrees —2 and —1, and hence A x B is supported in cohomological degrees —2, —1, and 0. We
must show that H2(A* B) = H’(Ax B) = 0. For any z € C, there is according to Lemma 2.4.2 a

canonical isomorphism of rational vector spaces
HY(Ax B), = Rin,(A®T;B).
The complex of sheaves C' = A ® 7 B is cohomologically supported in degrees —2 and —1 and
H2C)=H YA oNH 1 (B), HC)=H"(A)H Y (B).
Using the spectral sequence RPm,(Al, H4(C)) = RP7,C, we compute
H2(A%B), = R ?m.C =H(H1(4) @ H1(B)),
H°(A % B), = .C = H (H(A) @ H1(B)).
Since A is perverse and B belongs to Pervy, the sheaf #~!(A) has no non-zero sections with finite

support and H~!(B) has no global sections, Lemma 2.2.12 implies that H~2(A x B), = 0. Since A
is perverse, HY(A) is a skyscraper sheaf, and hence so is H°(A4) @ H~(B), thus H°(A x B), = 0.

We have already seen in Example 2.3.4 that 77*Q[1] has trivial cohomology, so it is an object

of Pervy. We need to find a natural isomorphism
Hom(II(A), B) =2 Hom(A, B) (2.4.3.1)

for all perverse sheaves A and B with Rm.B = 0. Let i: {0} — C be the inclusion. The canonical
exact sequence 0 — jij*Q — Q — ,i*Q — 0 induces for any object A in D2(A') the following
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exact triangle:
Rsum, (A X 55°Q) — Rsum,(AX Q) — Rsum, (A Xi,i"Q) — Rsum,(AX 55 Q)[1].

The complex Rsum, (A X i,:*Q) is just A, and Rsum,(A X Q) is the complex of constant sheaves
m*Rm, A, so we may rewrite the triangle as follows:

TI(A)[~1] — 7" Rm, A — A — TI(A). (2.4.3.2)

The triangle is functorial in A, and hence produces a natural map A — II(A) which is an iso-
morphism if Rm.A = 0. The adjunction (2.4.3.1) sends a morphism II(A) — B to the composite
A — TI(A) — B, and in the opposite direction a morphism A — B to the induced morphism
II(A) — II(B) composed with the isomorphism B = II(B). This shows (3) and (4). O

COROLLARY 2.4.4. — An object A of D%(A') satisfies TI(A) = 0 if and only if A is constant.

ProoF. It follows from (2.4.3.2). O

EXAMPLE 2.4.5. — Let L be a local system on A\ S for some finite set S, and consider the
perverse sheaf jiL[1] on Al, where j: A'\ S — A! is the inclusion. We have seen that II(jL[1]) is
of the form F[1] for some constructible sheaf F', and we want to understand F'. The fibre of F' at
a point z € C is the cohomology group

F, = H'(C,j(2)1j(2)* L),

where j(z) is the inclusion of C\ {z} into C. The sheaf j(z)j(2)*/1L is given by the local system
L outside S U {z} and has trivial fibres at each point of S U {z}. We see that F' is given by a local
system of rank #S - rank(L) on C\ S, and that its fibre at s € S is a vector space of dimension
(#S—1)-rank(L). Later we will see how to effectively calculate the monodromy of the local system
given by F on C\ S.

2.4.6 (Additive convolution with support). — There is a variant of additive convolution defined
using direct image with compact support, namely
Ax B = Rsum|(AX B).
Verdier duality exchanges the two convolutions, in the sense that
D(A « B) =D(A) % D(B).
In general, the object A B of DIC’(Al) is not a perverse sheaf, even if A and B belong to Pervy.

One has however the following, which was already proved in [58, Lemma 4.1]:

LEMMA 2.4.7. — Let A be a perverse sheaf and let B be an object in Pervy. Then the forget
supports map A x B — Ax B induces an isomorphism II(A % B) = A x B.
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PROOF. Let A\: A2 — Al x P! be the open immersion sending (z,y) to (z +y,[1: 2 — y]) and
let k: A1 — A x P! be the complementary closed immersion. The composition of A with the
projection p to the first coordinate is the summation map sum: A2 — Al and ) is indeed a relative
compactification. Therefore, A x) B = Rp,A\|(AX B). Let L = R\,(AX B) and consider the exact
triangle MA*L — L — k.k*L. Applying Rp, to it, we find

Rp.k«*L[—1] — Rp, MN'L — Rp,L — Rp.r«k"L.

|

In view of Corollary 2.4.4, it suffices to show that Rp.k«k*L is a constant sheaf on A'. Indeed,
k*L is already a constant sheaf on A' because the singularities of AX B are horizontal and vertical
lines in A% which do not meet the line at infinity. O

LEMMA 2.4.8. — For every object A of D%(AY), the canonical morphism A — TI(A) induces an
isomorphism II(D(II(A))) — II(D(A)).

PRrROOF. The perverse sheaf D(E(0)) = RHom(E(0),Q[2]) is an extension of the skyscraper
sheaf § with fibre Q at 0 by the constant sheaf Q on A', and hence II(D(E(0))) = I1(&y) = E(0).

Using this and Lemma 2.4.7, we obtain a string of natural isomorphisms
II(D(II(A4))) = I(D(A  £(0))) = I(D(A) * D(E(0)) = II(D(A) « D(£(0))
=D(A) *D(E(0)) « E(0) =D(A) *x II(D(E(0))) = D(A) « E(0) = II(D(A)).

whose composite is indeed the morphism obtained by applying [ToD to A — II(A). O

PROPOSITION 2.4.9. — Let [-1]: A' — Al be the involution sending x to —x. Given an object
A of Pervy, define

AY =TI(D([-1]*A)) = D([—1]*A) * E(0). (2.4.9.1)
There is a canonical bijection Hom(A x B,C) = Hom(A,C x BY), natural in A,B, and C. In
particular, A is a dual of A.
PRrROOF. The statement follows from the conjunction of
(a) Hom(E(0), XV *Y) = Hom(X,Y),
(b) (X*Y)V=XVxYV.
Indeed, taking these properties for granted, one has:

Hom(X * C,Y) = Hom(E(0), (X * C)¥ *Y) = Hom(E(0), X" x C¥ *Y) = Hom(X,Y % CV).

To prove (a), recall that the inclusion of Pervy into Perv has a right adjoint functor II =
—xE(0), and notice that E(0) = II(dp) for dy the skyscraper sheaf with fibre Q at 0. Let ¢: {z+y =
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0} < A? denote the inclusion of the antidiagonal. Then:

Hom(E(0), MV * N) =
= Hom(dp, II(D([—1]*M)) *

om(do, D([—1]*M) % N)

D([-1]"M) K N))

s

om(dg, MY * N)
N)

Il
o
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adjunction)
definition of M")
Prop. 2.4.3 (2))

( (
( (
( (
= Hom(dp, Rsum,( (definition of x*)
= Hom(sum*dy, D([—1]*M K N) (adjunction)
= HOII](L ([ 1*M X N) (inspection)
= Hom(Q, /' (D([-1]*M X N)) (adJunctlon)
Hom(, A'(D(M) & ) (A =10 (-1, id).

To conclude, we use: Let A: Al < A? be the diagonal embedding. Then, for each pair of objects
A and B of D2(A'), the following holds:

Hom py(u1y(4, B) = Hompp(41y(Q, A'(D(A) K B)).
Using the basic properties of D, we find:

Hom(A, B) = Hom(A4, D(D(B))) = Hom(A, R Hom(D(B), Q[2]) = Hom(A © D(B), Q[2])
= Hom(Q, R Hom(A ® D(B),wx)) = Hom(Q, D(A ® D(B))).

Therefore, we are reduced to show that A'(D(A) X B) = D(A ® D(B)), which follows from the
relation A ® B = A*(AK B) and Verdier duality.

We now turn to property (b).

(A% B)Y = II(D[-1]*Rsum,.(A X B))
= II(DRsum,([—-1]*AX [-1]*B))
— TI(Rsumy(D([~1]* 4) B D(1]" B)))
= TI(AY % BY)
AV x BY

(Verdier duality)

(Lemma 2.4.7)

We are done. O

2.4.10. — We have already shown in Proposition 2.3.7 that Perv is a Q-linear abelian category.
Moreover, by Proposition 2.4.3, the category Pervy is stable under additive convolution. The
functor

x: Pervy x Pervg — Pervg

is additive in both variables. It is even exact in both variables: Given an exact sequence 0 — A —
A" — A” — 0 and an object B in Pervg, we get an exact sequence

0> AXB—-AXB—>A'XB—>0

of perverse sheaves on C2. Applying Rsum, yields a long exact sequence of perverse sheaves on C,
of which only the part

03AxB—>A*«B—>A"xB—0



50 2. THE CATEGORY Pervy

is non-zero. As already mentioned, we regard additive convolution as a tensor product on Pervy.
Our next task is to choose unit, associativity and commutativity constraints. The unit object is
E(0) = 57Q[1], and as the unit constraint

AxE(0)~ A~ E(0)* A (2.4.10.1)

we choose the canonical isomorphism of Proposition 2.4.3 part (4) when the unit £(0) stands on the
right, and the analogous isomorphism when F(0) stands on the left. The associativity constraint
(we choose it)

(A*B)*C = Rsum>(ARBRC) = Ax (BxC) (2.4.10.2)

is given by the associativity constraint for complexes of sheaves on C? and associativity of the sum
of complex numbers. The commutativity constraint

Ax B = Rsum,(AX B) = Rsum,(BX A) =B« A (2.4.10.3)

is given by the commutativity constraint for complexes of sheaves on C? and commutativity of
the sum of complex numbers. Be careful and don’t make the same mistakes as the authors: the
commutativity constraint for the tensor product of complexes of sheaves is given by the Koszul rule,
and objects A, B of Pervy are concentrated in degree —1. The present discussion and Proposition
2.4.9 are summarised in the following theorem.

THEOREM 2.4.11. — Additive convolution defines a tensor product on the Q-linear abelian cate-
gory Pervg with respect to which it is a symmetric monoidal closed category. Constraints are given
by (2.4.10.1) for units, (2.4.10.2) for associativity, and (2.4.10.3) for commutativity.

In different terminology (we explain conventions in Section A.1), Theorem 2.4.11 states that
Pervg, equipped with additive convolution is a tensor category which is ACU and rigid, and
End(E(0)) = Q holds. What remains to show in order to prove that Pervy is a tannakian category,
is to find a fibre functor. The nearby fibre at infinity ¥, : Pervy — Vecg is an obvious candidate,
but to show that it is indeed a fibre functor is more difficult than it seems, and will keep us busy
for a while.

2.5. A braid group action

In the previous section, we introduced and studied additive convolution using the six-functors
formalism. Given objects A and B of Pervy, we would now also like to describe the monodromy
representation and the singular fibres of the convolution A * B in terms of those of A and B. This
is feasible, but not straightforward, and will only be achieved in Theorem 2.6.2. At the heart of the
description is the action of a braid group on fundamental groups, which is what we aim to describe
in the present section.
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2.5.1. — We write C for the compactification of C by a circle at infinity, so C = C U S!, where
a system of open neighbourhoods of z € S' = {z € C | |z| = 1} is given by the sets

{w € C||w| > R,|arg(w) — arg(z)| < e} U {2’ € S| |arg(?)) — arg(z)| < &}

for large R and small ¢, as illustrated in Figure 2.5.4. The space C is called the oriented real
blow-up of P!(C) at infinity. For a non-zero complex number z, we write zoo for the element of the
boundary S! of C with argument arg(z).

FI1GURE 2.5.4. A neighbourhood of zoo

2.5.2. — Let S and T be finite, not necessarily disjoint sets of points in the complex plane C,
and define S+ T = {s+t|s € S,t € T}. A point u € C does not belong to S + T if and only if the
sets S and u—T = {u—t|t € T} are disjoint. For each u € C\ (S+T), let us denote by G(u) the
fundamental group of the space C \ (S U (u — T)) relative to the base point 1oo. It is the same as
the fundamental group of C\ (S U (u —T')) with respect to a large real number as base point. The
groups G(u) form a local system on C\ (S + T'), and we may consider its monodromy. Concretely,
pick a base point ug € C\ (S + T') and define a group homomorphism

B:m(C\(S+T),up) = Aut(G(up)) (2.5.2.1)

as follows: given a loop v: [0,1] — C\ (S +T) based at uy and a loop g: [0,1] — C\ (SU (ug—T))
based at 1oo, we define 3(7)(g) to be the homotopy class of any loop ¢’ in C\ (S U (up — 7)) such
that ¢’ x 1 is homotopic to 7(g x 0)7~! in the space

Cx [0, 1P\ {(zt) |z € SU(v(t) = T)}
where 7 is the path t — (1oo, t).
2.5.3. — In a similar fashion, the group m1(C\ (S +T'),up) acts on homotopy classes of paths.

Pick a point € SU (up — T'), and let us denote by P, (ug) the set of homotopy classes of paths in
C\ (SU (ug — T)) which start tangentially at x and end in 1oo. The group G(uo) acts on the set
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P,(up) by composition of paths. Similarly to the action § given in (2.5.2.1), there is a canonical

action
Bz T (C\ (S+T),up) — Aut(Pr(up)) (2.5.3.1)

of 1 (C\ (S +T),up) on the G(ug)-set Py(ug). It is defined by B,(v)(p) = p/, where p’ is a path
from x to 1oo in C\ (S U (ug — T)) such that p’ x 1 is homotopic to 7-!(p x 0)7,, where 7, is the
path t — (z,t) if x € §, and t — (y(t) —ug — x,t) if © € up —T. Figure 2.5.5 illustrates this for
r€uyg—T.

FIGURE 2.5.5. The homotopy (p’ x 1) ~ 77 1(p x 0)7,

The two actions S and B, are compatible in the sense that the equality

Bz (7)(gp) = B(7)(9)B=(7)(p)

holds for all v € m(C\ (S+1T'),uop), all g € G(up) and all p € Py(up). Since G(up) acts transitively
on the set P,(up) the map S, (7) is described by its value on a single element.

DEFINITION 2.5.4. — We call braid-actions the actions
B:m(C\(S+T),up) = Aut(G(up)) and Bz :m(C\ (S+T),up) = Aut(Pyr(up))

defined in (2.5.2.1) and (2.5.3.1) respectively.

2.5.5. — We can give a visually more appealing description of the action (2.5.2.1) by regarding
braids as isotopy classes. Start with a loop g based at 1oco in C avoiding the points S U (ug — T).
Then, as t moves from 0 to 1, the set v(¢) — T moves and never touches S, and we can deform the
ambient space along with this motion, leaving the circle at infinity fixed. In particular the loop g
deforms together with the ambient space, at all times avoiding points in SU((t) —T'). As t reaches
1, we obtain a new loop in C avoiding the points SU (ug — T'), which we declare to be 3(7y)(g). This
works exactly in the same way also for paths. As a concrete example, take S = {0,1}, T' = {0, i}
and ug =2,s0 S+71T ={0,1,i,1+i} and SU (ug — T) consists of the four elements {0,1,2,2 —i}.
Now pick a loop v based at uy avoiding S + T" and for each x € SU (up — T') a simple loop around
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x based at 1oo avoiding S U (ug — T'), named as as in Figure 2.5.6. We will systematise this way of

choosing and naming loops later.

FIGURE 2.5.6. The loops v (left) and g1, g2, h1, he (right)

The fundamental group G(ug) is the free group generated by the gi, g2, h1, h2. On the right
hand picture, we now move the elements {2,2 — i} of ug — T along ~(¢) — T, and deform the four
loops accordingly. In the left part Figure 2.5.7 we have drawn go and the trajectory of v(t) — T as
t moves from 0 to 1. Deforming g results in a new path £()(g2), which is drawn on the right in
Figure 2.5.7. This path is 8(7)(g2) = g5 *h] ' g2h1g2-

FIGURE 2.5.7. The loop g2 (left) and S(7v)(g2) (right)

We determine the effect of v on g1, hi, he in a similar way, and find 3(7) to be the following
automorphism of G(uy).
g — q
g2 — g5 b g2hige
hi +— gy higs
ho — ho

(2.5.5.1)

Notice that we have 3(7)(g;) = a;gia; " and similarly B(v)(h;) = big;b; ' for some a;, b; depending
on . The elements a; and b are trivial, because only 1 € S and 2 —i € 2—T are entangled by the
action of «. The description works as well for the braid action on paths. Let us call p1,p2,q1,q2
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the paths corresponding to the chosen simple loops, as indicated on the left hand part of Figure
2.5.8. The paths B(7)(p1),...,B(7)(g2) are the ones on the right.

1x

FIGURE 2.5.8. The paths pg, p1, q1, g2 (left) and their image under B(v) (right)

The action of v on path spaces P, (ugp) is uniquely determined by (2.5.3.1) and the following

values
Po — M
1,1
— h
P 2 P2 (2.5.5.2)
Q> g Q1
qQ = Q2

Notice that we have indeed B(v)(pi) = a;p; and B(7)(q;) = bip; for the same a; and b; we found in
(2.5.5.1). This is so because the simple loops g; and h; are obtained from the paths p; and ¢; and
small loops around the corresponding starting points. This shows that if we understand the braid
action on loops, then we understand it also on paths, and vice versa.

2.5.6. — We devote the rest of this section to a systematic combinatorial description of the
braid actions, which will be helpful for explicit computations. The idea is to produce in a more or
less systematic way the group elements a; and b; which appeared in (2.5.5.1) and (2.5.5.2). This in
turn has to do much with the choice of generators of the of the involved fundamental groups. We
now come back to the standard paths and loops introduced in Paragraph 2.2.10.

Consider two finite sets of points S = {s1,...,s,} and T" = {t1,...,t,} in the complex plane,

listed in western reading order. Choose a large real number r > 0, greater than the norm of all
s€ Sandall t € T, and set 1o,(z) = 2r — z. We write

G=m(C\S,r)2m(C\S, 1) and H=m(C\T,r)=2m(C\T,1x)

and choose standard paths p; from s; € S to r giving rise to generators g; € G, as well as standard
paths ¢; from t; € T to r giving rise to generators h; € H. Let w be the path t — r(2 — e i)
from r to 3r in C, and extend it along the real half-line [3r,00]. Using the Seifert-van-Kampen

theorem and the path 7, o w, we identify

G+ H=m(C\ (SUT(T)),10) (2.5.6.1)
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Explicitly, the isomorphism (2.5.6.1) sends g; € G * H to the concatenation w - g;, and h; € G * H
to the concatenation w- (72, 0 h;). Similarly, the paths p; and ¢; yield a paths w-p; and w- (12, 0 g;).
The situation is illustrated in Figure 2.5.9.

FIGURE 2.5.9. The set SU (2r —T') and the path w

DEFINITION 2.5.7. — Let S = {s1,...,8,} and T = {t1,...,t,} be finite sets of complex
numbers, ordered in western reading order, and let u € S +T. We call entanglement list of u the
list of pairs of integers

TL(U) - {(ilajl)v <i27.j2)7 SRR (idajd)}
which contains all pairs of integers (i,j) such that s; +¢; = u, and which is ordered so that
11 < iy < --- < iq, and hence j; > jo > --- > jg, holds.

PROPOSITION 2.5.8. — Picku e S+ T, and let vy, € m(C\ (S +1T),2r) be the standard simple
loop around w. For every 1 < i < n, define an element a; € G x H by

(9, 1y, 9in b ) (93, 1, gin k) - -+ (g3, g gighy) - if i <

(95, 13, 9ir s ) (93, 1 gishi) -+ (97, 3 ) if i =i

where i) is the largest integer < i appearing in the entanglement list TL(u) of u and, for every
1 < j <m, define an element b; € G x H by

a; =

(9,05, 9inhi )93, 13 giahge) - (93 03 gachy) - if > g

(9, 05, 90 b ) (93, 0 ginPi) -+ (93,) if ji =

where j; is the smallest integer > j appearing in the entanglement list of u. Via the isomorphism
(2.5.6.1), the braid action of the standard path -y, on G * H is given by

b; =

Bvu)(gi) = aigia;" and  B(y)(pi) = aipi
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B(va)(hy) =bihib;t and  Bly)(gy) = bja;.

PRrROOF. We can deform the sets S and T without changing the presentation of the fundamental
groups and the braid action of ~,, as long as we ensure that orderings of S and T as well as
the entanglement list TL(u) remain the same. We can arrange that v = 0 and that S and T
consist of purely imaginary numbers. Thus, the imaginary parts of s, ss,..., s, as well as those
of t1,ta. ..ty are strictly decreasing, and (7, j) is in the entanglement list of v = 0 if and only if
im(2r+t;) = im(s;). Figure 2.5.10 shows this configuration of points in the complex plane, together
with the trajectory of v, —T. The formula of the proposition can now be shown by examining how

*2r-t,
$2r-t,

#2r-t,
*2r-t,

NVAVENAYA)

*2r-t,

*2r-t,

FIGURE 2.5.10. Entanglement list TL(u) = {(2,6), (4,3), (8,1)}, with the path ps
shown. As T moves, ps will pick up a factor g5 1h6_ gohg from the entanglement (2, 6)
and a factor g; 'hg 'gshs from the entanglement (4,3). The entanglement (8, 1) has

no influence.

in this configuration the paths p; and g; deform. This can be done explicitly with a drawing. There
are essentially three cases to consider: a pair (i,7) in the entanglement list affects those paths p
that start below the horizontal line through s; and 2r —¢;, and it affects the path p; and the path
g;- These three cases are illustrated in Figure 2.5.11 As the point 2r — ¢; moves around s; along

I( i o 2r-t; /]FL ] ZT'-EJ &c 2r-t;

FIGURE 2.5.11. Paths before deformation

Yu — tj, the paths p, p; and ¢; deform continuously to the paths displayed in Figure 2.5.12, which
represent 3(v,)(p), B(vu)(pi) and B(v4)(¢;). The path p has changed by a factor gi_lhj_lgihj, and
there will be one such factor for every entangled pair p crosses in forward order. After deformation,
the path p; ends in g; 1h;1pi, and finally, after deformation, ¢; ends in g;- 1qj. O
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w & o

FIGURE 2.5.12. Paths after deformation

2.5.9. — It will be also useful to describe the braid action of v, !. It is given as follows: In the
setup of Proposition 2.5.8, define a; € G by

(hjuginhy, g5, ) Ry gishy) 93, ) -+ (hyugihy, i) if iy <
(h‘j1gi1hj_llgi_11)(hjzgizhj_zlgi_gl) T (hjz) ifip =1

i =

where 4; is the largest integer < i appearing in the entanglement list of u and, for every 1 < j < m,
define b; € G by

) gy 9, (hiagiahy,' 91) - (hangahy 9 ') i3> 5
= 1 1 o .
(hjy gin by, g5 ) (hyy9ih, a3, ) -+ (Rygiy) ifji=3j
where j; is the smallest integer > j appearing in the entanglement list of u. The braid action of
vt € m(C\ (S +T),2r) is then given by

B(va (gi) = aigia; * and  B(v,")(pi) = api

By )(hj) =bihibs' and By, ") () = big;.

This can be shown with the same geometric arguments as Proposition 2.5.8.

EXAMPLE 2.5.10. — Here is a numerical example illustrating Proposition 2.5.8. We consider the
set S = {4i,—4,4, —4i} = {s1, s2, S3, s4}, already appropriately ordered, and T' = S = {t1, to, t3,14}.
In a later example we will come back to this set and regard it as the set of critical values of the
polynomial f(z) = 2® — 5z, but for the moment we do not care about that. The fundamental
groups G and H are free groups

G = (91,92, 93, 94) and H = (hi, ha, h3, ha)

and the set S+ T is S+ T = {8i,4i — 4,4i +4,—8,0,8, —4i — 4, —4i + 4, —8i}. The fundamental
group 71 (C\ S + T, 100) is thus free on 9 generators, one of which is the standard loop 7, around
the point u = —4 — 4¢. The element v € S + T can be written in two different ways as a sum of an
element of S and an element of T, namely u = so + t4 = s4 + to. Its entanglement list is thus

TL(—4 — 4i) = {(2,4), (4,2)}.
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The elements aq,...,aq4,b1,...,bs of G *x H described in Proposition 2.5.8 are
a= 1 bi= (95" i g2ha) (g5 by " gaha)
az=g;'h;" b= (95" hi g2ha)gy’
as= (g5 "'hy " g2ha) bs= (g3 hy goha)
as = (g5 'hy'g2ha)gy By b= g;"

The action of v_4_4; on G * H can be written down using these strings, as stated in Proposition
2.5.8. The element 8 € S + T can be written on only one way as a sum of an element of S and an
element of T', namely 8 = 444 = s3+t3. The entanglement list for « = 8 has hence just one entry,
namely TL(8) = {(3,3)}. The elements ay,...,a4,b1,...,bs for u = 8 are accordingly simpler. The
entanglement list of v = 0 is TL(0) = {(1,4),(2,3),(3,2), (4,1)}, and the a; and b; are accordingly
more complicated.

2.5.11. — In 2.2.9 we have explained how to express cospecialisation for the cohomology of
constructibe sheaves in families in terms of cocycle cohomology. We will describe now in terms
of the standard loops g; and h;, and paths p; and ¢; the involved cospecialisation map for the
fundamental group 71 (C \ (S U 7.(T)),100) and the corresponding path spaces, as z runs along
the standard path from v € S+ T to 2r. Pick an element u € S+ T. After moving S and T to
a configuration as in the proof of Proposition 2.5.8, we can consider the paths from S + (u — 7))
to loo as illustrated in on the left-hand side in Figure 2.5.13. This path, starting at an element

® 2r-t,

FIGURE 2.5.13. Cospecialisation of paths. On the right, pi = hghsps is shown.
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of SU (u — T), runs upwards while passing unentagled elements of v — T to the left and elements
of S to the right. If this path starts at an element s; € S, then we can deform it to a path p} in
C\ (SUTy,T) starting at s;. The path p} is related to the standard path p; by

= hyhy, - by (2.5.11.1)

where hj,, hj,,... are the usual standard paths, and [ ist the largest integer such that j; appears
in the entanglement list TL(u) = {(i1, j1)(i2, j2), ..., } of u, and such that ¢; < 7 holds. In case of
a path starting at an element u —t; of u —T', we can deform it to a path q;. starting at 2r —¢;. In
terms of standard paths, the path q} is given by

¢, = hjshj, - hia; (2.5.11.2)

where [ is the largest integer such that j; appears in TL(u) and such that j; > j holds. From
the formulas (2.5.11.1) and (2.5.11.2), one can derive formulas for the cospecialisation of loops
associated with paths.

2.6. Computation of the global monodromy of a convolution

In this section, we give an explicit description of the additive convolution of perverse sheaves in
terms of group representations. We are interested in the particular case of convolution of perverse
sheaves which belong to Pervy, since additive convolution is the tensor product in the tannakian
category Pervy.

2.6.1. — For us, the most convenient presentation of objects of Pervy is the one given in 2.3.10,
which we briefly recall. An object A of Pervy is thus described by the following data: A finite set
of singularities {s1, s2,...,s,} C C listed in western reading order, a vector space V = WU, (A), an
endomorphism ¢ € End(V') and a vanishing cycles decomposition

vy
=1

The complement V; C V of V/ in this decomposition is to be interpreted as the fibre of A at the
singularity s;, identified with a subspace of V' via cospecialisation along the standard path p;, and
V! = @,,(A) is the corresponding space of vanishing cycles. Writing n, and m; = id —7} for the
projections onto the subspaces V; and V;, the linear map g;: V' — V defined by g;v = g} (v) +m;(v)
is the monodromy action on V of the standard loop around s;.

THEOREM 2.6.2. — Let A and B be objects of Pervy and set V.= U (A) and W = ¥ (B). Let
S ={s1,...,8,} be the set of singularities of A and let T = {t1,...,tn} be the set of singularities
of T in western reading order. With respect to standard paths, let

V=V, ge€End(V) and W=EW], hecEndW)
i=1 j=1
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be the vanishing cycles decompositions and endomorphisms encoding the global monodromy of A
and B. Write 7j: V. — V! CV and 7’: W — W] CW for the projections, and set g; = m,0gom,
and hg =7/, 0o hom. The additive convolution A x B has the following description in these terms:
(1) The set of singularities is S+T ={s+t|se S,t € T} ={us,...,u}.
(2) The nearby fibre at infinity is Voo (Ax B) =V @ W.

(8) The vanishing cycles decomposition is given by

l
veaw =@ p wew)

k=1 \(i,j)€TL(ux)

(4) The endomorphism e € End(V @ W) describing the global monodromy of the local system
underlying A x B is uniquely determined by e b = (m,@n))oeo (m, @) given as follows

(7) ed = —g¢ @ hd ifa<candb<d,
) ed = g¢ ®id ifa <candb=d,
(ii7) ;;g =0 ifa <candb>d,
(iv) e¢d = id @hd ifa=candb<d,
(v) ed = g2 @ h} ifa=candb=d,
(vi) ab—ga®hd if a =c and b>d,
(vit) =0 ifa>candb<d,
(viid) Z‘Z =095 ® hb ifa>candb=d,
(ix) ab—ga®hd ifa>candb>d.
2.6.3. — Here is an overview on the proof of Theorem 2.6.2. For a complex number u, let

Tu: C — C be the reflection given by 7,(2) = u — z. According to Lemma 2.4.2, the fibre of
(A x B)[—1] at the point u € C is the cohomology group

HY'(A', A[-1] ® 72 B[-1]).

If u¢ S+ T, then the singularities of A and 7,;B are disjoint, and assertion (1) follows from this.
Next, let r be a real number, larger than the absolute value of any s € S and ¢t € T. Then 2r is
larger than the real part of any element of S + 7', and hence V(A * B) is canonically isomorphic
to the cohomology group H'(A!, A[-1] ® 75.B[—1]) which we will compute in terms of cocycles.
Set

Gaor = Wl(@\ (SU(@2r—-1)),100)
and write P, for the set of homotopy classes of paths from elements of S U (2r —T') to 1oo. The

constructible sheaf A[—1] ® 75.B[—1] corresponds to a representation (Ga, P,) whose underlying
vector space we identify with V' ® W and there is a canonical and natural isomorphism

(A B)[—1]p, = HY(AY, A[-1] @ 75, B[-1]) = H'((Ga,, Ps,),V @ W). (2.6.3.1)

The fundamental group 71 (C \ (S + T),2r) acts on the left-hand side by monodromy—this is the
action we want to understand. The fundamental group m(C \ (S + T),2r) also acts on G, and
Ps,. via the braid action 8 introduced in Definition 2.5.4, and hence it acts by precomposition
on cochains, and hence on cohomology. Proposition 2.6.5 below states that these two actions are
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compatible via (2.6.3.1). After explaining this in some more detail, the next step is to construct a

natural isomorphism of vector spaces
aap: VYo (A) @ ¥eo(B) = Yoo (A* B)
which justifies statement (2) of the theorem. To do so, we will produce a linear map
VW = Z'(Ga, Por), VO W)

associating with every x € V' ® W a cocycle ¢;. The isomorphism a4 g is natural in A and B,
and it will turn out later that it is compatible with constraints for tensor products, and hence
that W, defines a fibre functor on the category Pervy. The isomorphim o4 p is however not a
canonical isomorphism, since it depends on our choice of standard paths. Statements (3) and most
importantly (4) are then somewhat unspectacular computations, for which we use the explicit braid

group actions computed in the previous section.

2.6.4. — The sheaf A[—1] ® 735.B[—1] is constructible. Its fibre at a point u € C is
(A[-1] @ 73, B[-1])u = A[~1]u ® B[~ 12—
and hence its singularities are contained in the set SU (2r —T'). In particular, the fibre of A[—1] ®
75.B[—1] at the point r € C is A[—1], ® B[—1], =V ® W. We identify this fibre with the nearby
fibre at infinity
Voo (A® 75,B)[1]) 2 Vo (A) @ U (B) =V @ W

using the path w: ¢t — r(2 — e ™). Note that this is the same path we already used for the
identification (2.5.6.1) (see Figure 2.5.9), which was

Gx H =G,

with G = 71 (C\ S, 100) and H = m1(C\ T, 100). The monodromy action of 71 (C\ (SU(2r —T)), 2r)
on the fibre near infinity Vo ((A ® 75, B)[—1]) corresponds to the action

G+H— GLVeW)

where g € G acts as g®idy via the monodromy representation G — GL(V') from A, and h € H acts
as idy ®h via the monodromy representation H — GL(W) from B. The fibre of A[—1] ® 73, B[—1]
at the singular point s; € S is V; ® W, via cospecialisation along the path p; € P», obtained by
concatenating the standard path from s; to r and w. Similarly, the fibre at the singular point
2r —t; € 2r — T is V ® Wj, via cospecialisation along the path g; € P», obtained by composing
the standard path from ¢; to r with 79, and concatenating with w. These paths are illustrated in
Figure 2.5.9. We have now described the constructible sheaf A[—1] ® 73, B[—1] as a representation
of (G, Po). We denote this representation simply by V @ W.

PROPOSITION 2.6.5. — The monodromy action of w1 (C\ (S + T),2r) on the fibre (A x B)[1]a,

corresponds, via the isomorphisms (2.6.3.1), to the action

1 (C\ (S +1T),2r) = GL(H'((Gay, P,), V @ W))
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sending v € m1(C\ (S +T),2r) to the linear map defined by c — co B(y~1) on cocycles, where 3
is the braid action of m(C\ (S +1T),2r) on Ga, and Ps,.

PROOF. This is a straightforward application of Lemma 2.2.8. Fix an path v: [0,1] — C\(S+T)
representing an element of 71 (C\ (S +T),2r). We consider the map pu: C x [0,1] — C” defined by

(z,7(t) — 2) for z € C

wu(z,t) = >
(1) w(z,t) = (z,—z) for z € 0C

and the sheaf F = p*(A[-1]X B[—1]) on C x [0,1]. The fibre of F' at (z,t) is A[-1]. ® B[—1]()—,
and the fibre of F' at (1oo,t) is A[—1]c®B[—1]_ for all £ € [0,1]. The sheaf F'is constructible with
respect to the stratification given by the braid with strands v;(t) = s; for s; € S and ~;(t) = y(t)—t;
for t; € T. The parallel transport isomorphism (2.2.8.1) specialises to the monodromy action, and
the braid action

ﬁ(/y)il: (G2r7 P2r) — (G27‘7 PQT)

is in the setup of Lemma 2.2.8 the isomorphism denoted §: (G, P(©)) — (G, PM) obtained
by continuous deformation of loops and paths. O

2.6.6. — The next step towards the proof of Theorem 2.6.2 consists in identifying the nearby
fibre at infinity of A+ B with V@ W = U (A) ® U (B). To do so, we shall construct a natural
isomorphism

VoW — H (G, Py),V@W) 2 U (Ax*B).
by defining for every element € V @ W a cocycle ¢, € Z1((Gar, Pa), V @ W). As we discussed in
2.2.6, a 1-cocycle ¢ € Z'((Gay, Ps,),V ® W) is uniquely determined by the values it takes on the
particular paths pi,...,Pn,q1, - - ., Gm from elements of SU(2r —T') to 1oo, and any choice of values
c(pi) € VoW and ¢(q;) € V® W determine a cocycle. More precisely, the two-term complex

vewme@Puiewme@Pvew,) —u Prewme@Vew) (266.1)
i=1 j=1 i=1 j=1
computes the cohomology H*((Ga,, Pa.), V ® W), the class of a cocycle ¢ € Z'((Gay, Pay),V @ W)
corresponding to the element (c(p;)iiy,c(g;)jL,) in degree 1 of (2.6.6.1). The differential d is
injective, hence the equality

dim(V @ W) = nmm = dim H'((Gay, Pa,), V @ W). (2.6.6.2)

LEMMA 2.6.7. — Let c: (G, Poy) = V@ W be a cocycle. There exists a unique element
x € VW such that ¢ is cohomologous to the cocycle ¢, determined by

cz(pr) = =ca(pn) =2 and cx(q1) = = cz(gm) = 0.

This element x € V @ W is given by

n m

z=r(c) =Y (m@id)(c(p)) - Y _(id@m))(c(g))-

i=1 j=1
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PROOF. Taking the equality of dimensions (2.6.6.2) into account, the first statement will follow
from the fact that the map z — [c;] from V @ W to H'((Gar, P2r),V ® W) is injective. For
this, we will prove that the map [c] — k(c) is a well-defined retraction. Indeed, the identities
w4+ 7, =idy in End(V) and 7} + -+ -7, = idy in End(W) show that k(c;) =2 —0 ==
holds for all x € V ® W, and it suffices thus to show that x(b) = 0 holds for every coboundary
b: (G,P) — V®W. By inspection of the complex (2.6.6.1), one sees that coboundaries are linearly

spanned by three kinds of elements. First, for every y € V ® W the cocycle b, determined by

by(p1) = =by(pn) = by(q1) = - =by(gm) =y

is a coboundary, and the same identities show that x(by) = y —y = 0 holds. Secondly, for every
y € V; ® W, the cocycle b; determined by

b;(pi) =y and b;(pl) =0forl#1 and by(q1) = =by(gm) =0

is a coboundary. The equality /i(b;) = 0 holds since Vj is the kernel of the projector n; € End(V).
Lastly, for every y € V ® Wj, the cocycle b, determined by

by(p1) = =by(pn) =0 and b;(qj) =y and b)(q) =0 for [ # j

is a coboundary, and /ﬁ}(bi) = 0 holds since W; is the kernel of the projector ; € End(W). Hence,
we have indeed x(b) = 0 for every coboundary b. |

DEFINITION 2.6.8. — For any objects A and B of Pervg, we denote by
anp: Voo(A) ® Voo (B) — Uso(A x B)

the isomorphism which sends an element x € VW = ¥ (A) ® U (B) to the class of the cocycle

¢ given in Lemma 2.6.7.

2.6.9. — The construction of a4 p is slightly asymmetric in A and B. On two occasions we
treated A and B differently. First, in the choice of the parametrisation z — (z,2r — z) of the
affine line {(z,y) € A2 |z +y = 2r} = sum*(2r), and secondly in the definition of the cocycle c,.
Interchanging the role of A and B in the construction of ¢, leads to the isomorphism —a4 p.

In the course of the proof of Theorem 2.6.2, we will need to make the braid action on the
cocycles c,o explicit. This is the content of the next lemma.

LEMMA 2.6.10. — Pick uw € S+ T, with entanglement list TL(u) = {(i1,j1),- .., (¢4, ja)}, and
pick x € V@ W. The values of the cocycle c; o B(y; 1) at the paths p1,...,Pn,q1,---,qm are given

as follows:

T if © does not occur in TL(u
SBOIE) = =3 lga - Dl — Do+ ! )

i <i hjx if i =1, occurs in TL(u)

_ if j does not occur in TL(u)
(B N(@) = =D (gi — D(hy — D+ L )
i hj,(1 —gi)x if j = ji occurs in TL(u)
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PrOOF. Before proving the two formulas, we make the following useful observation: The group
G acts on V, and the group H acts on W, and hence the free product G « H acts on V @ W.
Commutators ghg~th~! act trivially on V. @ W. Thus, if ¢ € Z'(Ga,, Par, V @ W) is a 1-cocycle,
then the relation

c(ghg™ h™y) = clg) + ge(h) + ghe(g™) + he(h™) + e(y)
holds. Suppose now that ¢ = ¢; for some element z € V ® W. Then we find
x = c(p;) = c(gipi) = c(gi) + gic(pi) = c(g:) + giz,
and hence c(g;) = (1 — g;)x, and similarly c(g; ') = (1 — g; )z and ¢(h;) = c(hj_l) = 0. This yields
in particular the relation
c(gihjig; by y) = c(gi) + gihje(g™") + c(y) = —(g: — 1) (hy — Dz + c(y).

The two formulas in the lemma follow from this relation and the formulas given in 2.5.9 for the
inverse braid action. O

PROOF OF THEOREM 2.6.2. Statement (1) is clear from the discussion in 2.6.3, and we have
defined an isomorphism ¥, (A x B) = V @ W in Definition 2.6.8, settling statement (2). We
proceed to proving (4). Fix an element u € S 4+ T', and denote by =, the standard loop around u.
As a monodromy operator, 7, acts on V ® W by sending an element x € V ® W to the unique
element y = y,2 € V ® W such that the cocycle ¢, o (v, !) is cohomologous to ¢y. This element
is y = k(cy 0 (v, 1)), where k is the map given in Lemma 2.6.7. Set x = v ® w. We calculate
Yu(v ® w) using the formulas from Lemma 2.6.7 and Lemma 2.6.10. That is,

n m
(v @ w) = (7 @ 1)(ca(Blr (i) = D_(1 @ 7)) (ex(Bra ' (9)))
i=1 j=1
n T @ w
:Z _Z<W;®1>(U®w_gilv®w_U®hjlw+gizv®hjlw)+ or
i=1 i <i o ® hjw
m 0
—Z —Bl®ﬂ';)(v®w—gilv®w—’U®hjlw+gilv®hjlw)+ or
g=1 | 5> (0 W;-hjw —Giv® W;-hjw

The case distinctions in the first sum are as follows: add 7jv ® w if (4, j) does not occur in TL(u),
and add 7/v ® hjw if (7,7) occurs in TL(u). Similarly for the second sum, add 0 if (z,7) does not
occur in the entanglement list of u, and add the given summand if (i, j) occurs.

Now assume that we have v € V] and w € W} for some (a,b) € TL(u), so we have m/v = d;qv
and 7T§-w = d;pw. The space V, is contained in the invariants of g; for all i # a and similarly W} is
contained in the invariants of h; for all j # b. We find:

/ ifa>1
Z(?TZ- ®1)(ve@w — gjve@w — vRhjw + g;v@h;w) =

< —0ifi, #a

—T g W + Tgav@hyw  if a < i
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for all 1 < ¢ < n, and similarly

ifb<j
Y (o) (vew - g vew — vohjw + givOhjw) =

= —0ifj, #b

—vRThyw + gav@mihyw i b > j

for all i < j < m. We substitute this in the above expression for v, (v ® w) and observe that among
the summands where we have case distinctions, only the terms with ¢, = a and j; = b contribute.
The expression for v, (v ® w) becomes thus after some elementary simplifications

n b
(v @ w) =v & hyw + Z T gav @ (w — hpyw) — Z(v — 9a¥) @7 hyw. (2.6.10.1)
i=a+1 j=1

Interestingly enough, the entanglement list is not involved anymore in this formula. In order
to isolate the piece effé of the endomorphism e, we have to apply the projector 7, ® 7/, to this
expression, since we already assume (v ® w) = (7, ® m;)(v ® w). We distinguish nine cases, as in
the statement of the theorem:

(i) If a < c and b < d, only the term i = ¢ from in the expression (2.6.10.1) contributes, and
we get e(v @ w) = —7hg,mhv ® Thhymw = —giv ® hiw.
(ii) If a < c and b = d, the two terms i = ¢ and j = b = d in (2.6.10.1) contribute, and we get
ed(v @ w) = mlgev @ Th(w — hpyw) — TL(v — gav) ®@ TyTHhyW = ThgaTHY ® W = gSv @ w.
(iii) If @ < ¢ and b > d, the two terms i = ¢ and j = d in (2.6.10.1) contribute, and we get
ed(v @ w) = mlgev @ T (w — hyw) — Th(v — gav) ® Thhyw = 0.
(iv) If @ = c and b < d, only the first term in the expression (2.6.10.1) contributes, and we get
ed(v@w) =v®rhTw = v ® hiw.
(v) If @ = ¢ and b = d, the first term and the term j = b = d in (2.6.10.1) contribute, so
ed(v@w) = v @ mhyw — T (v — gav) @ Thhpw = ThgaTHY ® ThpTw = glv ® hbw.
(vi) If @ = cand b > d, the first term and the term j = d in the expression (2.6.10.1) contribute,
0 ed(v @ w) = v @ Thhyw — Th (v — gov) ® Thhpw = T gaThv @ Thhymw = glv @ hlw.
vii) If @ > ¢ and b < d, none of the terms in (2.6.10.1) contributes, so (v ® w) = 0.
i) If db<d f the t in (2.6.10.1) contribut od 0
(viii) If @ > ¢ and b = d, only the term j = b = d in the expression (2.6.10.1) contributes, and
we find e (v ® w) = —7L(v — gov) O T hpw = TLgVR T hyThw = gSv @ hlw.
(ix) If @ > c and b > d, only the term j = d in the expression (2.6.10.1) contributes, and we
find e (v ® w) = —7L(v — gav) @ T hpw = TgVR T hyw = gSv @ hfw.

It remains to show statement (3) of the theorem. First, let us check (for safety reasons only)
that if (a,b) does not occur in TL(u), then v ® w € V, ® W} is fixed under ~,. There are cases
to discuss: The index a may occur in TL(u), but if so, then in a pair (a,d) with b # d. Similarly,
b may or may not occur in TL(u), but if so, then in a pair (¢,b) with a # c¢. The expression for
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Yu(v @ w) simplifies to

VR W if @ not in TL(u)
W(o®w) =9 <
“ Z (7l gav @ W — Tigav @ hqw) +v @ hqw  if (a,d) € TL(u)
i=a+1
0 if b not in TL(u)
b—1
+ / / / / .
Z(—U@ﬂ‘jhb’w + gav@mihpyw) + v @ mhpw — gev @ mphpw  if (c,b) € TL(u)
j=1

But as d # b, the vector w € W} is invariant under hg, and as ¢ # a, the vector v € V, is invariant
under g.. Hence we find 7, (v ® w) = v ® w in all cases, as we wanted. This shows that the space

b viewy cvew (2.6.10.2)
(a,b)¢TL(u)

is contained in the invariants of -y, acting on V®@ W, as implied by statement (3). If the monodromy
operators g and hg are sufficiently generic, then the subspace (2.6.10.2) is exactly the space of
invariants, and hence statement (3) follows by a dimension count.

We now give a direct argument for statement (3). We have to show that the subspace of V@ W
defined by (2.6.10.2) is contained in the image of the cospecialisation map

HY (A A[-1) @ 7,B[-1]) = HY (AL, A[-1] @ 79, B[-1]) =V @ W (2.6.10.3)

along the standard path , from v € S+ T to 2r. To check this, pick an element
T = Z Vg & Wy
(a,b)TL(u)

and define a cocycle ¢ : (Gay, Por) = V @ W by setting

(m} @id)(x) if (4,5) € TL(u)

c(p) = (mj@id)(z)  and  c(g5) = ,
0 otherwise

fori=1,2,...,nand j = 1,2,...,m. The class of ¢ in H'(A!, A[-1] ® 79, B[—1]) corresponds via
the isomorphism given in Definition 2.6.8 to the element x of V ® W as the computation
r(e) =) (m@id)(c(p)) = ) _(idem))(c(q) = Y (v @id)(x) = Y (r@7))(z) =z -0

i=1 j=1 i=1 (,5) €TL(w)

confirms. In other words, ¢ is cohomologous to the standard cocycle c;. It remains to check that
the cocycle ¢ is in the image of the cospecialisation map (2.6.10.3). As in 2.5.11 define paths

p; = hj hj, - hjp; and q;. = hj hj, - hjq;

where [ is the largest integer such that j; occurs in TL(u) and 4; < 4, and where k is the largest
integer such that j; occurs in TL(u) and j; > j. According to the discussions in 2.2.9 and 2.5.11,
if we manage to show that for all (i,5) € TL(u) the equality

c(p;) = ()
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holds, then the class of ¢ is in the image of the cospecialisation map. Indeed, for a pair (i, ) € TL(u)
we have p, = hj hj,---hjp; and q} = hj, hj, --- hjq; for the same integer I. Therefore, setting
h = hjlhjg tee hjlv we find

c(p;) = c(hpi) = c(h) + he(pi) = c(h) + he(q;) = c(hg;) = c(q;)

as we wanted to show. This finishes the proof of the theorem. O

2.6.11. — Theorem 2.6.2 allows us to explicitly compute convolution powers of an object A of
Pervy, and thus it allows us in principle to determine the type and multiplicity of subobjects of any
convolution power Ax Ax---xA. This is of course crucial in determining the tannakian fundamental
group of A in the tannakian category Pervg, but to do so we also need to understand the dual
AV = TID([—1]*A) of A. There are now two ways to compute the dual explicitly, in the spirit of
Theorem 2.6.2. One way is similar to what was used in the proof of 2.6.2, that is, understanding
how II, D and [—1}]ast act on standard loops and paths and then expressing the global monodromy
of AV in terms of an action on cocycles. A second possibility is to guess the form of AV, and to
verify that the guess is correct by writing down the evaluation pairing AV * A — E(0). We choose
the latter.

THEOREM 2.6.12. — Let A be an object of Pervy and set V.= U (A). Let S = {s1,...,sn} be
the set of singularities of A in western reading order. With respect to standard paths, let

V=EV/, geEndV)
=1

be the wvanishing cycles decomposition and endomorphism encoding the global monodromy of A.
Write ©: V. — V! C V, and set g5 = 7w, o gom,. The dual object AY = IID([—1]*A) has the
following description in these terms:

(1) The set of singularities is —S =T = {t1,...,t,} with t; = —Sp11—-

(2) The nearby fibre at infinity is ¥oo(AY) = W = Hom(V, Q), the vector space dual to V.

(3) The vanishing cycles decomposition is given by

W= @ Wi/ ) Wi, = Hom( ri—i—l—i? Q)
i=1

(4) The endomorphism h € End(W) describing the global monodromy of the local system
underlying AV is uniquely determined by hS = 7. o h o, given as follows

he =

The evaluation map A x AY — E(0) and coevaluation map E(0) — A x AV correspond to the
evaluation map V@ W — Q, respectively coevaluation map Q -V @ W.

PRrROOF. Let us write B for the object of Pervy described in the statement of the theorem. We
may calculate A * B using Theorem 2.6.2, and all we have to do to prove that B is dual to A is to
verify that the evaluation map € : V@ W — Q comes from a morphism in Pervg, meaning that e
is compatible with the vanishing cycle decomposition and with monodromy. U
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ExAMPLE 2.6.13. — We end this section with a concrete example in which we compute an

additive convolution, illustrating Theorem 2.6.2. Consider the polynomial
f(z) =2° — 5z € C[x]
of degree 5, and regard f as a potential on the variety X = A!. As we have seen in Example 2.3.11,
the object
A= (£.Q/Q[1] =11(f.Q)

belongs to Pervy. Its singularities are the set S of critical values of f. We aim to describe the
monodromy representation and vanishing cycles decomposition of A and compute the convolution
A x A in these terms. We order S in western reading order, that is:

S ={4i,—4,4,—4i} = {s1, s2, 53, S4}.

Standard loops g1, g2, g3, g4 around these points, generating G = 71(C \ S, 100) are illustrated in
Figure 2.6.14. Notice that go stays above g3, as per convention of standard paths laid out in 2.5.6.

The monodromy representation associated with f,Q is the permutation representation associated

FIGURE 2.6.14. Standard paths g; around s;

with the topological covering of degree 5
f:C\{1,i,—1,—i} - C\ S.

The fibre at a point z € C of this covering is the set of roots of the polynomial f(z)— z. The fibre
at loo is the set —us00, where us5 stands for fifth roots of unity. If we enumerate fifth roots of unity
in the standard way by exp(2mik/5) for k = 1,2,3,4,5, the permutation representation p : G — G5
is given by p(g1) = (34), p(g2) = (35), p(g3) = (23) and p(g4) = (12). This can be seen by tracing
the roots of f(z) — pi(t) as ¢t runs from 0 to 1.

4 4 4 4
P, 3 P2 3 Ps 3 P4 3
s s s s
2 2 2 2
1 1 1 1

FIGURE 2.6.15. Trajectories of the roots of f(x) — pi(t) as ¢ runs from 0 to 1
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That p(g;) is a transposition stems from the fact that at the critical value s; = p;(0), the
polynomial f(xz) — s; has one double root, and three simple roots. Let ej,e9,...,e5 denote the
canonical basis of Q[—uso00] = Q5. The vector e; + e + - - - + e5 generates the global invariants of
the representation of G on Q°. With respect to the basis

V] = ey, vy = es, v3 =e1 + e, V4 = €1

of V.= Q°/{e; + -+ + e5), the monodromy representation G — GL4(Q) associated with the
constructible sheaf A[—1] = f,Q/Q is given by

0 090 0

0) ; 94 (0 01 1 > :

1 000 -1

The vanishing cycles decomposition of V' = W, (A) is given by V; = (v;), and the endomorphism

1

, 0

g1 <_1
0

==

000 1-100 10—
100 0-100 01 —
010>a 92 ’(0110)» 93 ’<00
001 0001 00 1

g € End(V) is given by the matrix

-1 -1 -1 0 g 9 95 9i
g—| LU0 gt g g
-1 -1 -1 1 9 9 93 gi
0 0 1 -1 g 92 95 9

made from the relevant columns of g;. We now want to compute the convolution A * A with the
help of Theorem 2.6.2. The set of singularities of A x A is the set

S+ S ={8i,—4+4i,4+4i,—8,0,8,—4 — 4i, 4 — 4i, —8i}

which we already considered in Example 2.5.10. The endomorphism e € End(V ® V) is, with

respect to the lexicographically ordered basis v1 ® v1,v1 ® v, ...,v4 @ vy iS

111011101 110000 0
11100 1 100 11000U00
-1-11-100 1-1001-1020 0 0

1 .11 11 11
e e e e 001 1000710001000 0
g g g ‘11‘21 -10 0 0 1 1 1 0 1 1 1 0 0 0 0 O
-1-10 0-11 100 110000 0
€11 €12 €13 €44 1-1-10 -1-11-100 1-100 0 0
| e13 13 g3 .0 13 ] _ oo 1-10011000100 0 0
€= 11 =12 *13 44 =]l-1000-100 01 1 1 0-1-1-10
-1-10 0-1-100-11 10 0 -1-10
: : : : -1-1-10-1-1-10-1-11-10 0 —-11
001 -100 1-1020T1T1T0TU0 0—1

4 11 11 44
e e e e 000 00O0O0OUOTI1UO0OO0UO0T1TI1T1SFQ
=2 "3 44 0000 0O0O0GO0OTLIT1G0T0-<-11120
00 00O0O0OUO0OUODTI1T1T1F20-1-11-1
0 0000O0OGOU O OO 0-1102011

As TL(0) = {(1,4),(2,3),(3,2),(4,1)}, the vanishing cycles at 0 correspond to the subspace of
V ® V generated by the vectors vy ® vy, vo ® v3, v3 ® vo and vq4 ® v1. The matrix ey of the
monodromy of A x A around the standard loop around 0 € S+ .5 can thus be read from the matrix
e as follows: Replace all columns (e}}) of e with (a,b) ¢ TL(0) with the corresponding columns of
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the identity matrix - et voila

—_
[y

—_

o = (eo — id)[py(axa) =

[y
[y

—_
OO0 OHOOODOOOO

_
OO +HOOOOOOO OO0

—
OO OOOOOOOHrO OO0
OOOO—ROOOOOOOO OO
[
—

[y

— =
OOHROOOOOOOOOO OO0

o000 00000 00
coocoocoocooooocooR~D
COOO0O0O0000000—OO
coocol coo !l coo~ | co
Y e e e e e PP
coocor |l corrrrormm
OO0 RO0000 000
o~roo !l mrocor—oo—r
ol lnocoo !l cooccocococo
O OO0 00000000 000
—OOO000000000000
cococol cooocoo l co
cococor |l coror—orrr
orroo | omooR—o o~
ol lcooco!l coocoocococo
[

stands the monodromy operator acting on V @ V' = W (A x A). Substracting the identity from
e and deleting all columns (e};) with (a,b) ¢ TL(0) yields the matrix (e — id)|p,(4+4) displayed
above. Its kernel corresponds to the largest trivial subobject of A * A, that is to say, the image of
the canonical map Hom(E(0), Ax A) — A x A given by evaluation. This matrix has rank three, in
fact, the vector

(v1 @ vg +v2 ®v3) — (V3 ® V2 + V4 @ V1)

is annihilated by it. In tannakian terms, once introduced, this means that the tannakian funda-
mental group G 4 C GL4 of A fixed a nondegenerate alternating bilinear form. This is no surprise:
the dual of the exponential motive M of the form M = H'(A!, f) is given by MY = H' (A —f).
The polynomial f(z) = x° — 5z is odd, thus M is isomorphic to its dual via the automorphism
x — —zx of A', and the perverse sheaf A we considered here is the perverse realisation of M.

2.7. Monodromic vector spaces

In this section, we introduce a local variant of the category Pervgy, which we call the category
of monodromic vector spaces. In essence, a monodromic vector space is just a vector space with
an automorphism, but viewed as a perverse sheaf with vanishing cohomology on a small disk.
The tensor product of monodromic vector spaces is given by additive convolution. We will show
that this category is a tannakian category, equivalent to the category of vector spaces with an
automorphism. There are two isomorphic neutral fibre functors for it, the nearby fibre at infinity
functor ¥, and the vanishing cycles functor ®3. Among all things to check, the main issue is to
show that ¥, and ®(¢ are compatible with associativity and commutativity constraints.

DEFINITION 2.7.1. — We call category of monodromic vector spaces and denote by Vec! the
full tannakian subcategory of Pervy consisting of those objects whose only singularity is 0 € C.

2.7.2. — There are several interesting enrichments of the category Vec*, which we will examine
in detail in due time. For instance, one may consider monodromic ¢-adic Galois representations,
which are defined as lisse, tamely ramified ¢-adic sheaves on a formal punctured neighbourhood of
0 € Al. That these can be extended to lisse f-adic sheaves on G,,, was shown by Katz in [54]. We
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can also enrich local systems to variations of Hodge structures on a punctured disk, so to obtain the
category of monodromic Hodge structures. These structures made their first appearance in [76].
In light of the existence of these enrichments, we try to separate as much as possible topological
arguments as in the previous section from arguments that can be formulated in terms of the six

functors formalism.

2.7.3. — Consider a perverse sheaf A on a disk D = {z € C| |z| < ¢}, and suppose that 0 is
the only singularity of A. There is a unique way of extending A to a perverse sheaf on C whose
only singularity is 0 € C. In this section, the distinction between such a sheaf A on D and its
extension to the whole complex plane is irrelevant. In particular, we shall think of monodromic
vector spaces as being perverse sheaves A defined on some disk of unspecified but ideally small size,
locally constant outside 0 and with trivial fibre at 0.

As an abelian category, Vec! is equivalent to the category of local systems on a punctured disk,
or alternatively, to the category Rep(Z) of vector spaces with an automorphism. Equivalences of
categories inverse to each other are the functors

®y: Vec" — Rep(Z) and (—)h[1]: Rep(Z) — Vec*

sending an object of Vec* to its vanishing cycles near 0, respectively sending a representation of Z
corresponding to a local system L on C\{0} to the perverse sheaf j,L[1], where j: C\{0} — Cis the
inclusion, see example 2.3.4. Notice that, when restricted to Vec”, the functor of vanishing cycles
®( agrees with the functor of nearby cycles ¥q, and the functor W, is obtained as the composite
of &y with the functor Rep(Z) — Rep(Z) sending a vector space with automorphism (V) p) to

(V.p™h).

THEOREM 2.7.4. — The functor of vanishing cycles ®y: Vec" — Rep(Z) and its inverse
(=)1[1]: Rep(Z) — Vec* are equivalences of tannakian categories.

2.7.5. — Let us spell out in detail what the statement of Theorem 2.7.4 is, and at the same
time outline its proof. First of all, for any two objects A and B of Vec*, there is a canonical
isomorphism of vector spaces

anp: Po(A) ® Bo(B) — Po(A* B) (2.7.5.1)

which is functorial in A and B. We have already constructed such an isomorphism in 2.6.8. Next,
we have to check that a4 g is compatible with the monodromy automorphisms on both sides of
(2.7.5.1), which is an easy consequence of Theorem 2.6.2. Finally, we have to check that the
construction of ay p is compatible with associativity and commutativity constraints, which turns
out to be a non-trivial issue. For any two objects A and B of Vec", the diagram

By(A) ® By(B) —= o(A * B)

X Po(X) (2.7.5.2)

aB.A

Qo(B) @ ®o(A) —— Po(B x A)
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has to commute, where x are commutativity constraints, and for any three objects A, B and C of
Vect, the diagram

aa,p®id

P(A) ® Po(B) @ Po(C) —— Po(A = B) ® $o(C)

id®ag,c QAxB,C (2.7.5.3)

QA BxC

Og(Ax Bx(C)

has to commute. In the upper left and lower right corner of (2.7.5.3), the associativity constraints
for the usual tensor product of vector spaces, respectively for the additive convolution are hidden.
The devil made these diagrams! In order to deal with them, we shall study for n = 1,2,3 the
categories C(n) of sheaves on A" which are zero on the coordinate planes and local systems outside
the coordinate planes, and describe explicitly the following functors between them:

R(id xsum)x Rsum,
C(3) ).
R(sumxid)«
PROPOSITION 2.7.6. — For any two objects A and B of Vec!, the isomorphism aa g is com-

patible with monodromy operators.

PRrROOF. Set A = 5 L[1] and B = jM]1] for local systems L and M on C\ {0}. The only
singularity of A x B is 0, and hence its fibre at 0 vanishes and A * B is uniquely determined by a
local system on C\ {0}. We have to show that this local system is L ® M. This is a simple instance
of Theorem 2.6.2 where only the case (v) occurs. For convenience, we give a direct proof.

Fix 7 > 0, and let p and ¢ be standard paths in C from 0 to 1oo and from 27 to 1oo respectively,
and let g and h be the corresponding positively oriented generators of G = 7 (C\ {0,2r}, 100). Let
v be the positively oriented generator of 71 (C \ {0}, 2r). The braid action on path spaces is given

FIGURE 2.7.16. Loops g and h (left) and v~ (right)

by B(yv1)(p) = hp and B(y1)(q) = hgq. Let us denote by V and W the fibres of L and M at r.
The fibre at r of L ® 75, M is then V ® W. We can identify the fibre

(A*B)[_l]QT = 1(A1a®7—2*7"j!M)
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with V ® W via the map sending v ® w to the class of the unique cocycle cygyw = c¢ satisfying
c(p) = v®@w and ¢(q) = 0. This identification is the one we used to produce the isomorphism a4 p in
Definition 2.6.8. According to Proposition 2.6.5, the monodromy action of vy on H'(A, i L&7}.51 M)
sends the class of the cocycle ¢ to the cocycle ¢ = co B(y~!), whose values at p and q are

d(p) = c(B(y)(p) = c(hp) = c(h) + he(p)
and
d(q) = c(B(y™)(a) = c(hgq) = c(h) + he(g) + hge(q).
We have v ® w = ¢(p) = ¢(gp) = ¢(g) + ge(p), and hence ¢(g9) = v ® w — gv ® w and by the same
reasoning c(h) = 0, and hence

d(p) =v® hw and d(q) =v® hw — gv ® hw.

Adding to ¢’ the coboundary b defined by b(p) = b(¢) = —v® hw + gv ® hw we find that the cocycle
" = ¢ + b with values

d"(p) = gv ® hw and d(q) =0

represents the same cohomology class as ¢. Hence the equality [cogw © B(71)] = [couonw] in
cohomology, which is what we wanted to show. O
REMARK 2.7.7. — The reader with a fondness for stars and shrieks might wonder at this point

whether there is a six operations proof of Proposition 2.7.6. As it turns out, such a proof cannot
exist. The reason for that is that the statement of the proposition is false in other contexts with
six functor formalism, for example in the framework of mixed Hodge modules.

2.7.8. — For each integer n > 1, let C(n) be the category of sheaves on A™ which are con-
structible with respect to the stratification given by coordinate planes. We give a combinatorial
description of C(n). We equip the set {0,1}" with its natural partial order, and let I(n) be the
category whose objects are the elements of {0, 1}", and whose morphisms from « to 8 are

(B-Z")pga i B<a

Mor(8, ) =
o} otherwise

where pg, is just a symbol for recovering the source and the target of a morphism. The identity of

a is Opaa, and the composition law is given by

UPBa O UPyB = 7 * (u + v)p’ya

for v < f < a. To give a functor from I(n) to the category of vector spaces is to give for every
a € {0,1}" a vector space V,, maps V3 — V, for § < a corresponding to the morphisms Opg,, and
for each non-zero coordinate of o an automorphism of V,,. These automorphisms are required to
commute with each other and be compatible with the maps V3 — V, in the appropriate way. The
category C(n) is canonically equivalent to the category of functors from I(n) to finite-dimensional
vector spaces. With a sheaf F', we associate the functor I(n) — Vecq given by the collection of
vector spaces V,, where V,, is the fibre of F at a € {0,1}" C C", the cospecialisation maps Vg — V,,
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for straight paths from 5 to «, and the monodromy operators on V,. In particular for n =1, 2, 3,

an object of C(n) is a commutative diagram of vector spaces of the following shape:

Vooo
" VAN
Vo Vioo Voto Voot
i Vio Vo [ >< >< l (278.1)
Wi Vito Vio Voun
AN
Vit

These vector spaces V,, come equipped with commuting automorphisms, one for every non-zero
coordinate of o. For example, on V119 we are given commuting automorphisms ge10 and gieg. For
the given map pie0: Voo — Vi10, the relations

D100Je00 = Jo10P1e0 and D1e0 = J1e0P1e0

are satisfied. There is a canonical action of the symmetric group &,, on I(n), and hence on C(n).
In terms of diagrams (2.7.8.1) this action permutes indices; in terms of sheaves this same action is
given by push-forward along the corresponding permutation action on A™.

2.7.9. — We shall now describe the functor Rsum,: D%(A?) — D2(A') on objects of C(2)
in the combinatorial terms introduced in 2.7.8. Let F' be an object of C(2), corresponding to a

commutative diagram of vector spaces
Voo
py Y.
Vio Vo
P& Al
Vi

and automorphisms geg € GL(Vi0), goe € GL(Vp1), and ge1, 916 € GL(V11) satisfying appropriate

(2.7.9.1)

compatibilities. Set gee = G1eGe1 aNd Pee = Pe1Poe- We associate with F' the two-term complex
S(F) =[S(F) = S'(F)]

in C(1), in degrees 0 and 1, where S°(F) and S'(F) correspond to the columns in the diagram

Voo 0

Pe

Vio @ Vo1 @ Vin — VeV
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with cospecialisation map pe(vo0) = (Pe0(v00), Poe(V00), Pes(v00)) together with the monodromy
automorphisms (e, goe; ges) Of Vig @ Vo1 @ Vi1 and (gee, ges) Of V11 @ Vi1. The differential d is
given by

d(mo, U01,U11) = (Un - plo(vlo), v11 — p.1(Uo1))

which makes the whole diagram commute, and is compatible with the automorphisms. As we have
already noticed, the transposition o € G2 acts on C(2) by permuting indices or coordinates. This
action induces a natural isomorphism S(F') = S(o.F') given by

|
Voo Voo
| . (2.7.9.2)
. Viie Vi : Vit @ Vi
— i 7
Vio® Vo1 & Vi Vor®Vio® Vin
Wlth 50(’010,1)01,’[)11) = (U01,’L)10,1}11) and 51(’0,’0,) = (’U/,U).
LEMMA 2.7.10. — There is a canonical and natural isomorphism Rsum,(F) = S(F) in the

derived category of constructible sheaves on A'.

PROOF. There is an obvious natural isomorphism sum,F = HY(S(F)). In order to prove the
lemma, we need to show that for any object F' of C(2) given in terms of data (2.7.9.1), there is a
natural isomorphism

(Rsum, (F)); = [Vip & Viy ® Vi1 5 Vi, & Vi

in the derived category of vector spaces. The fibre (Rsum,(F)); is the complex computing the
cohomology of F restricted to the affine line A' ~ sum~!(1), and hence Lemma 2.2.4 and the

particular presentation of the cochain complex (2.2.6.2) provide the canonical isomorphism. 0

2.7.11. — We can now reinterpret the isomorphism a4 p from Proposition ?? and reprove
Proposition 2.7.6 using Lemma 2.7.10. Given objects A and B of Vec, the constructible sheaves
A[-1], B[-1], and A[—1] K B[—1] correspond to objects

-

VAN
e

in C(1) and C(2) respectively, with V' = ®(A) and W = &¢(B). On V and W we are given mon-
odromy automorphisms gy and gy, and on V@ W we are given the two commuting automorphisms
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Jo1 = gy ® idy and g1e = idy ®gpw. According to Lemma 2.7.10, A % B is the complex

0 0

pe (2.7.11.1)

VoW —4= VoW s (VeWw)

in C(1), in degrees —2 and —1, where d is the diagonal map, and the monodromy automorphism
on V@ W is gee = gv @ gw. The isomorphism a4 p is in these terms the map sending the element
v@wof VW =®dy(A)® Py(B) to the class of (v ®@ w,0® 0) in Po(A x B) = cokerd.

ProproSITION 2.7.12. — The diagram 2.7.5.2 commutes.

PRrOOF. Pick objects A and B of Vec" and set V = ®(A) and W = ®¢(B). Recall from 2.4.10
that the commutativity constraint in Pervg is the isomorphism x: A« B — B % A given by the

following composition of natural isomorphisms:

Ax B = Rsum,(prj A® prj D) definition
= Rsum,(prj B ® pri A) a@br— —b®a
= Rsum,o.(pri B ® prj A)
Bx A sum o ¢ = sum

The catch here is the minus sign, coming from the commutativity constraint in D%(A?) and the
fact that A and B sit in degree —1. Rephrased in combinatorial terms, this string of isomorphisms
corresponds to the following isomorphism of complexes in C(1):

AxB = VoW - Vew)s [V eWw) definition
WeV-LWeV)eWeV) VO W —w @
= WeV-LWeV)s(WaeV) (s0, 51) from (2.7.9.2)
Bx A

Here, each of the two term complexes is in fact a complex of the shape (2.7.11.1), we omitted the
zeroes. The diagram (2.7.5.2) takes the following shape:

VoW —5% coker(VoW = (VW) s (Ve W)
VRUWH—WRV
R coker(W @V = (WeV)s (WeV))

where the right-hand vertical map is induced by (v ® w,v’ ® w') — (—w’ ® v/, —w ® v). The
map a4 p sends v ® w to the class of (v ® w,0® 0) and the map ap 4 sends w ® v to the class of
(w®v,0®0). Commutativity of the diagram now follows from the equality

0®0,~w®v)=(wev,0x®0)

in coker(W @V - (WeV)e (WeV)). O
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2.7.13. — Our next task is to describe the functors R(id xsum),: D%(A3) — D%(A?) and also
R(sum?®),: DY(A%) — DE(A) on objects of C(3) in similar terms. Fix an object I of C(3) given by
a diagram as on the far right of (2.7.8.1). We associate with it two-term complexes Si2(F") and
S2.1(F) in C(2), and a three-term complex S3(F') in C(1). Analogously to Lemma 2.7.10, there

will be natural isomorphisms

S1o(F) = R(id xsum).(F) (2.7.13.1)
So1(F) = R(sum x id).(F) (2.7.13.2)
S3(F) = Rsum?(F) (2.7.13.3)

in D%(A?) and Db(A') respectively, where sum?®: A* — Al is the summation of all three coordinates.
We define S; 2(F') to be the two-term complex

/ ‘/000 / 0
Vioo i 0
Vo10® Voo1 @ Vo1 Vo1 @ Vo
/ d /
Viio®Vio1 ®Vin Vinn @ Vin

in C(2), where the differential from left to right is given by

d(U110711101>U111) = (U111 - pll-('Ull())a'Ulll - p1.1(1)101))

on Viio ® Vipr ® Vi11. The two monodromy operators on the source of d are (ge10, Je01, Jo11)
and (g1e0, g10e; gies), and the two monodromy operators on the target of d are (ge11,ge11) and
(J1ee, J1ee), Where gree = G116 © g1e1- There is only one sensible way of defining the rest of the data
in the complex defining Sj 2(F) in order to have a natural isomorphism (2.7.13.1). Later, we will
use the complex S12(F') only in the special case where all spaces V,,, except possibly V111 are zero,
so in good conscience we leave the remaining details to the reader. The definition of S; o(F') is
similar. Applying the construction S(—) from 2.7.9 to the complex [S?,(F) — S| ,(F)] yields a
double complex in C(1) whose associated total complex is the three-term complex in C(1) which
we call S3(F'). Explicitly, this complex is

Vooo 0 0

|

(V110 © Vio1 @ Vin)
& OV ©Vin ®Vin) a0 (Vin @ Vin)
©(Vor1 @ Voi1) & (Vi1 @ Vi)
® (Vi1 ® Vin)

Vioo
®(Vo1o @ Voor @ Voi)
®Vi10 @ Vior @ Vi)
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with differentials

V110 — Pee0(V000), U101 — Pe0e (V000), V111 — Pess(V000)

V100
0 0110 — Pe10(V010), V101 — Pe01(V001), V111 — Pe11(Vo11)
d” | wvo10,v001,v011 | =
V011 — Po1e(V010), V011 — Poe1 (Voo1)

U110, V101, V111
U111 — pllo(vno), U111 — pl.l(vlm)

and

U110, V101, V111
1 U/1107U/1017Ui11 [ Y111 — P11-(U110),U111 - p1.1(0101)
d =

1! n !/ ! / !
Vo115 Y011 V111 — pllo(vllo)v V111 — Plol(vml)

1 n
V1115 V111

1115 V11
Ui = P11 (vg), i1y — per1(vgin) )
We could as well have defined S3(F) as the total complex associated with the double complex that

one obtains by applying S(—) to the complex [S9,(F) — S5, (F)] in C(2), the outcome is the same.

PROPOSITION 2.7.14. — The diagram (2.7.5.3) commutes.

PRrROOF. Let A, B, and C be objects of Pervy and set U = ®¢(A), V = @y(B), and W = &((C).
The constructible sheaf (AKX B X C)[—3] on A? is the object of C(3) corresponding to the diagram

O/E\O
>
N

UVeW

with monodromy operators ge11 = gr®idy QK idw, g1e1 = idy gy Ridy, and gi11e = idy ® idy Rgw .
The convolution A % B is given by the two term complex

0 0
\L du,v \L
UV = UV)a(UeV)

in C(1) placed in degrees —2 and —1, with differential the diagonal map. The triple convolution
A% BxC = Rsum?(AX BX () is the three term complex S3(AX BX C)

0 0 0

1

d
UeVeWw)® =22 (UeV e W)

0
dU,V,W

UVeWw
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in C(1), placed in degrees —3, —2 and —1, where d%vw is the diagonal map and

dlU,v,W(ﬂfl,wQ,ﬂfs,M) = (23 — 21, T4 — T1, 23 — T2, T4 — T2).

In these terms, the diagram (2.7.5.3) whose commutativity we are about to check takes the following
shape.

®id
UVeoW sy coker(dyy) @ W
id Rap,c QXAxB,C

U ® coker(dy,w) i COker(dIIJ,v,W)

The map axp®idisu®v @ w — [u®v,0® 0] ® w, and id ®ap ¢ is given by the analogous
formula u ® v @ w +— u ® [v ® w,0 ® 0]. The isomorphisms a4+p,c and a4 p«c are

QB wevd @Vew — [uvewu @ ew,0,0]
aapc: u@ew v u] — [u®vew,0,u®v w0

and hence both compositions in the square send u ® v ® w to the class [u ® v ® w, 0,0, 0]. O

2.8. The nearby fibre at infinity and vanishing cycles as fibre functors

In this section, we prove that the nearby fibre at infinity functor ¥, : Pervy — Vec is a fibre
functor on the tannakian category Pervy. We already know from Proposition 2.3.7 that ¥, is
faithful and exact, and it remains to show that W, is compatible with tensor products. Besides
the fibre functor W, there is another interesting and useful fibre functor

®: Pervy — Vecg

which sends an object of Pervy to the sum over z € C of its vanishing cycles at z. We obtain
from ® not just a vector space, but a C-graded vector space, where each graded piece is equipped
with an automorphism given by the local monodromy operator as was recalled in 2.1.19. That the
functor ® is compatible with the additive convolution, even if we enrich it to a functor

®: Pervy — {C-graded representations of Z}

is essentially the statement of the Thom—Sebastiani theorem for functions in one variable, except

that we deal here with a global version of it.

THEOREM 2.8.1. — The nearby fibre at infinity ¥V, : Pervy — Vec is a fibre functor.

PROOF. Given an object F[1] of Pervy, let us call monodromic nearby fibre at infinity the

monodromic vector space

VL (F[1]) = jiu” F[1]
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where j: C\ {0} — C is the inclusion and u: C\ {0} — C is the function u(ce??) = max(r, ¢~ )e=*
for some real r, larger than the absolute value of each singularity of F'. The functor ¥, factors as

M

T o
Pervy —= Vec* —% Vec

and by Theorem 2.7.4, the vanishing fibre functor ®¢ is a fibre functor on the tannakian category
of monodromic vector spaces Vec”. It suffices thus to show that the monodromic nearby fibre at

infinity functor W4, is compatible with tensor products. This is a six-operations exercise.

CXC&CXxCX %CXC

C Cc* C
We have to show that for a sheaf F'X G on C x C in the upper left corner of the diagram, we have

a natural isomorphism of sheaves
Rsum, (5 x j)i(u x w)"(FKRG) = ju*Rsum,(FXG)

on the copy of C sitting on the lower left corner in the diagram. O

DEFINITION 2.8.2. — We call total vanishing cycles functor the functor

®: Pervg — {C-graded representations of Z}
A — Pe.(4)
zeC
where the Z-action on the vanishing cycles ®,(A) is induced by the local monodromy on the fibre
of A near z, as explained in 2.1.19.

THEOREM 2.8.3 (Thom-Sebastiani). — The total vanishing cycles functor is exact, faithful and
monoidal: for all objects A and B of Pervy, there exist functorial isomorphisms

P(AxB) = ®(A)® d(B) (2.8.3.1)
P(AY) = P(A)Y (2.8.3.2)

in the category of C-graded representations of 7Z, which are compatible with associativity, commu-

tativity, and unit constraints.

COROLLARY 2.8.4. — The composite of ® with the forgetful functor to vector spaces is a fibre

functor on the tannakian category Pervy.

2.8.5. — Before we start with the proof, let us summarise what we have to show and how we
will show it. First of all, we need to check that the functor ® is faithful and exact. This is not
difficult, and part of Proposition 2.8.6 where we show that W, and ® are isomorphic as additive
functors Pervy — Vecg. The essential part of Theorem 2.8.3 is of course the existence of the
isomorphisms (2.8.3.1) and (2.8.3.2). We produce them in two steps. First, we interpret vanishing
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cycles as objects in the tannakian category Vecfé of local systems on a small punctured disk with
additive convolution as tensor product. The latter is equivalent to the full tannakian subcategory
of Pervy consisting of those objects whose only singularity is at 0 € C. If vanishing cycles are
interpreted this way, it is quite straightforward to check that the total vanishing cycles functor is
monoidal. The second step consists in the use of Theorem 2.7.4, which states that the category
Vecfé is equivalent as a tannakian category to the category of representations of Z for the usual
tensor product.

PROPOSITION 2.8.6. — There exists an isomorphism of additive functors between the nearby
fibre at infinity ¥ : Pervg — Vecg and the total vanishing cycles functor ®: Pervy — Vecg. In

particular, ® is faithful and ezxact.

PRroor. By virtue of Lemma 2.1.20, the vanishing cycles functor ®.: Perv — Vecg is exact
for every z € C, and the inclusion Pervy — Perv is exact, and hence ® is exact. Fix a finite
set of singularities S C C, and denote by Pervy(S) the full subcategory of Pervy consisting of
those objects whose singularities are contained in S. We can regard Pervy(S) as the category of
representations of (G, Ps), where G is the fundamental group of C\ S based at 1co, and P is the
G-set of paths from s to 1oo. Let F[1] be an object of Perv(S) corresponding to a representation
V = (V,(Vs)ses, p, (ps)ses). By choosing for each s € S a path p € Py from s to loo we can
identify the nearby cycles of F' at s with the fibres at 1oo, that is, with the vector space V. In
particular, vanishing cycles are in these terms identified with

®,(F) = coker(p?: Vs — V)

functorially for morphisms in Pervg(S). Since the cohomology H*(A!, F') vanishes, the diagonal

morphism

Voo (F[1)) = V 5 D coker(pl: Vi — V) = ®(F]1])
seS
is an isomorphism, functorial for F[1] in Perv((S). We have thus far constructed an isomorphism
of functors

lI/OO|PeI'V0(S) — q)’Pervo(S) (2861)

from Pervy(S) to Vecg depending on the choice of a path p? € Ps for each s € S. Consider
now a finite set S’ C C containing S, and the corresponding fundamental group G’ and G’-sets of
paths P/ for s € S’. The canonical group homomorphism G’ — G is surjective, and also the maps
P! — Pj are surjective for each s € S. This implies that the isomorphism of functors (2.8.6.1) can
be extended to the larger subcategory Pervy(S’). The choice of an element

0 .
€ lim P,
Ps SES 5

for each s € C, where the limit runs over all finite subsets S C C containing s, yields an isomorphism
of additive functors ¥, ~ ® as claimed. O
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We define monodromic vanishing cycles at z € C as the functor
®L: Pervg — Vecy
F[1] +— To(oZF[1])

where ¢, is the translation map sending a small D disk around 0 to a small disk around z containing
no singularities of F' except possibly z, and Ilj is the functor sending a perverse sheaf A on D to

ITH(A) = coker(n*m, A — A)

where 7 is the map from D to a point. The total vanishing fibres functor as introduced in Definition
2.8.2 is thus the composite of the functor

Pervy —— {C-graded monodromic vector spaces}

F[1] — PorFEn)

zeC
and the functor ®.

PrROPOSITION 2.8.7. — The total monodromic vanishing cycles functor is exact, faithful and
monoidal: for all objects F[1] and G[1] of Pervy, there exist functorial isomorphisms

OH(F[1] x G[1]) = OH(F[1)) ® PH*(G]1]) (2.8.7.1)

PH(F1]Y) = dH(G))Y (2.8.7.2)

in the category of C-graded monodromic vector spaces which are compatible with associativity, com-

mutativity and unit constraints.

PrOOF. Constructing a functorial isomorphism of graded monodromic vector spaces (2.8.3.1)
for objects F[1] and G[1] of Pervy amounts to constructing, for any fixed ¢t € Sp + S¢, an isomor-
phism of monodromic vector spaces

o (F[1] + G[1])) — P (F[1]) ® $L(G[1]) (2.8.7.3)
rs=t
where the direct sum ranges over all pairs or singularities (r,s) € Sp X Sg with r + s = t. Fix a
pair (r,s) € Sp x Sg with r + s =t and disks 0,: D, — C, ds: Dg — C, and &;: Dy — C centered
at r, s, and t. By choosing D, and D, small enough, we may suppose that the box D, s = D, x D;
is contained in U = sum~!(D;), as pictured in Figure 2.8.17.

The tensor products on the right-hand side of (2.8.7.3) are tensor products of monodromic
vector spaces, so in fact additive convolutions, namely

QL (F[1]) ® H(G[1]) = Rsum,(Ilyo; F[1] K I156sG[1])
= Rlsum, (57, (F X G))[1]
= ot Rlsum, (F®G)|p,.)[1].
On the other hand, the monodromic vanishing cycles of F[1] x G[1] near t are by definition
DY (F[1] xG[1]) = Ipd; Rsum,(F X G)
— 5 Rlsum. (F R G)Jo)1]
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FIGURE 2.8.17. Boxes and disks

so there is a natural morphism of monodromic vector spaces
Prst O (F[1] = G[1]) — ©(F[1]) @ @4 (G(1])

induced by the inclusion of D, s into U. By collecting these morphisms for all (7, s) € Sp x Sg with
r 4+ s =t we obtain a morphism as displayed in (2.8.7.3), and hence a morphism

O (F[1] * G[1]) —— ®*(F[1]) ® ®*(G[1)) (2.8.7.4)

of C-graded monodromic vector spaces. This morphism is functorial in A and B, and compatible

with commutativity, associativity and unit constraints. Duals in Pervg are given by

as we saw in Proposition 2.4.9, and duals in Vecé are similarly defined using Iy instead of II. We
find a functorial isomorphism
OH(F[1]Y) —— ®H(F[1])Y (2.8.7.5)
and it remains to show that (2.8.7.4) is an isomorphism. This follows by general tannakian nonsense
from (2.8.7.5) and compatibility of (2.8.7.4) with the constraints. Indeed, an inverse to (2.8.7.5) is
the composite morphism
oM(F1]) @ M(GL]) — OM(F[1]*G1]* G[]Y) @ ¢(G[1])
- OM(F[1]* G1]) ® *(G1])Y ® e*(G1])
—  OH(F[1] x G[1))

where at first we use coevaluation in Pervy, then we use (2.8.7.4) and (2.8.7.5), and at last we use

evaluation in Vecfé. O

ProOOF OF THEOREM 2.8.3. All the work is done, we just have to summarise. |
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2.9. The structure of the fundamental group of Pervg

In this section, we explore structural properties of the tannakian fundamental group of the
category Pervy, such as connected components, characters, abelianisation, etc. This will of course
always have to be done through categorical properties of Pervy.

2.9.1 (Connected components). — We first show that the group of connected components of
the fundamental group of Pervy is isomorphic to Z, viewed as a constant group scheme over Q.

LEMMA 2.9.2. — Denote by j: Al \ {0} — Al the inclusion. If the tannakian fundamental
group of an object A = F[1] of Pervy is finite, then j*F is a local system with finite monodromy
on A\ {0} and F = jij*F holds. Conwversely, for any local system V on Al \ {0} with finite
monodromy, 7V [1] is an object of Pervy with finite tannakian fundamental group.

PRrROOF. Recall that a tannakian category has a finite fundamental group if and only if it is
generated as an abelian linear category by finitely many objects, as explained in A.2.1 from the
appendix. Thus, if the tannakian fundamental group of A is finite, there exists a finite set S C C
containing the singularities of A and of all tensor constructions of A. But, if s € C is a singularity
of A, then 2s is a singularity of the tensor square of A, and hence 25 C S. This forces S = {0} as
required, and in particular j*F is a local system.

For any object A = F[1] of Perv( whose only singularity is 0, the equality A = 7j*F[1] holds,
and for any local system V on A!\ {0} the perverse sheaf j;V'[1] belongs to Pervy. To complete the
proof, it remains to show that the tannakian fundamental group of A is the same as the monodromy
group of the local system j*F'. Indeed, the functor

71(=)[1]: {Local systems on A\ {0}} — Pervy

is fully faithful and compatible with tensor products and duals for the usual tensor structure on
local systems by Theorem 2.7.4. g

THEOREM 2.9.3. — Let G be the tannakian fundamental group of the category Pervy, and denote

by G C G the connected component of the unity. There is a canonical short exact sequence
1G>G =70,

where 7, = lim Z/nZ is the profinite completion of Z, viewed as a constant group scheme over Q.

Proor. This follows from Lemma 2.9.2 and the general tannakian formalism. Indeed, it suffices
to observe that in any tannakian category T with fundamental group G, the full subcategory
Ty consisting of those objects that have finite fundamental groups is a tannakian subcategory,
corresponding to representations of the group of connected components G/G°. Lemma 2.9.2 states
that objects of Pervg with finite tannakian fundamental group are local systems on A!\ {0} with
finite monodromy, or equivalently, Q-linear representations of Z with finite image. The tannakian
fundamental group of the category of Q-linear representations of Z with finite image is Z. O
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2.9.4 (The torus of singularities). — In studying the fundamental group of an object in a
tannakian category, it is often useful to look for tori contained in it. In the case of Pervy, there is

a remarkable one: from Theorem 2.8.3 we obtain a morphism of affine group schemes
®*: m1(cRep(Z)) — m (Pervy, ®),

which will turn out to be a closed immersion. We want to understand its image. If we forget the
Z-action on the right-hand side, the corresponding fundamental group becomes a protorus with
character group the additive group C, viewed as the union of its finitely generated subgroups. We
obtain thus a split subtorus of 71 (Pervy, ®). We call it torus of singularities.

2.9.5. — The tannakian category of C-graded, Q-linear representations of Z is easy to under-
stand. It comes with a forgetful functor to the category of vector spaces which we take as a fibre
functor. We can of course also just forget the C-grading and keep the Z-action, or vice versa. The

fundamental group of the category of C-graded representations of Z is indeed a product
mi(cRep(Z)) =T x G,

where T' is the fundamental group of the tannakian category of C-graded vector spaces, and G is
the fundamental group of the tannakian category of vector spaces with an automorphism. The
groups 1" and G can be described explicitly as follows, though this description is not particularly
useful. The group T is the protorus defined by

T = lim H T
FIQI% om(T, G,,),

where the limit runs over all finitely generated subgroups I" of C ordered by inclusion, and transition
maps Hom(T', G,,,) = Hom(I"”, G,,,) are given by restriction for I C I'. Alternatively, we can define
T = Spec A, where A is the Hopf algebra over Q generated by a set of variables {X, | z € C},
modulo the relations X, X, = Xy4.. These relations imply in particular Xg = 1 and X7 = X,,..
The comultiplication is defined by X, — X, ® X, and the antipode by X, —— X_,. The group
G is the proalgebraic completion of Z. It can be given as a limit
G = lim G,
(p.Gyp)

running over all pairs (¢, Gy,) consisting of an algebraic group G, over Q and a group homomor-
phism ¢: Z — G,(Q) with Zariski dense image. Transition maps are the evident ones. Notice
that, while T is connected, the group of connected components of G is canonically isomorphic to
the profinite completion of Z, seen as a constant affine group scheme over Q.

ProroOSITION 2.9.6. — The morphism ®* is a closed immersion. Moreover, ®* induces an
isomorphism on the groups of connected components.

ProOF. By Lemma A.3.2, the morphism ®* is a closed immersion if and only if every C-graded
representation of Z is a subquotient of ®(A) for some A € Pervy. Let V be a C-graded represen-
tation of Z, and let us prove that there exists an object A of Pervg such that ®(A) is isomorphic
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to V as C-graded representation of Z. We assume without loss of generality that V is indecom-
posable, and hence pure of some degree z € C for the C-grading. In other words, we are given a
complex number z, a vector space V and an automorphism p: V' — V| and it suffices to construct
an object A of Pervy whose space of vanishing cycles at z is isomorphic to V, as a vector space
with automorphism. There is indeed a canonical choice for A, namely

A= (jz)L[1]

where j,: C\ {z} — C is the inclusion, and L is the local system on C\ {z} with general fibre
V and monodromy p around z. To say that ®* induces an isomorphism on groups of connected
components is to say that the functor ® restricts to an equivalence ®f between the respective
tannakian subcategories of objects with finite fundamental group, as shown in the diagram

Pervg Pervg
P of

D
cRep(Z) <—— cRep(Z)’.

This is obvious from the characterisation of objects with finite fundamental group in Pervg and
the fact that an object of cRep(Z)f has a finite fundamental group if and only if it is pure of
degree 0 € C and 1 € Z acts through an automorphism of finite order. An inverse to the functor ®f
is given by regarding a representation of Z as a local system V on Al \ {0} and associating with it
the object 71V [1] of Pervy. O

2.9.7. — Let A be an object of Pervy with fundamental group G. By Proposition 2.9.6, we can
identify the tannakian fundamental group of ®(A) with a closed subgroup H of G. It is not true
in general that this inclusion induces an isomorphism on the groups of connected components, but
the homomorphism of finite groups

H/H® — G/G°

is surjective. According to Lemma A.3.2, this amounts to say that the functor ®': (A)f — (®(A))S
induced by ® is fully faithful and that its essential image is stable under taking subquotients.
Indeed, @' is fully faithful because it is also the restriction of the equivalence of categories ®/.
Being the category of representations of a finite group, (<I>A>f is semisimple. Each subobject of
an object ®'(B) in the essential image of ® is therefore the kernel of a projector which lifts to a
projector of B. Hence, the essential image of ®' is stable under taking subobjects, and similarly
for quotients.

EXAMPLE 2.9.8. — Let A be an object of Pervg whose set of singularities S has as many
elements as the dimension of A. Denote by G the fundamental group of A and by H C G the
fundamental group of ®(A). The C-graded representation ®(A) of Z can be written as

o(4) = D Qs M),

seSs
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where Q(s, \) denotes the one-dimensional object of cRep(Z)/ with degree s and where 1 € Z acts
as multiplication by A € Q*. Every object of the category (®(A)) is a finite sum of one-dimensional
objects of the form Q(¢,«) with t = > ass and o = [[, Ay* for some integers (as)ses. Objects
with finite fundamental group are sums of those Q(¢,«) where t = 0 and « € {1, —1}. Thus, the
group H/H® of connected components of ®(A) is equal to Z/2Z if there exist integers (as)ses with

Zass:o and H)\ZS =-1

seS seS

the property

and H is connected otherwise. In the former case, G/G° is either trivial or Z/2Z, and in the latter
case also G is connected.

Let us examine the particular case where A = (f.Q/Q)[1] for some polynomial f € C[x] of
degree n with n—1 distinct critical values S. Since the fibre f~1(s) at each s € S consists of exactly
n — 1 points, the local monodromy around s of the ramified cover defined by f is a transposition
according to Example 2.3.11, and hence A\; = —1 for all s. From the general discussion, we thus
deduce that the tannakian fundamental group of the object A ® Q(—1/2) of Pervy is connected.
Therefore, the fundamental group G of A is either connected or has two connected components.

DEFINITION 2.9.9. — Let M be an object of a neutral tannakian category with fibre functor w,
and let G be the tannakian fundamental group of M acting on the vector space V = w(M). We say
that M is Lie-irreducible or Lie-simple if the corresponding Lie algebra representation of Lie(G)
on V is irreducible.

2.9.10. — Let G be an algebraic group with Lie algebra g. If a representation of G is Lie-
irreducible, then it is irreducible, but there may exist irreducible representations of G which are
not Lie-irreducible (e.g. any irreducible representation of dimension > 2 of a finite group). For
connected groups, the notions of irreducibility and Lie-irreducibility coincide. This follows from
the fact that the faithful exact functor

{Representations of G} — {Representations of g}

is full if G is connected. Indeed, if G is connected, then the equality V¢ = V9 holds for any
representation V' of G [84, Cor. 24.3.3], and hence the equality

Homg(V, W) = (V¥ @ W)% = (V¥ @ W)? = Homgy(V, W)

holds for any two G-representations V' and W. A representation of a group G is thus Lie-irreducible
if and only if its restriction to the connected component of the unity is irreducible. We have already
classified the simple objects of Pervg in Lemma 2.3.13, and now want to understand which among
them are Lie-irreducible. This requires some understanding of the group of connected components
of the tannakian fundamental group of Pervy.

2.9.11 (Extensions). —
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THEOREM 2.9.12. — Let G be the tannakian fundamental group of the category Pervy and let
V' be a finite-dimensional representation of G. Then H"(G,V) =0 for all n > 2. In other words,

the cohomological dimension of G is 1.

PROOF. Let F[1] be an object of Pervy, corresponding to a representation V' of G. The sub-
space of fixed vectors V& C V then corresponds via tannakian duality to the subobject m*7,j,j* F[1]
of F[1], where

7m: A' = Speck  and  j: A'\ {0} — A!

are the structure morphism and the inclusion. Therefore, since 7* and j* are exact, the cohomolog-
ical dimension of the functor V —— V& is the same as the cohomological dimension of the functor
(7 0 j)«, which is equal to 1 by Artin’s vanishing theorem 2.1.10 and because A!\ {0} is an affine
variety of dimension 1. O

2.9.13 (Characters). —

DEFINITION 2.9.14. — We call an object of a neutral tannakian category abelian if its tannakian

fundamental group is commutative.

PROPOSITION 2.9.15. — An object of Pervy is abelian if and only if it is isomorphic to a direct

sum of objects with only one singularity.

PROOF. An object of Pervy which has only one singularity is of the form F(z) ® A where A
is an object whose only singularity is at 0 € C. In other words, A is a monodromic vector space,
corresponding to a representation Z — GL,,(Q). The fundamental group of A is the Zariski closure
of the image of this representation, and hence A is abelian. The fundamental group of F(z) is
trivial if z = 0 and G,,, otherwise, and hence E(z) is abelian. One implication of the proposition
follows thus from the general observation that in whatever neutral tannakian category, any tensor
construction of abelian objects is abelian. Conversely, let A be an abelian object in Pervy, so the
fundamental group G = G 4 of A is a commutative algebraic group over Q. Write S for the set of
singularities of A, and Ty for the split torus dual to the group ZS generated by the set of complex
numbers S. The object A corresponds to a finite-dimensional, faithful representation V of G 4. We
can decompose the vector space V into eigenspaces

V=V
seS

for the action of the torus Ts. The eigenspace corresponding to an element in Z.S is zero unless
it belongs to S. Since G4 is commutative, and hence in particular Tg is central in G4, this
decomposition is compatible with the action of G4 on V. In other words, the above eigenspace

A:@As

seS

decomposition is a decomposition

of A into a direct sum, where each summand A, has only one singularity s € S. O
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COROLLARY 2.9.16. — A one-dimensional object of Pervy is isomorphic to (j,)1Fx[1] where Fy
is the local system with monodromy A € Q* on A\ {z}.

PROOF. A one-dimensional object of Pervy is abelian, irreducible and non-zero, and hence has

exactly one singularity, say z, with trivial fibre at z. O






CHAPTER 3

Three points of view on rapid decay cohomology

In this chapter, we present three different constructions of rapid decay cohomology. We first
repeat the elementary definition from the introduction and give a few examples. Next, we associate
with a tuple [X,Y, f,n] an object of the category Pervy whose nearby fibre at infinity is the rapid
decay cohomology group H[(X,Y, f). This enables us to derive the statement analogous to Nori’s
basic lemma for rapid decay cohomology from Beilinson’s basic lemma for perverse sheaves, which
will be a key ingredient in the definition of a tensor product for exponential motives in Chapter 4.
In the case where X is a smooth variety and Y a normal crossing divisor, we express rapid decay
cohomology as usual relative cohomology, without any limiting process, on the real blow-up of a
good compactification, a point of view that will be useful to prove the comparison isomorphism
between rapid decay and de Rham cohomology in Chapter 7. Finally, we introduce cup products,
the Kiinneth formula, and Poincaré-Verdier duality for rapid decay cohomology.

3.1. Elementary construction

For each real number r, let S, be the closed complex half-plane S, = {z € C|Re(z) > r}.
Throughout this section, all homology and cohomology groups are understood to be singular ho-
mology and cohomology with rational coefficients.

DEFINITION 3.1.1. — Let X be a complex variety, Y C X a closed subvariety, and f a regular

function on X. For each integer n > 0, the rapid decay homology group in degree n of the
triple [X,Y, f] is defined as the limit

HYX,Y, f) = Jim H (X, YU F71S,)). (3.1.1.1)

The limit is taken in the category of Q-vector spaces, with respect to the transition maps on relative
singular homology induced by the inclusions f~1(S;) C f=1(S,) for t > r. Dually, the rapid decay
cohomology group in degree n of the triple [X,Y, f] is the colimit

B(XY, f) = colim H'(X,Y U f7(S))) (3.1.1.2)

with respect to the transition maps on relative singular cohomology induced by the same inclusions.
Whenever the subvariety Y is empty, we shall drop it from the notation.

91
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3.1.2. — Given X, Y, and f as in 3.1.1, there exists a real number rg such that, for all r > rq

and all z € S;, the inclusions
YUf™z) CYUFS) C YU (S (3.1.2.1)

are homotopy equivalences, and hence the transition maps in (3.1.1.1) and (3.1.1.2) are eventu-
ally isomorphisms. Indeed, it follows from resolution of singularities and Ehresmann’s fibration
theorem (see e.g. [88, Prop.9.3]) that, given any morphism of complex algebraic varieties, in our
case f: X — Al there exists a non-empty Zariski open subset U of the target space, in our case
the complement of a finite subset of A, such that f~!'(U) — U is a fibre bundle for the complex
topology (see also [87, Cor.5.1]). Together with the well-known fact that complex algebraic vari-
eties admit a finite triangulation, this implies that rapid decay homology and cohomology groups
are finite-dimensional vector spaces dual to each other. They depend naturally on [X,Y, f] for the
obvious notion of morphisms of such triples, that is, morphisms h: X — X’ such that h(Y) C Y’
and f'oh = f. If f is constant, we recover the usual singular homology of the pair [X, Y], since in
that case the set f~1(S,) is empty for big r. For sufficiently large r, we obtain isomorphisms

(XY, f) = HY(X,Y U f1(2)) (3.1.2.2)

for any z € C with Re(z) > r. These isomorphisms (3.1.2.2) are natural in the sense that, if a
finite family of triples [ X4, Ya, fo] and morphisms between them are given, then for any z € C with
sufficiently large real part the isomorphism (3.1.2.2) is natural with respect to the given morphisms.

EXAMPLE 3.1.3. — Let X = A% = Spec C[z, y], together with the regular function f(z,y) = 2%°
for two integers a,b > 1. If a and b are coprime, the curve f~1(r) C X is isomorphic to G,, as long
as r # 0. In general, if d denotes the greatest common divisor of a and b, the subvariety f~1(r) is
a finite disjoint union of copies of G, indexed by the group of roots of unity p4(C). From the long
exact sequence of relative cohomology

0 — HO(A?) — HO(f71(r)) — H' (A%, f7H(r) = H'(A%) = H'(f7H(r)) = H* (A% f~}(r)) =0,

it follows that dim H(X, f) = d — 1 and dim H%(X, f) = d.

EXAMPLE 3.1.4. — Set X = G2, = Spec Clu™!,v*!], and f(u,v) = u + v + (uv)~!. In order to
compute the rapid decay homology of (X, f), we need to understand the topology of the hypersur-
face f(u,v) = r for large real 7. Let us look at X as the zero locus of zyz —1 in A* = Spec C[z, 3, 2]
via (u,y) — (u, v, (uv)~!) and extend f to the function f(z,y,z) = 2 +y+ 2z on A3. The equation
f(x,y,2) = r describes a hypersurface in A® which has the homotopy type of a honest sphere S,
while zyz = 1 has the homotopy type of a torus S! x S!. Finish this

3.1.5. — Let X be a complex variety, Z C Y C X closed subvarieties, and f a regular function
on X. As for ordinary singular cohomology, there is a long exact sequence
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which is functorial in [X, Y, Z, f]. It is obtained as follows: for each real number r, there is a natural

long exact sequence of cohomology groups
o HY Y U NS, ZU FHS)) — HY(X, Y U FH(Sy) — HM(X, ZU f1(S,)) — -

associated with the triple of topological spaces Z U f~1(S,) C Y U f71(S,) € X. The inclusion of
pairs [Y, f|;1(S.)] = [Y U f71(S,), ZU f~1(S,)] induces an isomorphism in relative cohomology by
excision. We may hence identify the previous long exact sequence with

e N, ZU FIFNS) — HM(X,Y U f1(S,) — HY(X,ZU f1(S,)) — -+

and obtain (3.1.5.1) by taking colimits.

EXAMPLE 3.1.6. — Let X be a variety, Y C X a closed subvariety, and f: X x A! — Al the
projection onto the second factor. All the rapid decay cohomology groups vanish:

(X x ALY x Al f) =0.
Indeed, for each real number r, the inclusion f~1(S,) = X x S, € X x C is a homotopy equivalence,

hence the vanishing H™ (X x Al, f) = 0 for all n. Similarly, H" (Y x Al, f|y’) = 0, and the claim
follows from the long exact sequence (3.1.5.1) applied to the triple @ C Y C X.

3.2. Rapid decay cohomology in terms of perverse sheaves

In this section, we present a less elementary construction of rapid decay cohomology in terms of
perverse sheaves. It has the advantage of automatically endowing H (XY, f) with rich additional
structure and also of being purely based on the six-functors formalism, and hence portable to other
contexts. Ultimately, we wish to equip H4(X,Y, f) with the data of an exponential mixed Hodge
structure, which is a special kind of mixed Hodge module on the complex affine line.

DEFINITION 3.2.1. — Let X be a complex algebraic variety, ¥ C X a closed subvariety,
and f: X — A! a regular function on X. We call the object

ngrv(X7 Y, f) = H(pHn(Rf*Q[XaY]»

of Perv( the perverse cohomology in degree n of the triple [X,Y, f]. Here, PH™ means homology
in degree n with respect to the perverse t-structure, and Q[ y] stands for the sheaf 55*Qx on X,
where 8: X \'Y — X is the inclusion.

PRrROPOSITION 3.2.2. — Let X be a complex algebraic variety, let Y C X be a closed subvariety,
and let f: X — A' be a reqular function on X. Let T' C X x Al be the graph of f, and let
p: X x Al — Al be the projection. There is a canonical and natural isomorphism in the derived

category of constructible sheaves on Al :

M(RAQpy ) — BpQ 1 (v xaryory - (3.2.2.1)
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PROOF. Let s: X — (Y x A') UT be the morphism of algebraic varieties given by s(x) =
(z, f(x)). It sends Y to Y x A! and satisfies pos = f, and hence induces a morphism in the derived
category of constructible sheaves

— Rf. (3.2.2.2)

Rp*@[(YxAl)UF,YXAl] Q[KY]

which is natural in [X,Y, f]. This morphism is an isomorphism. Indeed, the map s is an isomor-
phism of [X,Y] onto its image [T, (Y x A!) N T}, and the cohomology of this pair over any open
subset of A'(C) is isomorphic to that of [(Y x A!) UT,Y x Al] by excision: cut out the open
subspace {(y,t) € Y x A | f(y) # t}. From the triple of spaces Y x Al C (Y x Al) UT C X x Al
we obtain the following natural exact triangle.

— Rp, — Rp, — Rp,

Rp*@[XxAl,(YxAl)uF} @[XxAl,YxAl] @[(YxAl)UF,YXAl] @[XxAl,(YxAl)uF][l]'

The object Rp*@[XxAl,YxAl}
zero object. We find therefore a natural isomorphism

H(Rf*@[x’y]) ; H(RP*Q[X XAl,(YXAl)UF] [1])

and it remains to show that the adjunction Rp,

is the same as W*RW*@[X ] and hence applying II to it returns the

— II(Rpx is an

@[XxAl,(YXAl)UF] Q[X><A1,(Y><A1)UF])

isomorphism. The triangle (2.4.3.2) reads

7 Ry Rp,.Q

Qrxxat (yxanur) = 1Ps

— II(Rp«

Q[X><A1,(Y><A1)U1“] Q[XxAl,(YxAl)UF])

and hence we must show that R(m o p)*@[ xAl is zero. This is just a complicated way of

Y xAL)UT
saying that the cohomology groups H™(X x Ai(, (Y >z A]l) UT) vanish. The cohomology groups of
the pair [X x A, T] are zero, because this pair is homotopic to [X, X]. The long exact sequence
of the triple I' C (Y x A UT C X x A! shows that it is enough to prove that the cohomology
groups of the pair [(Y x A') UT,T] vanish. The excision isomorphism shows that the cohomology
of [(Y x A')UT, T is the same as the cohomology of [Y x A}, TN (Y x A!)], and since I'N (Y x A!)

is just the graph of the restriction of f to Y, this cohomology vanishes as we wanted to show. [

COROLLARY 3.2.3. — Let X be a complex variety, Y C X a closed subvariety, and f a reqular

function on X. There is a canonical and natural isomorphism of Q-vector spaces

perv

PRrROOF. By Lemma 2.3.3 and part (2) of Proposition 2.4.3, given any object C' of the derived
category of constructible sheaves, we have canonical and natural isomorphisms in Pervy

H(PH™(C)) = PH™(IL(C)) = H ™ H(IL(C))[1].
Proposition 3.2.2 yields therefore an isomorphism
NPH(RQy ) = H”*l(H<Rf*@[X,Y})>[1} e H' (BpeQ g1 (v searyur) I

in the category Pervg. The fibre of the constructible sheaf 7—["(}2}7*@[)(XAl (YXAl)UI‘])
real number 7 is the cohomology of the pair [X x {r}, (Y x {r})U(f~1(r) x {r})] in degree n, which
is the rapid decay cohomology H(X,Y, f) as r tends to infinity. O

over a large
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3.2.4. — Corollary 3.2.3 suggests a way of defining rapid decay cohomology with coefficients in

a constructible sheaf. Given a bounded complex of constructible sheaves A on X, we consider the

object

Voo (II(Rf.A)) (3.2.4.1)
of Db(VecQ). Taking for A the complex @[ XY concentrated in degree 0, for some closed subvariety
Y C X, we find

HY(Woo(T(REQyy 1)) = WoPHUIRLQ 1) = Voo M (X, Y, 1)) = H(X,Y, )

by Corollary 3.2.3 and exactness of W, and II for the perverse t-structure. Hence the complex
(3.2.4.1) computes the rapid decay cohomology of (X,Y, f). For general complexes A, we write

(X, f1A) = H" (Voo (IR [ A)))

and refer to these vector spaces as rapid decay cohomology of X with coefficients in A.

3.2.5. — The definition of rapid decay cohomology with coefficients allows for the introduction
of a Leray spectral sequence. Given an algebraic variety S with potential f: S — A!, a morphism
m: X — S of algebraic varieties, and a complex of constructible sheaves A on X, there is a first

quadrant spectral sequence
EYT = HP\(S, f; R'n A) = H'Y(X, f om; A)

It is obtained, as is the classical Leray spectral sequence, as the Grothendieck spectral sequence of

a composite of derived functors
Rf.Rm, = R(f om).: D’(X) — D°(A%).

Using the standard t¢-structure to filter Rf, and the perverse t-structure to filter Ry, the spectral
sequence reads

PRPf (Rim.(A)) = PRPTI(f on).(A).
This is a spectral sequence of perverse sheaves on A'. Applying the exact functors IT and W, yields

the desired spectral sequence of vector spaces.

3.3. Cell decomposition and the exponential basic lemma

In this section, we prove the analogue of Nori’s basic lemma for rapid decay cohomology. Using
its description in terms of perverse sheaves, it will be a more or less straightforward consequence
of the most general version of the basic lemma, obtained by Beilinson in [7, Lemma 3.3]. We recall

the argument for the convenience of the reader.

THEOREM 3.3.1 (Beilinson’s basic lemma). — Let f: X — S be a morphism of quasi-projective
varieties over k and let F' be a perverse sheaf on X. There exists a dense open subvariety j: U «— X
such that the perverse sheaves PH" (R f.jij*F) on S wvanish for all n < 0.
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Proor. We will show that the complement in X of a general hyperplane section has the desired
property. To alleviate notation, we agree that for the duration of this proof all direct and inverse
image functors are between derived categories of sheaves, and write them just as f. and f instead
of Rf, and Rf,. Consider a commutative diagram

f

X ——

ij

XH

where ig and iy are open immersions and S and X are projective. Choose an embedding of X into
some projective space P = IP’kN . Let P/ ~ Pév be the dual projective space parametrising hyperplanes
in P. The family of all hyperplane sections of X is the closed subvariety of X x P’ defined as

H={(z,L) e X xP |z €L}
Setting H = H N (X x '), we obtain the following commutative diagram of varieties:
fxid
H—"> XxP —> SxP
z‘Hl ixxidl isxidl (3.3.1.1)
_ R — fxid _
H—— XxP —= SxP.
In this diagram, all vertical maps are open immersions, whereas the horizontal maps x and & are

closed immersions. Let p: X x P’ = X and p: X x P’ — X be the projections, and set G = p*F
for the given perverse sheaf ' on X. The composite morphism

poR: H X xP =X

is a projective bundle, in particular is smooth. It follows from the smooth base change theorem,
which we recalled in 2.1.6, that the canonical morphism

R (ix xid),G = (poR)"ix.F — ig.(kop)'F =ig,s"G (3.3.1.2)

is an isomorphism. Pick a point of P’ corresponding to a hyperplane L C P. The fibre of the
diagram (3.3.1.1) over this point is the diagram

H, KL b f

S
z‘HLl ixi l (3.3.1.3)
u 3,

FL KL X f><

where H;, = X N L and H; = X N L are the hyperplane sections given by L. By the smooth base
change theorem, there exists a Zariski dense open subvariety of I’ such that, for all points L in this
open subvariety, the base change morphisms

(F*(ix xid),G)|u, = Frix.F  and  (ig.r*G)|g, = i, K1 F (3.3.1.4)

are isomorphisms. Indeed, any point L around which the map H(C) — P'(C) is smooth, or just
a topological fibration will do. Fix now an L such that the base change morphisms (3.3.1.4) are
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isomorphisms and such that the hyperplane section H; C X has codimension > 1, so that its

complement is dense. Since (3.3.1.2) and (3.3.1.4) are isomorphisms, the canonical morphism
BhixoF — i, K3 F (3.3.1.5)

obtained from (3.3.1.2) by base change is an isomorphism as well. Let U be the complement of H
in X,set U=UNX = X\ Hy, and consider the diagram

S
i ixl isl

v-—1x-L-73

where j and j are the inclusions. The canonical morphism
Jriv« (G F) = (ix)«1(°F) (3.3.1.6)

is an isomorphism. This is indeed a consequence of (3.3.1.5) and the five lemma applied to the

commutative diagram with exact rows

+1

Jiv« (G F) ix«F —— Rp.RL ix

N

(ix)et(J°F) —— ixoF —— ix.kpkp F

+1

where the rightmost isomorphism is obtained by applying K., to the isomorphism (3.3.1.5). Finally,
we obtain from (3.3.1.6) an isomorphism

_ (3.3.1.6) e o
PH ™ (fugij " F) = ig PH" (fuix i ™ F) = igPH"(fuhiv. g™ F) = ig"H"((f o jhiv.j"F)

where we used f, = f, in the last equality. The morphism f o j: U — S is affine, and hence the

functor R(f o j) is t-left exact for the perverse t-structure by Artin’s theorem 2.1.16. It follows
that the last term above vanishes for n < 0, thus concluding the proof. O

3.3.2 (Exponential basic lemma). — We now deduce the basic lemma for rapid decay cohomology.

Below, we say that a variety has dimension < d if all its irreducible components do.

COROLLARY 3.3.3 (Exponential basic lemma). — Let X be an affine variety of dimension < d,
together with a reqular function f, and let (Y; — X; — X);er be a finite family of closed immersions.
There exists a closed subvariety Z C X of dimension < d — 1 such that, for all n # d,

(XY, u(Xsn2),f)=0.

PRrOOF. Let W C X be a closed subvariety of dimension < d—1 such that, for each 4, the variety
X; \ (W UY;) is either empty or smooth and equidimensional of dimension d. Set W; = X; N W.
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The complex of constructible sheaves @[ [d] is a perverse sheaf on X as we have seen in

Example 2.1.17. Set

Xi,W;UY]

F =Dy, wovd
iel
and let us apply Beilinson’s Theorem 3.3.1: there exists a dense open subvariety j: U < X such
that PH"(Rf.j17*F) = 0 for n < 0, in particular

for each i. Let Z be the union of the complement of U and W. Since U is dense, Z has dimension

< d—1 and since Z contains W, we have j!j*@[x_ WiLY: . Hence, Corollary 3.2.3

1= U viuxinz)
yields the vanishing

HIF (X3, ViU (X501 2), ) 2 e (MR (REQpy. 1z ld))) =0

for all n < 0, and hence H(X;,Y; U(X; N Z), f) =0 for n < d. On the other hand, since X; is
affine of dimension < d, Artin’s vanishing theorem shows that H4(X;,Y; U (X; N Z), f) = 0 for
n > d. O

3.4. Preliminaries on the oriented real blow-up

The two previous descriptions of rapid decay cohomology involve passing to the limit when the
real part of the function goes to infinity. We reinterpret these constructions as the cohomology of
a manifold with boundary, where the boundary might not be smooth but have corners. In a sense,
the limit is now taken over the ambient space itself.

3.4.1 (The oriented real blow-up of P! at infinity). — We write P! for the compactification of C
by a circle at infinity, that is, the disjoint union P! = C LU S'. A system of open neighbourhoods
of z € St = {w € C||w| = 1} is given by the sets

{we C||w| > R and |arg(w) — arg(z)| < e} U {2’ € S ||arg(z') — arg(z)| < €}

for large R and small € (see Figure 3.4.1). Given a complex number z of norm 1, we will write zoco
for the element of the boundary P! = S! of P! with argument arg(z). There is a canonical
map m: P! — P! sending the circle at infinity to co € P!, which we call the oriented real blow-up
of P! at infinity. For a real number r, we let §T denote the union of the closed half-plane S, and
the closed half-circle at infinity {zoo € OP! | Re(z) > 0}, as displayed in Figure 3.4.1.

3.4.2. — Let us recapitulate how the oriented real blow-up of a complex variety X along a
subvariety is constructed. We follow the exposition in [39]. Let m: L — X be a complex line
bundle on X, and let s be a section of L. We consider the subspace Bi s of L whose elements
in a fibre L, = 7 () are those non-zero | € L, satisfying r - | = s(x) for some non-negative
real number 7. The fibre of B}  over z € X is thus the set of positive real multiples R - s(z)
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FIGURE 3.4.1. A neighbourhood of zoo (left) and the closed region S, of P! for a
sufficiently large real number r (right)

whenever s(z) is non-zero, and the set L, \ {0} in case s(xz) = 0. Therefore, the action of Ry on L
by fibrewise multiplication leaves Bz, . stable. The quotient topological space

Blor X = B} ,/Rso

is called the oriented real blow-up of X along (L, s). It is a closed, real semialgebraic subspace of
the oriented circle bundle S1L = L*/R-y = Bloy ¢X. Two sections of L that differ by a nowhere
vanishing function define the same oriented real blow-up, and hence it makes sense to define the

oriented real blow-up of X along an effective Cartier divisor D as
Blop X = Blop(p),s X,

where s is a section of O(D) with D as zero locus. Finally, if Z C X is an arbitrary closed
subvariety, we define the oriented real blow-up of X along Z as

BlOZX = BlOE(BlzX)

where ¥ C Blz X is the exceptional divisor in the ordinary blow-up of X along Z. The real blow-up

comes with a map 7: Bloz X — X, and we call
OBloz X =7 1(2)

the boundary of Bloz X. If X is smooth and Z a smooth subvariety, then Bloz X has canonically
the structure of a real manifold with boundary 0Bloz X.

EXAMPLE 3.4.3. — Viewing {oco} C P! as an effective Cartier divisor, the above definition
agrees with the ad-hoc construction of the oriented real blow-up of P! at {oc} from 3.4.1. A bit
more generally, consider the effective Cartier divisor D = n - [0] on A! for some integer n > 1,
which is the zero locus of the section z — 2™ of the trivial line bundle on A!. The oriented real
blow-up map 7: BlopA! — Al is an isomorphism above A!\ {0}, and the fibre over {0} is the
circle S1 = C* /R~ = {2z € C* | |z| = 1}. In order to understand the topology of BlopA! we need
to describe neighbourhoods of points in the boundary. By definition, BlopA'! is the quotient of

B = {(z,w) € C x C* | 2wt € Ryo}
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by the action of Rsg by multiplication on the second coordinate. Equivalently, we can and will
regard BlopA! as the subspace

BlopA! = {(z,w) € C x §' | z"w™ € Ry}

of the trivial circle bundle on Al. Elements of the boundary are of the form (0,wg) with wg a
complex number of norm 1. A fundamental system of neighbourhoods of (0, wy) is then given by

Us = {(z,w) € C x St | 2wt e R>o, |2] <e, arg(wwo_l) <e}

for small € > 0. The intersection of U, with the boundary is a small arc of circle around wy € S*.
On the other hand, the intersection of U, with A\ {0} consists of the n small sectors

{zeC|0< 2| <e, |arg(z"wy )| < €}

around the missing origin in A\ {0}. We might thus topologically describe the oriented real blow-up
of P! along D = n - [0] as the result of gluing a disk to a circle via the n-fold covering map of the
circle by itself. In particular, the topological space BlopA! does not admit the structure of a real
manifold with boundary unless n = 1.

3.4.4. — Let X be a complex variety, and let Z1, Zs,..., Z,, be closed subvarieties of X. We
define the oriented real blow-up of X along the centres (Z1, Za, ..., Zy) to be

Bloz,....z,)X = Bloz, X xx Bloz, X xx - xx Blog,, X,

where the fibre products are taken in the category of topological spaces. We will work with oriented
real blow-ups along multiple centres in the particular case where X is a smooth complex variety
and the Z; are the irreducible components of a normal crossing divisor. In such a situation, we
may describe the oriented real blow-up in terms of local coordinates as follows. Suppose X = A%,
with coordinates x1, ..., x4, and let D, C X be the effective Cartier divisor given by x, = 0. As in
Example 3.4.3, the oriented real blow-up of X along (D1, ..., Dy,) is identified with the subspace

Blo(Dl,_”,Dm)Ad ={(z1,..., 28, W1, ..., W) € C? x (sHm | zpw;;l €Ryp for 1 <p<m}

of the trivial torus bundle C? x (SY)™ — C?. The fibre over a point (z1,...z) € A? is a torus
whose dimension is the number of zeroes in the tuple (21, ..., 2z, ). A standard neighbourhood of a

point (21,..., 24, W1,...,Wy,) is given by

m d

H {(z,w) €Cx S| 2w € Rxp, |2 — 2| < e,arg(wwgl) < 5} X H {z € (C‘ |z — 2| < 6}

p=1 p=m+1
where in the first product, for sufficiently small €, each factor is either an open disk if z, # 0, or
a half-disk with boundary if z, = 0. From this description, we see that in general, Blop, Dm)Ad
does not admit the structure of a real manifold with boundary, at least not in a straightforward way.
However, we have seen that for a general d-dimensional smooth complex variety X and a normal
crossing divisor with irreducible components Dy, ..., Dy, the oriented real blow-up Blop, . p,)X
is locally diffeomorphic to a product [0,1)% x (0,1)® with a-+b = 2d, the diffeomorphisms depending
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on the choice of local coordinates. Such a beast is called a manifold with corners'. Notice that in

Example 3.4.3, the real oriented blow-up of P! at n - [0] is not a manifold with corners for n > 1.

3.4.5 (Manifolds with corners and the collar neighbourhood theorem). — The classical collar
neighbourhood theorem for a manifold with boundary M states that the boundary OM admits a
neighbourhood in M which is diffeomorphic to M x [0,1), see e.g. [46, §4.6]. For manifolds with

corners a similar statement is true, except that one can of course not ask for a diffeomorphism.

THEOREM 3.4.6 (Collar neighbourhood theorem). — Let B be a real manifold with corners.
The boundary OB of B admits an open neighbourhood which is homeomorphic to 0B x [0,1). In
particular, if C is any subset of OB, then the inclusion B\ C — B is a homotopy equivalence.

We do not know of a reference for this proposition as it is stated. There is an ad-hoc construc-
tion of rounding corners: a manifold with corners is homeomorphic to a manifold with boundary
via a homeomorphism respecting the boundaries. This procedure is described in the appendix Ar-
rondissement des variétés a coins by Douady and Herault to [15]. Having rounded off the corners,
one can apply the classical collar neighbourhood theorem [46, §4.6]. Alternatively, we can avoid the
rounding of corners by generalising one of the proofs of the classical collar neighbourhood theorem
to manifolds with corners. Let us suppose for simplicity that the boundary 9B is compact. In a
first step we construct an inward pointing vector field F' on B. Locally, on a chart [0,1)% x (0, 1)
one can make an explicit choice of such a vector field, and using a partition of unity these vector
fields can be glued together to a global one. Consider the associated flow p: 0B xR — B, restricted
to the boundary. By definition, this means that ¢(b,0) = b and %—‘fgp(b, t) = F(¢(b,t)). Locally,
this flow exists and is unique for small times 0 < ¢t < €, and since B is compact, we may assume
that ¢ is globally well defined for small times. The flow ¢: 9B x [0,e) — B is then locally a
homeomorphism. Again using compactness of the boundary we see that we may choose a smaller &
is necessary so that ¢ is injective and a homeomorphism onto its image, and thus yields the collar
neighbourhood.

3.5. Rapid decay cohomology as the cohomology of a real blow-up

3.5.1. — Let X be a smooth compact complex manifold of dimension d. Let f: X — P! be
a meromorphic function with pole divisor P = f~!(c0), and let H (for “horizontal”) be another
divisor on X. Suppose that the union D = PU H is a normal crossing divisor and set X = X \ D.
Denote by m: B — X the oriented real blow-up of X along the irreducible components of D, and
by P! the oriented real blow-up of P! at co. The function f lifts uniquely to a function fz: B — P!

Iyt appears that several, inequivalent definitions of manifolds with corners are in use. Our example fits all of
them as far as we know. We use Douady’s definition in [30, §I.4], which seems to be the one most adapted to our

situation.
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making the diagram

B B [F’l

|

T

_ f 1
X —P
commutative. The local description of fg is as follows: around a given point 0 € X, we can choose
local coordinates x1,...,2q in which the divisor D is given by x1 -- -z, = 0, for some 0 < m < d,
and the function f by
fl(l’l, . ,:Zid)
@ @) = iy

for a holomorphic function f; that does not vanishing at 0 and exponents e, > 0. Locally around
this point, Pyeq (resp. H) is the zero locus of the product of those x; with e; > 0 (resp. e; = 0). As
described in 3.4.4, the map n: B — X is locally given by the projection of

{(z1,... g, w1, ..., wy) € Cx (SH™| nlrpw};1 €Ryg for 1 <p<m}
onto the coordinates (z1,...,zq). The map fp: B — P! is given by
ey 2 ) i attag g 20,
B\L1ly--.,4&d, W10, Wm) = (welweg‘“wem)_l if 28182 ... ptm — ()
1 "2 m 12 m

so that fp maps the pole divisor P to the circle at infinity in PL. Outside P, where the function f
is regular, fp is the composite of f: X \ P — C with the inclusion C C P'. Let us set

P! = {200 € P |Re(z) > 0} and O*B = fz1(0*PY),
and denote by B° C B the subset
B° =B\ {be dB|m(b) € H or Re(fp(b)) < 0}.

The boundary 0B° of B° is the set of those b € OB such that f has a pole at 7(b) and fp(b) has
strictly positive real part.

PROPOSITION 3.5.2. — In the situation of 3.5.1, the linear maps
H™(X, f71(S,)) «— H™(B, f5'(S,)) — H"(B,d"B) +— H"(B°,0°)
induced by inclusions of pairs of topological spaces are isomorphisms for large enough real v > 0.

PROOF. The inclusions X = X \ D C B and f~1(S,) C fgl(gr) are homotopy equivalences
by the collar neighbourhood theorem, whence the leftmost isomorphism, with no constraint on 7.
That the middle morphism is an isomorphism for large r is essentially a consequence of the proper
base change theorem. Indeed, let [0, 00] be the real half-line completed by a point at infinity and
consider the subspace

C = {(b,r) € B x[0,00] | f5(b) € S}
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of B x [0,00]. The projection map pr: B x [0,00] — [0, 00] is proper because X, and hence B, is

compact. Therefore, by the proper base change theorem, the canonical morphism

R"pr,( — H"(B,0"B)

Qo001
is an isomorphism. On the left-hand side stands the stalk at oo of the sheaf on [0, oo] associated
with the presheaf U — H"™ (B x U, (B xU)NC). The sets [r, oo] for 0 < r < oo form a fundamental
system of closed neighbourhoods of co € [0, 00|, and hence this stalk is by definition the colimit

colim H"(B X [r,o0], (B x [r,o0]) N C)

r<oo

as r goes to co. The pair (B, fgl(gr)) is a deformation retract of B X [r, 00|, (B x [r,oc]) N C'), and
hence this colimit is the same as

colim H"(B, fgl(gr))a

<00

which eventually stabilises. Finally, the inclusion of pairs (B°,dB°) — (B,d" B) is a homotopy
equivalence, again by the collar neighbourhood theorem. O

From Proposition 3.5.2, we immediately derive:

COROLLARY 3.5.3. — In the situation of 3.5.1, there is a canonical isomorphism of vector spaces

(X, f) = H"(B,0"B) = H"(B°,0B°).

3.5.4. — Let us again consider the situation of 3.5.1: Proposition 3.5.2 states that the rapid
decay cohomology of (X \ D, f) is canonically isomorphic to the cohomology of the pair (B, 0" B).
Let us denote by x: (B\0* B) — B the inclusion, and write Qg 5+ g = #15*Q;. The cohomology of
the pair (B,07 B) is the cohomology of B with coefficients in the sheaf Q(B,0+ B> hence a canonical

isomorphism
H™"(X\ D, f)= H"(B,Qo+p) = H"(X, Rm.Qp s+ 5))

where m: B — X is the blow-up map. Let us examine the object Rm.Q(ps+p) in the derived
category of sheaves on X.

3.5.5. — Here is a topological preparation which will eventually help us to get a better grasp

on RW*Q[B,MB]' Let m > 1 be an integer, and let 7" C R™/Z™ be the subset defined by

T ={(z1,...,Zm) | derx1 + - -+ + depxy, = 0 mod 1}
for some integer d > 1 and primitive vector e = (eq,...,€ey) € Z™. Here, primitive means not
divisible in Z™ by an integer > 2, and in particular non-zero. We propose ourselves to find an

explicit description of the homology groups H,(R™/Z™,T). The subspace T" has d connected
components, namely, T is the disjoint union of the subtorus

TO:{(iUla---,xm)|€1w1+'--+emxm50mod1}
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and its translates Ty, = Ty + (0, .. .,0, %) The pair of spaces (R™/Z"™,T) is homeomorphic to the
product of Tp, which is a torus of dimension m —1, and the circle R/Z marked in the d points éZ/Z.
The pair (R/Z, 17Z/Z) has homology in degree 1 only, and therefore the cross-product morphism

H, 1(Ty) x Hi(R/Z,12)7) — H,(R™/Z™,T)

is an isomorphism. Fix a Z-basis aq,...,amn—1 of the orthogonal complement of e in Z™. For any
non-decreasing injective map f: {1,2,...,p—1} — {1,2,...,m—1}, and any k € {0,1,...,d—1},

the continuous map
p—1
e [0,1) — R™ /2" erp(tin - oty) = fitp + D _agqti
i=1

represents an element in H,(R™/Z™,T), once we decompose the cube [0,1]P appropriately into
a sum of simplicies. Together, these elements form a basis of H,(R™/Z™,T). The dimension of
Hy(R™/Z™,T) is d(7 7).

PROPOSITION 3.5.6. — Set n = dim X. The homology sheaves RPm,.Qp o+ p) are constructible
and vanish for p > n. Therefore, Rm.Qp o+ p) is an object of the derived category of constructible
sheaves on X. The sheaf

Rm.Qp o+ p)[n]

is a perverse sheaf on X. Its Verdier dual is the sheaf Rm.Qp gop|[n] where B C OB is the
closure of the subset OB\ 0T B of the boundary.

PRrOOF. The blow-up map 7: B — X is proper, and hence for every x € X the stalk at z of
the sheaf RPm.Qp s+ p) is identical to HP (7= Y(z),7~Y(z) N 0F B). This shows that RPm. QB o+ B
is constructible with respect to the stratification given by intersections of the components of D.
Precisely, if we denote by D) C X the smooth subvariety of codimension m given by the union
of all intersections of m distinct components of D, then

sgcpD™Wcpr-Hc...cp®@cpcx

is a stratification for RPm.Q(p g+p), for all p. The fibre 7n~1(x) is a real torus of real dimension
m, where m < n is the number of components of D meeting at x, and 7—!(z) N+ B is either
empty or a finite union of real tori of dimension m — 1. In view of 3.5.5 we can be more explicit:
If x is in the intersection of components D1, Do, ..., D,, of D, and f has a pole of order e¢; > 0
on D;, then the stalk of RP1.Q(p o+ p) at = has dimension ged(e, . . . ,em)(?f_]l) if f has a pole at
x, i.e. at least one of the e; is non-zero, and dimension ('y) if f is regular at z. In either case,
HP(zY(z), 7~ () N0+ B) = 0 if p > m, and hence the inclusion

supp (RPF*Q[BﬁJrB]) c pw (3.5.6.1)

holds. Next, we compute the dual of RFm.Q(p 5+p). Let us denote by wp/x = 7'Qx the relative
dualising sheaf of 7: B — X. Local Verdier duality reads

RHom(Rm.Q(p o+ p), Q) = Rm. RHom(Qp o+ ), wp/x)
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and hence it suffices to produce a canonical isomorphism
RHom(Q o+ 5),wB/x) = QB a0p
in the derived category of sheaves on B. Let us name the inclusions
«a: B\ 0B — B k: B\0"B — B A\:B\d'B— B

so that Qg o+p) = kK" Qp and Qg gopy = MA*Qp. Since X is smooth of real dimension 2n, the
dualising sheaf on X is wx = Qx[2n], and hence we can compute the relative dualising sheaf wp /X
as wp[—2n]. We find wp,x = aa*Qp, as we would for any C%-manifold with boundary. Notice
that for any sheaf F' on B there is a natural isomorphism Hom(rkik*Qp, F') = k«x*F, and hence

we find in particular an isomorphism
RHom(kik*Qp,wp/x) = Rk a0 Qp = kuk™ i Qp

in the derived category of sheaves on B. The functor . is exact, hence the equality on the right.
Inspecting sections, we find k.x*aia*Qp = MA*Qp as we wanted to show. For any p > 0, the
direct image RPm.Qp gop) is a constructible sheaf on X, and since 7 is proper, we can compute
its stalks using proper base change: the stalk at z is isomorphic to HP?(x~!(x),7~(z) N 6°B).
The fibre 7—!(z) is still a real torus of real dimension equal to the number m of components
of D meeting at =, and 7~ !(x) N "B is either all of 7=!(z) in case f is regular on one of the
components of D meeting at x, or else, a finite union of real tori of dimension m — 1. In either
case, HP (7~ 1(x), 7~ (z) N d°B) = 0 if p > m, and hence the inclusion

supp (RPm.Qp00p) € DW (3.5.6.2)

holds. Together, the inclusions (3.5.6.1) and (3.5.6.2) show that Q|p o+ p)[n] is perverse. O

3.5.7 (Good compactifications). — In 3.5.1 and Proposition 3.5.2 we started with a smooth
and compact complex manifold X and a function X — P!, restricting to X \ D — A! for some
normal crossing divisor D. In practice, we usually start with a smooth variety X and a function
f: X — A', and seek to compactify X by a normal crossing divisor in such a way that f extends
to a function with values in P! on the compactification.

DEFINITION 3.5.8. — Let X be a smooth variety over k, let Y C X be a normal crossing divisor,
and let f: X — A! be a regular function. A good compactification of (X,Y, f) is a triple (X,Y, f)
consisting of a smooth projective variety X over k containing X as the complement of a normal
crossing divisor D, a divisor Y C X such that Y = Y N X and that Y + D has normal crossings,
and a morphism f: X — P! extending f.

3.5.9. — The situation of Definition 3.5.8 one has a commutative diagram

X —X~<—0D

4o

Al — p! < {oo}
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where all horizontal maps are inclusions. A good compactification of (X, Y, f) always exists. Indeed,
let X be any smooth compactification of X by a normal crossing divisor D, such that also Y+ D
is a normal crossing divisor, where Y is the closure of Y in X(. Such a compactification can be
“found” using resolutions of singularities. The function f extends to a rational map X --» PL.
By resolution of indeterminacies, there exists a finite tower of blow-ups X — X,_1 — -+ — X
at smooth centers of D such that f extends to a morphism f: X — P!. Define Y to be the strict
transform of Y in X.

EXAMPLE 3.5.10. — Let X = A% = SpecQ[z, y], together with the function f = 2% + y2. We
start with the compactification X = P! x P! and the rational map

P! x P! -5 P!
[z: a),[y: b] -—» [D*2? + a®y?: a®b?,

whose only indeterminacy is (oo, c0). Let X be the blow-up of this point, i.e. the closed subvariety
of P! x P! x P! given by the equation av = bu, where [u: v] are the coordinates of the last P*. Then
f extends to the morphism

x L pt

[z:a],[y: b, [u: v] — [v?2? + uPy?: u?o?).

The pole divisor has irreducible components P; = oo x P! x [0: 1] and P, = P! x oo x [1: 0], and
each of them appears with multiplicity two. The horizontal component is the exceptional divisor.

COROLLARY 3.5.11. — Let X be a smooth complex algebraic variety with potential f: X — Al
and let Y C X be a normal crossing divisor. Let (X,Y, f) be a good compactification of (X,Y, f).
Let m: B — X be the real blow-up of X along the components of D = X \ X, let By C B be the
real blow-up of Y along the components of Y N D, and let fg: B — P! be the lift of f to B. There

s a canonical isomorphism

" (X,Y, f) = H"(B, By UO'B).

PRrROOF. If Y is empty, this is the statement of Corollary 3.5.3. If Y has only one (smooth)

irreducible component, there is a commutative diagram

———HYN(Y, f) H'Y(X,Y, f) HY(X, f) — -

| | |

.+ — > H"(By,d"By) —> H"(B,By UOTB) —> H"(B,0"B) —> - -

we can also apply Proposition 3.5.2 to Y and deduce the statement of the corollary by dévissage.
The general case is by induction on the number of irreducible components of Y. O
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3.6. The Kiinneth formula

The classical Kiinneth formula relates the singular cohomology of reasonable topological spaces
X7 and X5 to the cohomology of the product space X1 x Xo. In the case of rational coefficients,
or indeed coefficients in any field, the Kiinneth formula simply states that the map

H*(X1,Q) ® H*(X2,Q) — H*(X1 x X2,Q)

induced by the cup-product is an isomorphism of graded vector spaces. This works equally well
for pairs of spaces: given closed subspaces Y7 C X; and Yo C X, the cup-product induces an
isomorphism of graded vector spaces

H*(X1,Y1;Q) ® H*(X2,Y1;Q) — H™ (X1 x X, (X1 x Y2) U (Y1 x X2);Q).

In this section, we introduce the cup-product for rapid decay cohomology and establish a Kiinneth

formula in this context.

DEFINITION 3.6.1. — Given sets (schemes, topological spaces, ...) X; and X2, a commutative
group (scheme, ...) C and maps f1: X1 — C and fo: Xo — C, the Thom—Sebastiani sum fi B fo
is the map X3 x X9 — C' defined by the formula

(f1 B8 fo)(z1,m2) = fi(z1) + fo(x2).

3.6.2 (Elementary construction of the cup-product). — Let (X1,Y7) and (X2,Y2) be pairs
consisting of a complex variety and a closed subvariety, and let fi: X; — Al and fo: Xo — Al be
regular functions. The cup product

HY (X1,Y1, f1) ® H (X2, Ya, fo) — HT (X1 x Xo, (Y1 x X2) U (X1 x Ya), 1B fo)  (3.6.2.1)
is the linear map obtained, by passing to the limit r — 400, from the composition
HY(X1, Y1 U f71(S0) @ H (X2, Y2 U fy ' (S,))
— H'™ (X1 x Xo, (Y1 x Xo2) U (X1 x Y2) U (f71(Sr) x Xo) U (X1 x f3 1(Sy)))
— H'™ (X1 x Xo, (Y1 X X2) U (X1 % Y2) U (f1 B f2) 7' (S2r)),

where the first map is the usual cup product of relative cohomology, and the second one is induced
by the inclusion of closed subsets (f1 B f2) ™! (S2.) C (f71(Sy) x X2) U (X1 x f51(S))).

PROPOSITION 3.6.3 (Kiinneth formula). — Let (X1, f1) and (X2, f2) be complex varieties with
potentials and let Y1 C X and Yo C Xo be closed varieties. The cup product (3.6.2.1) induces an

isomorphism of graded vector spaces

H*(X1,Y1, f1) @ H*(X2,Ys, f2) = H* (X1 x Xo, (Y1 x X2) U (X7 x Ya), f1 B f2).

PrOOF. The Kiinneth formula for relative topological spaces yields an isomorphism of graded

vector spaces

H* (X1, f71(S)) ® H (Xs, f3(Sr)) — H*(X1 x Xa, (f71(Sr) x X2) U (X1 x f3(S0))
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induced by cup products. To ease the notation, we left out Y7 and Ys from the notation. We need
to show that the linear map

H™((f71(Sr) x X2) U (X1 x f51(S0)) = H*((f1 B f2)"' (S2r)) (3.6.3.1)

induced by the inclusion (f1 B f2)~1(S2,) C (f;(Sr) x X2) U (X1 x f51(S,)) is an isomorphism
for sufficiently large real r. In terms of constructible sheaves, this amounts to the following: let F;

be a constructible sheaf on X;, say for example F; = @[ and consider the open sets

X;,Yi)?
U ={(z1,22) =Re(z1) > r or Re(z1) > r and V ={(z1,22) | Re(z1 + 2z2) > 2r}.
We must show that the map
H"(U, (Rfr.F1 R Rf1,F)|y) — H*(V, (Rf1.F1 B Rf1.F)|v)

induced by the inclusion V' C U is an isomorphism. The homology sheaves of Rf1, F1 X Rf1,F5
are constructible with respect to a stratification consisting of finitely many horizontal and vertical
lines. Let G be any such constructible sheaf, that is, G is a sheaf on C? constructible with respect
to the stratification given by lines C x {s} or {s} x C and their intersection points, where s belongs
to a finite set of complex numbers S. Fix a real r such that » > Re(s) for all s € S, and let us show
that the inclusion V' C U induces an isomorphism H™(V,G|y) = H™(U,G|y). To this end, define

B = {(z1, 22,t) € C*> x [0,1] | Re(21 + tz2) > 7 + tr or Re(tz; + z2) > 7 + tr}

and consider the sheaf Gp = (pr*G)|p on B. The projection p: B — [0,1] is a topological fibre
bundle, its fibre over 0 is U and its fibre over 1 is V. The sheaf Gp is constructible with respect to
a stratification of B by subvarieties, each of which also is a fibre bundle over [0, 1], and hence the
sheaf R"p.Gp is a local system on [0, 1]. Parallel transport from the fibre over 0 to the fibre over
1 is the isomorphism we sought. O

3.6.4. — Here is an illustration in the real plane of the various sets considered in the proof of
the Kiinneth formula. In this picture the horizontal and vertical lines represent the stratification

e

FIGURE 3.6.2. Thesets V Cp~l(t) CU
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for G, so G is a local system outside these lines, and also when restricted to each of the lines except
at the intersection points. The whole coloured region is U, and the blue region is V. The green

and blue parts together form p~1(t).

3.6.5. — We defined the cup product for rapid decay cohomology in 3.6.2 in elementary terms.

We can also give a construction in terms of sheaf cohomology.

3.7. Rapid decay cohomology with support

In this section, we define the rapid decay cohomology with support on some closed subvariety.
As one is accustomed, this cohomology with support will fit into a long exact sequence relating it
with the rapid decay cohomology of the ambient variety and the rapid decay cohomology of the
open complement. We will also define a Gysin map for rapid decay cohomology, and construct the
corresponding long exact Gysin sequence.

3.7.1. — Let X be a variety equipped with a potential f: X — A!, and let Y C X be a closed
subvariety. Let ao: Z — X be the inclusion of a closed subvariety with complement 3: U — X. We
call

rnd,Z(X¢ Y, f) = \IIOOH(pHn(Rf*Ra!a!Q[X7Y])) (3711)

the rapid decay cohomology in degree n of (X,Y, f) with support on Z. There is an exact triangle

Raya'Qyy) = Qpxy) = RBB*Qpxy] — Roua' Qpx vy (1]

in the derived category of constructible sheaves on X. The sheaf 5*Q[xy] on U is the same as
Qu,ynu], and the functors Vo, and II are exact. Hence we obtain a long exact sequence

of vector spaces. We call the morphism H ,(X,Y, f) = H4(X,Y, f) the forget supports map.
The morphism following it is the usual restriction morphism, that is, the morphism in rapid decay
cohomology induced by the inclusion U — X.

3.7.2. — Let X be a smooth variety, together with a regular function f. Let ¢: Z — X be a
smooth closed subvariety of pure codimension ¢ with complementary immersion j: U < X. Recall
from 2.1.5 that iy = i, and i' = i*[—2¢], so in particular i;i'Q = 4,i*Q[—2¢]. The adjunction

morphism for 7, sits in a triangle
11" Q[—2c] — Q — Rj.j Q.
Upon application of Rf,, this triangle induces a long exact sequence of perverse sheaves

AN pHn—Qc(Rf*i*i*Q) SN pH”(Rf*Q) SN pH"(Rf*Rj*j*Q) — ..
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Taking the projector II and the nearby fibre at infinity we find a long exact sequence
s — HI?(Z, fiz7) — Hu(X, f) — HA(U, fir) — - (3.7.2.1)
of rational vector spaces which is called the Gysin long exact sequence. The morphism
H'7(Z, fiz) — HA(X, f) (3.7.2.2)

is call the Gysin map for rapid decay cohomology.

3.8. Poincaré—Verdier duality

The goal of this section is to establish a Poincaré—Verdier duality pairing for rapid decay
cohomology. To construct a natural duality pairing such as displayed in (3.8.2.1) below out of
local Verdier duality is an exercise in the six functors formalism. However, since later we want
to show that the resulting pairing is motivic, in a sense yet to be made precise, a sheaf-theoretic
construction is not enough for us. We will rather construct a specific pairing by geometric means,
not involving local Verdier duality. Then, we will have to check that the pairing we constructed
geometrically is indeed a perfect pairing, by comparing it to the sheaf-theoretic construction.

3.8.1. — To say that a finite-dimensional vector space V is dual to another space W usually
means that there is some particular linear map p: V @ W — Q called pairing. This pairing
has to be perfect, meaning that the induced maps V' — Hom(W,Q) and W — Hom(V,Q) are
isomorphisms. Less usual, but better suited to our later needs, is the point of view that to exhibit
W as the dual of V is to give a linear map ¢c: Q — W ® V called copairing. Again, this copairing
has to be perfect, that is, the induced map Hom(W,Q) — V sending ¢ to (¢ ® idy)(¢(1)) and
its companion Hom(V,Q) — W are both isomorphisms. Given vector spaces V and W, there
is a canonical bijection between the set of perfect pairings p: V® W — Q and the set of perfect
copairings ¢: Q — W ®V, as both sets are also in canonical bijection with the set of isomorphisms
between V' and Hom(W, Q). A pairing p and a copairing ¢ correspond to each other via this bijection
if the composite linear map

V=VoQ -2 vewev 22, Qv =V (3.8.1.1)
is the identity on V.
3.8.2. — Let X be a smooth connected complex variety of dimension d, let Y C X be a normal

crossing divisor, and let f be a regular function on X. We choose a good compactification (X,Y, f)
as in Definition 3.5.8, we let P be the reduced pole divisor of f, and we decompose the divisor at
infinity D = X\ X asasum D = P+ H. We set

X' =X\ (YNnP), Y =H\(HNP)
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and denote by f’ the restriction of f to X’. Our aim is to construct a canonical duality pairing
nX,Y, f) @ HE™MX Y, —f') — Q(—d). (3.8.2.1)

Observe that in the special case where f = 0 and Y is empty, the space X’ is just a smooth
compactification of X and ch‘f_" (X', Y, —f") is the cohomology with compact support H24—"(X).
We want to recover from (3.8.2.1) the classical Poincaré—Verdier duality pairing. For non-empty Y
but f still zero, the resulting pairing is sometimes called “red-green duality”. What we will actually
construct is not directly a pairing (3.8.2.1), but rather a copairing. Set U = X N X’ and let
Ay C X x X’ be the diagonal embedding of U. We call Poincaré—Verdier copairing the following

composite linear map:

Q(—d) = HO(Ap)(~d) =% H2(X x X', Y x X'UX x Y/, f B —f')

Kiinneth (3822)
MXY, f) @ H XY, — ).

We can recognise this copairing as the fibre at infinity of the similarly defined copairing for perverse
cohomology.

THEOREM 3.8.3. — The Poincaré—Verdier copairing (3.8.2.2) is perfect.

3.8.4. — Let us explain how the global Verdier duality theorem can be formulated in terms of
copairings. Fix an object F' in the derived category of constructible sheaves on a complex algebraic
variety X. We write A: X — X x X for the inclusion of the diagonal, and 7 for the map from
X to a point, so the dualising sheaf on X is the complex w = 7'Q. The dual of the evaluation
morphism ¢: A*(FRDF) = F®@DF — w is a morphism De: Q — A'(DF X F). Writing 7, as the
composition of A and 72 = 7 x 7, we obtain the sequence of morphisms

adjunction

RmQ 2> Ri2AA'(DFRF) Rr2(DF K F)
Kiinneth (3.8.4.1)
Rn,DF @ Rmy F

in the derived category of vector spaces. We have used here the fact that A is proper, and hence
A, = A). Taking homology in degree 0 and projecting onto some component in the Kiinneth
formula yields a copairing

Q=H"X) - H"™(X,DF)® H"(X,F)

which is perfect, and corresponds via the linear algebra operations outlined in 3.8.1 to the usual
Verdier duality pairing H"(X, F) ® H "(X,DF) — Q. To verify this fact, which we are not going
to do here, one has to check that the composite as in (3.8.1.1) of the pairing and the copairing is
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equal to the identity, which amounts to prove that the following diagram commutes:

Rm,F ® Q = Rny ' —— Rm.F = Q® Rn F
id ®adj. adj.®id
Rr,F ® Rmr,Q DRmw ® R F
id ®@De e®id
Rr.F ® Rr,A'(DFX F) DRmA*(DF R F) @ R, F
id ®adj. adj.®id
Rr.F @ Rr2(DF X F) DR##(DF X F) ® Rm,.F
Kiinneth Kiinneth
Rn.F ® Rn,DF @ Rn, ' —— DRmDF @ DRmF ® Rn.F

Our next task is to compare the recipe for the Poincaré—Verdier copairing (3.8.2.2) with the sheaf-
theoretic description of the Verdier duality copairing (3.8.4.1).

LEMMA 3.8.5. — Let Z be a smooth complex manifold and D, D’ C Z closed subvarieties which
have no common irreducible component and such that DUD' is a normal crossing divisor. Consider

the diagram of inclusions

Z\(puD) 2~ Z\D

B A (3.8.5.1)

Z\ D'

There is a canonical isomorphism

AMRB.Qz\(pupy = RN, B1Qz\(pup) (3.8.5.2)

in the derived category of constructible sheaves on Z.

PROOF. A proof can be found e.g. in [13, Lemma 6.1.1]. We recall the argument for the
convenience of the reader. Noting that RB.Qz\(pup) = )\*R)\’*ﬂ!’(@z\( pupr), adjunction yields a
canonical morphism in the derived category of constructible sheaves on Z,

MRB.Q\ (pupry — BXBIQ2\ (puDrs (3.8.5.3)

extending the identity on Qz\(pupr)- It suffices to prove that (3.8.5.3) induces an isomorphism on
stalks at each z € DU D’. Since D and D’ have no common component, both sides are zero unless
2z € DN D’ so we may assume that this is the case. Since D U D’ has normal crossings, there exists
a polydisk B centered at z, a decomposition B = Bp X Bp/ into a product of smaller-dimensional
polydisks, and analytic subvarieties P C Bp and P’ C Bp such that D N B = P x Bps and
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D' N B = Bp x P'. Therefore, locally around z for the analytic topology, diagram (3.8.5.1) looks
like o
s 1dXipr
(BD\P)X(BD/\P)H(BD\P)XBD/

Jpxid Jpxid

id Xjpr

BD X (BD/ \ PI)

BD X _B[)/7

where jp: Bp\P < Bp and jp/: Bp/\P' < Bpr stand for the inclusions. Writing Q(g,,\ p)x (B,,\P")
as Qp,\p X Qp,,\pr, both sides of (3.8.5.3) are canonically isomorphic to

(jp)QBp\p B R(jp')+Qp,\pr

by a variant of the Kiinneth formula, thus finishing the proof. O

PROPOSITION 3.8.6. — Let (X,Y, f) and (X',Y', ') be as in 3.8.2. The objects
MCH'RfQuy)  and  TEH*"R(=F).Quxryy)

of Pervy are dual to each other.

PROOF. We apply Lemma 3.85t0 Z =X\ P, D=H\(HNP)and D' =Y \ (Y N P). Then
the diagram of inclusions in loc.cit. becomes

X\Y=x"\v - x

" l

X' X\ P

and there are canonical isomorphisms

D(RAQpxy)) = D(RAAS Q) "= N R, go02d) “E RN 5l(8) Ql2d).  (386.1)

And now begins the fun:

IR RfQxy) = I([-1'DACH"R,Qxy))))
= H([-1]"DCPH"Rf.Qxy))) Lemma 2.4.8
— EH[-1D(RAQxy))) DoPHm =PI~ o
= HEH"D(R(-1)Qx,y))
= I(PH"D(R(-f):RA\Qx.v))) f="FoA
= IPH"(R(-f)D(RX\Qx y]))) f proper
= TI("H "(R(-f)BX,5/(8')*Q[2d])) (3.8.6.1)
= HEH*(R(—f)5(6')*Q)) fr=FfoXN

I(PH> ™ (R(= )+ Qixr y1))-
This is what we wanted to show. 0
PRrOPOSITION 3.8.7. — There is a non-degenerate duality pairing

nXY, f) @ HAMXY! — ) — Q(—d). (3.8.7.1)
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PRrROOF. We take the real blow-up point of view on rapid decay cohomology. Let B be the real
blow-up of X along the components of D. By Corollary 3.5.11

I%(X7 Y, f) = HTL(Y’ RW*Q[B,ByU 8+B])
HA(XY',~f) = H (X, Rm.Qip 5,00~ 5)[24))

We compute the Verdier dual: since 7 is proper, by local Verdier duality (Theorem 2.1.8), one has

D(Rm.Qp,Byuo+ ) = RmRHom(Q(p By Lo+ Bl WB/x)

3.8.8 (Real blow-up point of view). —

LEMMA 3.8.9. — Let B be a topological manifold with boundary, of real dimension n, and let
a: B\ 0B < B be the inclusion of the complement of the boundary. The dualising sheaf wp on B

is isomorphic to acya*Q[n].

PRrROOF. The dualising sheaf on a general topological space is not a sheaf properly, but an object
in the derived category of sheaves. We have to show that H " (wp) = aya™Q and H P(wp) =0
holds for p # n. The sheaf H P(wp) is the sheafification of the presheaf

U Hy(U,{},Q)

where U is the one point compactification of U. For opens V C U, the restriction morphism
H,(U,{-},Q) — H,(V,{},Q) in this presheaf is given by the morphism in homology induced by
the map U=V contracting U \ V' to the special point - € V. A point b € B which is not in the
boundary has a fundamental system of neighbourhoods U which are homeomorphic to an open ball
of dimension n. The one point compactification of such a ball is a sphere of dimension n. We find
that Hp(U, {-},Q) is zero for p # n and equal to Q for p = n. A point b € 9B has a fundamental
system of neighbourhoods U which are homeomorphic to a half-ball

{r=(x1...2,) € R"||z]] < 1 and z; > 0}

whose one point compactification is a closed ball of dimension n. We find that H,(U, {-}, Q) is zero
for all p. O

LEMMA 3.8.10. — Let B a topological manifold with boundary, of real dimension n. Assume
that the boundary OB is the union of two closed subsets Z1 and Zo such that Zy N Zs has dense
complement in OB. Then the Verdier dual of Qg z,) is Q[ z,)[n]-

PROOF. Let \;: B\ Z; — B denote the inclusions. By the previous lemma:

D(QyB,z,]) = RHom((M) M Q, ma™Q[n]).
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EXAMPLE 3.8.11. — Let us describe the Poincaré—Verdier duality pairing (3.8.2.1) in the case
where X = A! = Speck[t] is the affine line, Y is empty, and f € k[t] is a unitary polynomial of
degree d > 2. We start with the linear dual of the copairing (3.8.2.2). This is a pairing

(=, =): HYYAL /)@ HIYAL —f) — Q1) (3.8.11.1)

which we seek to describe in terms of the usual explicit bases for rapid decay homology of a poly-
nomial on the affine line. Here, Q(1) should be read as Q(1) = H'(S!) ~ Q. The following picture
shows a basis 71,7, ... of the rapid decay homology group H{d(Al, f) in green, and superposed
in red a basis 7{,75,... for the rapid decay homology group HI4(A!, —f), here in the case of a
polynomial of degree d = 7. Importantly, we have chosen the paths 7; and 7/ in such a way that

FIGURE 3.8.3. Paths ~; and ~;

they intersect at most once, and if so, transversally. The pairing (3.8.11.1) is defined in elementary
terms as follows: Choose a sufficiently large real number r» > 0, and an open tubular neighbourhood
NA of the diagonal A C A2 sufficiently thin so that NA and (f 8 —f)~1(S,) do not meet. Write
U C A? for the complement of the diagonal, and set SA = NANU. The rapid decay homology
H4(A2?, f B —f) contains the cross-product cycles

Yij = Vi U’y}: [0,1]% — AZ

defined by 7;;(s,t) = (7i(s),7;(t)), which in fact form a basis. The sought pairing (3.8.11.1) sends
v ® 7;~ to the image of v; U 7;~ under the connecting morphism

9: H3Y (A%, f R —f) — Hi(SA) = H (A x S1) = Q(1)
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in the Mayer—Vietoris sequence for the covering A> = NAUU. Recall how this connecting morphism

is made: Using Lebesgue’s lemma, we can write v;; up to a boundary in the form

vij = o+ 3,

where « is a cycle in NA and § a cycle in U. Then we declare 0v;; to be the homology class
of da. This already shows that, if the paths 7; and 7} do not cross, then (v;,7;) = 0, since in that
case we can choose a = 0. If «; and ’yé- do cross, then we subdivide [0, 1] in rectangles, sufficiently
small so that the only rectangle containing the point ’yi;l(A) in its interior is sent to NA. We
may take for o the restriction of «;; to this small rectangle, and see that the image of 7;; in
Hy(SA) = Hy(S') = Q(1) is +1 if da winds in the positive direction around the diagonal, and —1
in the opposite case. This in turn depends on whether ~; and ’y§- intersect positively or negatively.

In summary, we find

(i, 7;) = Intersection number(~;, 7})

and we can easily compile a table of these intersection numbers. Here it is.

MY Y Y Y
vw|0 0 0O -1 0 O
»l0 0 0 -1 -1 0
3|0 0 0 -1 -1 -1
w|l1 1 1 0 0 0
|0 1 1 0 0 O
|0 0 1 0 0 O

ExaMPLE 3.8.12. — Let us continue the previous example, but suppose from now on that f is

an odd polynomial, so f(—x) = —f(x), of degree d = 2e 4+ 1. In that case, the object ngrv(Al, f)
is self-dual via the isomorphism ¢: ngrv(Al, f) — Héerv(Al, —f) induced by the multiplication-
by-(—1) map A! — A!. The Poincaré-Verdier duality pairing becomes via this isomorphism a
pairing

Héerv(Al7 f) ® HéerV<A17 f) - Q(_l) (38121)

which will put some constraints on the tannakian fundamental group G' of ngrv(Al, f). Let us
make this constraint explicit. The basis for rapid decay homology we have considered above consists
of the usual and somewhat arbitrary choice 71, ...,y for Hi4(Al, f). However, we have chosen
the basis 7/ = —v; of HI4(Al, —f) in such a way that the isomorphism

H'(AY, —f) — H{%(AY, f)

dual to ¢ sends the 7/ to ;. The pairing (3.8.11.1) can be seen via this isomorphism as an alternating
bilinear form on H fd (Al f), which in the basis 71, ..., 72 is given by the skew-symmetric matrix

t
A:<O T>’
T 0

where T' € GL. is the upper triangular matrix with 1’s on and above the diagonal. Its coefficients
are just the entries of the table of intersection numbers above. The same matrix A also characterises
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the bilinear form in rapid decay cohomology
Hg(AY, f) © Hy(A', —f) = Q(-1)
with respect to the dual bases. This pairing is the fibre at infinity of (3.8.12.1), and hence the
tannakian fundamental group G C GL4_1 of ngrV(Al, f) must consist of matrices g satisfying
'g-A-g=A

or in other words, G must be contained in the symplectic group Spy C GLa,.

3.9. Hard Lefschetz theorem

3.9.1. — Let f: X — A be a regular function. Unlike the classical case, the total cohomology
H* (X, f) does not have a ring structure, because the map obtained from the cup product (3.6.2.1)
and pullback by the diagonal

(X, f) @ Hig(X, f) — Hij ™ (X, 2f)

lands in the cohomology of the pair (X, 2f) rather than in the cohomology of (X, f). However, the
total cohomology H (X, f) has the structure of a graded module over the graded cohomology ring
H*(X). This module structure is given degreewise by

H™X)® HY(X, f) <25 g™ (X x X,08 f) -~ H™™"(X, f) (3.9.1.1)

where A: X — X x X is the diagonal. We refer to the morphism (3.9.1.1) just as cup product.
The following statement is a simple application of a Hard Lefschez theorem for perverse sheaves.

THEOREM 3.9.2 (Hard Lefschetz). — Let X be a smooth variety of dimensiond and f: X — Al a
proper morphism. Letn € H?(X,Q) be the class of a hyperplane section. For everyi =0,1,2,...,d,
the cup product by n* € H*(X)

n Hi (X, f) — HE(X, f)
is an tsomorphism.

PROOF. The proof relies on Theorem 1.6.3 [20] stating the following: Let f: X — Y be a
proper morphism, and let n be the first Chern class of a hyperplane section of X. Then, the i-fold
cup-product with n

n': PH YRS ICK) — PHY(Rf,ICY)

is an isomorphism of perverse sheaves on Y. Here, ICx stands for the so-called intersection complex
on X, which is a certain perverse sheaf on X. In the case where X is smooth of dimension d, the
intersection complex ICx is the constant sheaf Q, [d]. We deduce that in our situation, the i-fold
cup-product with 7 induces an isomorphism

0 PHYTUREAQ,) = PHUT(REQ,)
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of perverse sheaves on Al. Applying the projector I1: Perv(Al) — Perv( yields an isomorphism
in Pervg, and taking nearby fibres at infinity proves the theorem. U

3.9.3. — Let X be a smooth variety of dimension d and let f: X — A' be a proper morphism.
Let n be an integer between 0 and d. The primitive part of H (X, f) is the subspace

P™(X, f) = ker(y" ™" HIG(X, f) — HET"(X, )
of H (X, f). This subspace has a canonical complement, namely the image of the injective map

n: H%*Q(X, f) = H4(X, f). From this decomposition results inductively the Lefschetz decompo-

sition:
n/2

HX, ) =@ PriX, ). (3.9.3.1)

=0



CHAPTER 4

Exponential motives

This chapter contains the technical core of our work, namely the construction of the Q-linear
neutral tannakian category M®® (k) of exponential motives over a subfield k of C. To this end, we
first recall in Section 4.1 the basics of Nori’s formalism, which attaches to a quiver representation
p: Q@ — Vecg a Q-linear abelian category (@), p). We then apply this construction to a quiver
consisting of tuples [X,Y, f,n,i] and to the representation given by rapid decay cohomology.

4.1. Reminder and complements to Nori’s formalism

In this section, we recall the notions of quivers and quiver representations. For us, this will just
be a handy terminology to speak about categories without composition law.

DEFINITION 4.1.1. — A quiver is the data @) = (Ob(Q),Mor(Q), s,t,7) of two classes Ob(Q)
and Mor(Q), together with maps

s
0
i

Mor(Q)

———0b(@)

such that so¢ and sot are the identity on Ob(Q) and that, for each pair of elements p, g € Ob(C),
the class {f € Mor(Q) | s(f) = p,t(f) = q} is a set. We say that a quiver @ is finite if Ob(C') and
Mor(Q) are both finite sets.

As the notation suggests, one thinks of Ob(Q) as a class of objects and of Mor(Q) as morphisms
between them. The maps s and ¢ associate with a morphism its source and target, and each object
is equipped with an identity morphism. From this point of view, a quiver is a category, except that
there is no composition law specified. We will freely adopt the terminology from category theory;
for example, we will call functor from @) to a category C the assignment of an object of C to each
object of @ and, to each morphism in @), of a morphism between the corresponding objects in C
in such a way that identities are mapped to identities.

119
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DEFINITION 4.1.2. — A representation of a quiver @) in a category C is a morphism of quivers
p from @ to C. A morphism of quiver representations (Q LN C) — (@ LN C) consists of a
quiver morphism ¢: @ — @’ and an isomorphism (a natural transformation) of quiver morphisms

/ ~
proY=p.

4.1.3. — Let @ be a finite quiver, and let p: Q — C be a quiver representation of @} in a
monoidal closed abelian category C. The endomorphism ring End(p) is the algebra object in C
given by

End(p) = equaliser< H End(p(q)) —= HHom(p(p), p(q))) (4.1.3.1)
qe@ p—q

where End(p(q)) and Hom(p(p), p(q)) are the internal homomorphism objects in C. Typically, the
category C at the receiving end of a quiver representation is the category of finite-dimensional
rational vector spaces Vecg. In that case, the Q-algebra End(p) consists of tuples (eq)qecq of
Q-linear endomorphisms e : p(q) — p(q) such that the squares

commute for all morphisms f: p — ¢ in . We may recognise (4.1.3.1) as part of a certain
Hochschild simplicial complex. In particular, if ) has only one object, we recognise a part of
the Hochschild complex of the free R—algebra generated by the morphisms of @) acting on the
bimodule End(p(q)). The Hochschild cohomology vanishes from H? on, and the first Hochschild
cohomology group, whose elements have the interpretation of derivations modulo inner derivations,
is the coequaliser of (4.1.3.1).

Given an arbitrary quiver @, a representation p: Q — C in a closed monoidal category C and
a finite subquiver Q9 C @, we can consider the algebra of endomorphisms Ey = Endg(p|g,) as
before. It is an algebra object in C. The endomorphism algebra End(p) is the formal limit of
algebra objects

End(p) = lim End(plq,)

as Qo runs over the finite subquivers of ) and transition maps are restrictions. Thus, End(p) is
a pro-object in the category of algebra objects in C. The following lemma tells us that in the
case C = Vecq case we don’t have to worry about the distinction between formal pro-objects the
category of finite-dimensional algebras and infinite-dimensional algebras equipped with a topology.

LEMMA 4.1.4. — Let I be a partially ordered set (where for every two elements i,j € I there
exists k € I with 'k > i and k > j), and let (E;);cr be a collection of finite-dimensional Q-algebras,
together with algebra morphisms rj;: E; — E; for j > i satisfying rj; o rg; = g for k > j > 4. Set

E = lim E; = {(e:)ier € 17

rij(e;) = e; for all j > z}
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and denote by p;: E — FE; the canonical projections. For every finite-dimensional Q-algebra F', the

canonical map
colim Homg (B, F) SN colim Homg g (E/ ker(py), F)
€ 1€
is bijective.

PROOF. Any element of the left hand set is represented by an algebra morphism h: E; — F
for some i € I, and the map labelled (x) sends this element to the class of the composite of h with
the canonical injection w;: E/ker(p;) — E;.

Injectivity. Any two elements of the left hand set can be represented by algebra morphisms

g: By — F and h: E; — F for some large enough ¢ € I. To say that h and g are mapped to the
same element by (k) is to say that there exists an element j > i such that the two composite maps

E/ker(p;) — E/ker(p;) —s B; 205 F

coincide. Here E/ker(p;) — E/ker(p;) is the canonical projection obtained from ker(p;) C ker(p;).
These maps are the same as the composite maps

E/ker(p;) 4 B; 2 By 20

which means that g o rj; coincides with g o rj; on the image of the projection £/ — E;. Since Ej is
finite-dimensional as a Q-vector space, the image of the projection £ — E; is equal to the image
of ry; : By, — E; for some k > j. Hence the maps gory; and hory; from Ej, to F' are equal, which
means that g and h represent the same element.

Surjectivity. Pick an algebra homomorphism h: E/ker(p;) — F representing an element of the
right hand set. Since F; is finite-dimensional as a Q-vector space, there exists j > ¢ such that the
image of p; : £ — Ej; is equal to the image of rj; : E; — E;. The composite

E; = E;/ker(rj;) = E/ker(p;) == F

represents a preimage by (x) of the class of h. O

4.1.5. — Let us keep the notation from Lemma 4.1.4. The collection of the algebras F; and
morphisms 7j; describes a pro-object in the category of finite-dimensional algebras. Elements of
the set colim Homg_a1s(E;, ') are morphisms of pro-objects from (Ej, rj;) to F. On the other
hand, we can define a topology on E by declaring the ideals ker(p;) to be a fundamental system
of open neighbourhoods of 0. Elements of the set colim Homg_,s(£/ ker(p;), F') are then the
same as continuous algebra morphisms £ — F' for the discrete topology on F. A consequence of
the lemma is that the category of finite-dimensional (£;,rj;)-modules is the same as the category
of finite-dimensional continuous EF-modules. The statement of the lemma, as well as the latter
consequence of it, are false if instead of finite-dimensional algebras over a field one takes finite
R-algebras over a coherent ring R, even for R = Z.

DEFINITION 4.1.6. — Let @ be a quiver and p: Q — Vecg a quiver representation. We call
linear hull of (Q, p) the category (Q, p) defined as follows:
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(1) Objects of (Q, p) are triples (M, Qo, ) consisting of a finite-dimensional Q-vector space
M, a finite subquiver Qg of @, and a Q-linear action « of the algebra End(p|g,) on M.

(2) Morphisms (M7, Q1,a1) — (Ma, Q2,a2) in (Q, p) are linear maps f: My — My with the
property that there exists a finite subquiver Q3 of @) containing @1 and Q2 such that f
is End(p|q,)-linear. The action of End(p|g,) on M; is obtained via a; and the restriction
End(plo,) — End(plo,)-

(3) Composition of morphisms in (@, p) is composition of linear maps.

Equivalently, in light of Lemma 4.1.4, the linear hull (@, p) is the category of continuous End(p)-
modules which are finite-dimensional as vector spaces. It is therefore a Q-linear abelian category.

We call canonical lift the representation

p: Q—(Q,p)

sending an object ¢ € @ to the triple p(q) = (p(q),{q},id) and a morphism p — ¢ to the linear
map p(f): p(p) = p(q).

PROPOSITION 4.1.7. — Let p: () — Vecq be a quiver representation. Every object of the abelian
category (Q, p) is isomorphic to a subquotient of a finite sum of objects of the form p(q) for q in Q.

PROOF. Let M be an object of (@, p), that is, a finite-dimensional vector space together with
an Ep-module structure for some finite subquiver Qo C @ and Ey = End(p|g,). We can regard Ej
with its left Ep-module structure as an object of (@, p) too. Since M is finite-dimensional, there
is a surjection of Ey-modules Ej — M for some integer n > 0, and hence it suffices to prove the
proposition in the case M = Ej. There is an exact sequence of Fp-modules

0— By — [] End(p(q)) — J[Hom(p(p), p(q)) (4.1.7.1)

q€Qo p—q

which shows that Fjy, seen as a left Ep-module, is indeed isomorphic to a subobject of a product
of modules of the form p(q). Notice that End(p(q)) is isomorphic as an Eg-module to p(q)? for
d = dimg(p(9)) :

EXAMPLE 4.1.8. — Let G be a finite (or profinite) group, and let @ be the category of finite
G-sets, viewed as a quiver. Let p: () — Vecg be the quiver representation sending a finite G-set X
to the vector space p(X) = QX generated by X, and morphisms of G-sets X — Y to the induced
Q-linear map Q¥ — QY. We can consider G as a (pro) G-set, and hence obtain a morphism
End(p) — Endg(QY) whose image must commute with all maps Q¢ — Q¢ induced by right
multiplication by an element of G. This morphism is thus a morphism

End(p) — Q[G]

where Q[G] stands for the group algebra of G. It is not hard to check that this morphism is indeed
an isomorphism, and hence the linear hull (@, p) is the category of finite-dimensional Q-linear
representations of G.
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4.1.9. — An important feature of linear hulls of quiver representations is that they are functorial
in the following sense: Given a morphism of quiver representations, that is, a triangle of quiver

morphisms together with a natural transform
©
Q Q'

N

Vecg sq: P((a) — pla)

s: p’ogpi)p

we obtain a functor @ : (Q, p) — (Q’, p’) by setting ®(M, Qo, ) = (M, ©(Qq), a0 o), where p(Qo)
is the image of the finite subquiver Qg C @ in Q' under ¢, and o the morphism of algebras
End(p'|,(Qy)) — End(plg,) obtained from s. In terms of 4.1.3, the morphism o sends the tuple
(eq/)qrep(Qo) to the tuple (540 €yq) © 5, )geqo- We notice that the functor @ is faithful and exact,
and that it commutes with the forgetful functors and up to natural isomorphisms with the canonical
lifts.

4.1.10. — The induced functor ® in the previous paragraph depends naturally on the morphism
of quiver representations (¢, s) in the following sense. Let p: Q — Vecg and p’ : Q' — Vecg be
quiver representations, and let

®

Q Q'

\w/ s:plop—p
g / tip o —p

Vecg

be two morphisms of quiver representations. Denote by ® and ¥ the induced functors between
linear hulls (Q, p) — (@', p'). We call 2-morphism from (p,s) to (1,t) every natural transform
n:p op — p o1 with the property that for every ¢ € @ the diagram of R—modules

P (9(0) —— p(¥(q))

lsq ltq (4.1.10.1)

commutes. Such a 2-morphism 7 indeed induces a morphism of functors £: ® — ¥, namely, for
every object X = (M, F,«) in (Q, p), the morphism

Ex:®(X)=(M,p(F),a00) = V(X)=(M,(F),aor)

in (Q', p') given by the identity idys. Let us check that idps: ®(X) — ¥(X) is indeed a morphism
in (@', p'). We can without loss of generality suppose that @ and @’ are finite quivers. What has
to be shown is that the two actions of End(p’) on M, one induced by s and the other by ¢, agree.
Indeed, already the two algebra morphisms

o,7: End(p') — End(p)
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are the same: given an element (e, )y e of End(p') and ¢ € @, the diagram

Sq €o(q)

p(@) — p(p(@) —= p(e(q) —— plq)

A T

p(a) —— ¢ (W(a) ~L () —— plg)

commutes because 7, is not just an arbitrary morphism of modules, but comes from a morphism
7 (e(q) = p'(¥(q)) in (@, p') and hence is End(p’)-linear.

THEOREM 4.1.11. — Let A be an abelian, Q-linear category, and let h: A — Vecq be a faithful,
linear and exact functor. Regard h as a quiver representation. The canonical lift h: A — (A, h) is

an equivalence of categories.

REFERENCES. In a slightly different form, the statement goes back to Freyd and Mitchell,
who proved their embedding theorem for abelian categories in 1964. In the form presented here,
Theorem 4.1.11 was originally shown by Nori in [65]. There are accounts by Bruguieéres, Levine,
and Huber and Miiller-Stach ([17, 61, 47]). Ivorra deduces in [49] the result from a more general
construction. O

THEOREM 4.1.12 (Nori’s universal property). — Let A be a Q-linear abelian category, together
with a functor o: Q@ — A, and let h: A — Vecq be an exact, Q-linear, and faithful functor such
that the following diagram of solid arrows commutes:

A
A
!
!
[

Q P Vecg

Then the above dashed arrow, rendering the whole diagram commutative, exists and is unique up

to a unique isomorphism.

Proor. We can then regard o as a morphism of quiver representations from p: @) — Vecg to
h: A — Vecq. By naturality of the linear hull construction it gives a functor (Q, p) — (A, h), or,
in view of theorem 4.1.11, a functor (@, p) — A which renders the whole diagram commutative up

to natural isomorphisms. O

LEMMA 4.1.13. — Let ¢: (Q LN Vecg) — (Q’ SN Vecq) be a morphism of quiver represen-
tations. The induced functor VU : (Q,p) — (Q',p') is an equivalence of categories if and only if
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there exists a quiver representation \: Q' — (Q, p) such that the following diagram commutes up

to natural isomorphisms:

Q—" Q)

v / |w (4.1.13.1)

Q, - <Q/7pl>

i

PRrROOF. If ¥ is an equivalence of categories, then there exists a functor ®: (@, p') — (Q, p)
and isomorphisms ® o ¥ = id and W o ® = id. A possible choice for X is then A = ® o ¢/, indeed,
since the outer square in (4.1.13.1) commutes up to an isomorphism, we have isomorphisms

Vol Vobop =y and Aotp=®opop2PoWopX=p

as required.

On the other hand, suppose that a representation A as in the statement of the lemma exists.
We extend the diagram (4.1.13.1) to a diagram

Q —"— (Q,p)

ﬂ / |

~

Q —= Q.0 (4.1.13.2)

o T

<Q7p> ? <<Qup>7f>

with arrows as follows: let f: (@, p) — Vecg and f: (Q', p’) — Vecgq be the forgetful functors. We
have an isomorphism f'oW¥ 2= f, and hence an isomorphism p' = ffop’ = ffoWo\ = fo ), and can
thus view A as a morphism of quiver representations from p’ to f. The arrow A is the corresponding
functor. The functor P is the canonical lift of p regarded as a morphism of quiver representations
from p to f; by Theorem 4.1.11 it is an equivalence of categories. Let ¢ be a quasi-inverse to P.
We claim that the functor ® = 1 o A is a quasi-inverse to V.

To get an isomorphism ® o ¥ 2 id it suffices to get an isomorphism A o W =2 P. Let us apply

4.1.10 to the representations

Aorp
Q ﬁ <Q7p> fvowgfoﬁ:p
N s
Vec r=r
Q

where we use an isomorphism A o ¢ = p which makes (4.1.13.1) commute. This isomorphism
induces an isomorphism 7 : fo Aoh & fo p which makes the diagrams corresponding to (4.1.10.1)
commute, and hence we obtain an isomorphism of functors A o ¥ = P. It remains to construct an
isomorphism W o ® = id. This is done by replacing the diagram (4.1.13.1) in the statement of the
Lemma with the bottom half of (4.1.13.2), and the same application of 4.1.10. O
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4.1.14 (Caveat). — In the situation of Lemma 4.1.13, it will not do to just produce a represen-
tation A as in diagram (4.1.13.1) and natural isomorphisms of R-modules p(q) = f(A(g)) in order
to show that ¥ is an equivalence. Such a A will produce some functor ® : (', p') — (Q, p) which,
in general, is not a quasi-inverse to ¥. Each time we apply 4.1.13, the hard part is not to define A,
but to check commutativity of the diagram. The point seems to have been overlooked at several
places!. Consider for example a homomorphism of finite groups G’ — G, the quivers Q and @’ of
finite G-sets, respectively G’-sets, and the quiver representations p and p’ which associate with a
set X the vector space generated by X. The linear hulls identify with the categories of Q-linear
group representations, and the restriction functor Q — @’ is a morphism of quiver representations
which induces the restriction functor between representation categories. For any G’-set X’ write
A(X) for the trivial G-representation on the vector space generated by the set X. We obtain a
diagram

G Set —°~ Repg(G)

p=res \L )\/r \L U=res

G’ Set e Rep@(G/)

which does in not commute except in trivial cases, but commutes after forgetting the group actions.
The functor ¥ is not an equivalence, trivial cases excepted, and the functor induced by A sends a
G’-representation V to the constant G-representation with underlying module V.

DEFINITION 4.1.15. — Let p: @ — Vecg and p' : Q' — Vecg be quiver representations. We
denote by

p®p': QRQ — Vecg

the following quiver representation. Objects of the quiver Q X Q' are pairs (¢, q’) consisting of an
object g of @ and an object ¢’ of @', and morphisms are either of the form (idy, f') : (¢,¢") — (p,p’)
for some morphism f’: ¢" — p' in @', or of the form (f,idy) : (¢,¢") — (p,¢’) for some morphism
f:p— qin Q. The representation p X p’ is defined by

(PR p")(g.q) = plq) @r o' (q)

on objects, and by (pXp’)(idy, f) = idyq) ®p(f') and (pXp')(f,idy) = p(f)®id, () on morphisms.

4.1.16. — Our next proposition relates the linear hull of a quiver representation p X p’ with
the tensor product of the linear hulls of p and p’. A tensor product A ® B of abelian Q-linear
categories A and B, as introduced in [23], is a Q-linear category characterised up to equivalence
by a universal property. It does not exist in general as is shown in [62], however, it exists and
has good properties as soon as one works in an appropriate enriched setting, as is shown in [41].
We only need to know the following fact: If A is the category of continuous, finite-dimensional

n [47], the proof of Corollary 1.7 is incomplete because of this problem, as is Arapura’s [4] proof of Theorem
4.4.2. Levine [61] cites Nori’s [65], where Nori draws the right diagram but does not show that it commutes.
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A-modules and B the category of continuous, finite-dimensional B-modules for some Q-profinite
algebras

A =1lim A, and B = lim B;
i J

then A ® B exists and is given by the category of continuous A®B-modules, where

A®B =lim A; ® B;
7‘7.]

stands for the completed tensor product. This follows from §5.1 and Proposition 5.3 of [23].

PROPOSITION 4.1.17. — There is a canonical faithful and exact functor

(@RQ,pXRp) = (Q,p) @(Q",p)

which commutes with the forgetful functors to Vecq, and is natural in p and p' for morphisms of

quiver representations. This functor is an equivalence of categories.

PROOF. It suffices to construct a functor in the case where @ and Q' are finite quivers. Set
V=&Dr)
q€Q

and write X C Endg(V) for the finite set of compositions of the form V 2= p(p) 24, p(q) v

for some morphism f in @, and write Ex = End(p) C End(V) for the commutator of X. Define
Ex: CEnd(V’) and Exgyx’ C End(V ® V') similarly. We want to show that the canonical, natural
morphism of Q-algebras Ex ®qg Ex: — Exxmx given in the diagram

EX ®Q EX’

Exmx
< a(f@ flved) = fv)e f(v) (41.17.1)

End(V) ®g End(V') —*= End(V @ V)

is an isomorphism. All morphisms in this diagram are injective, and « is an isomorphism. We
want to show that the top horizontal map is surjective. Let f € End(V ® V') be an endomorphism
that commutes with X X X’. We write f as f = a(f1 @ f{ + -+ fn ® f),) with f; € End(V) and
linearly independent f/ € End(V’). For all z € X we have (z®1)o f = fo (z® 1), that is,

n

Y (wofi—fiox)® fi=0

i=1
and hence f; € Ex. In other words, f comes via « from an element of Ex ® End(V’'), and

symmetrically, f comes from an element of End(V) ® Exs. Finally, again since Ex and Ex/ are
direct factors of End(V') and End(V’), we have

(Ex ® End(V")) N (End(V) ® Ex/) = Ex ®@r Ex/

so a~1(f) is indeed an element of Ex ®r Ex: as we wanted to show. O
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4.1.18. — All statements presented in this section hold verbatim for R-linear quiver represen-
tations when R is a field. With the exception of Lemma 4.1.4 and Proposition 4.1.17 one can even
take for R a commutative coherent ring, and replace categories of finite-dimensional vector spaces
by categories of finitely presented modules. If in Proposition 4.1.17 we choose to work with a
coherent ring of coefficients R, the exact and faithful functor still exists, but it is in general not an
equivalence of categories. A sufficient condition for this functor to be an equivalence of categories
is that R is a hereditary ring, and p(q) and p'(¢’) are projective R-modules for all ¢ € @ and
q € Q'. Hereditary means that every ideal of R is projective, or equivalently, every submodule of
a projective module is projective. Fields, finite products of fields, Dedekind rings and finite rings
are examples. A commutative, coherent and hereditary ring which has no zero divisors is either a
field or a Dedekind ring.

One might be tempted to replace the category Vecg in Definition 4.1.6 by an arbitrary abelian
monoidal closed category. However, this will not result in a useful definition, since Theorem
4.1.11 and the universal property described in 4.1.12 do not hold in this generality. The point
is the following: Let p: Q — Vecg be a quiver representation, and regard the forgetful functor
f:(Q,p) — Vecg as a quiver representation. The the key turn in the proof of 4.1.11 is to show
that the canonical lift fof f, and the functor P induced by p: @ — (@, p) viewed as a morphism

of quiver representations

FoP o {Q,p) ——= ((Q,0), f)

are isomorphic functors. This relies on the fact that the neutral object for the tensor product in
Vecg is a projective generator, which is particular to categories of modules. In the case where
we replace Vecg by a tannakian category, a correct abelian hull which satisfies Ivorra’s universal
property (it is the initial object in a certain strict 2—category, see [49], Definition 2.2) is given by
the equaliser category of f and P.

4.2. Exponential motives

We fix for this section a field k& endowed with a complex embedding o: k < C. All varieties and
morphisms of varieties are understood to be defined over k. Given a variety X, a closed subvariety
Y of X, and a regular function f on X, when there is no risk of confusion, we will still denote
by X,Y, f the associated complex analytic varieties X (C),Y (C), and the holomorphic function
fc: X(C) — C. We set S, = {z € C|Re(z) > r} and write

H™(X,Y, f) = colim H"(X,Y U f~1(S,),Q)

r—00

for rapid decay cohomology with rational coefficients.

DEFINITION 4.2.1. — The quiver of exponential relative varieties over k is the quiver Q%P (k)
consisting of the following objects and morphisms:



4.2. EXPONENTIAL MOTIVES 129

(1) Objects are tuples [X,Y, f,n,i], where X is a variety over k, Y C X is a closed subvariety,

f is a regular function on X, and n and ¢ are integers.
(2) Morphisms with target [X,Y, f,n,i] are given by either (a), (b) or (c) as follows:
(a) for each morphism of varieties h: X — X’ satisfying h(Y) C Y’ and ffoh = f, a

morphism

R (XY f on i — [ XY, f,n,i);
(b) for each pair of closed immersions Z C' Y C X, a morphism

0: Y, Z, fly,n—1,i] — [X,Y, f,n,il;

(c) a morphism

[X X Gy (Y X ) U (X x {1}), fEBO,n+ 1,0+ 1] — [X,Y, f,n,14].

We refer to the integer n as cohomological degree of just degree, and to the integer i as twist.

DEFINITION 4.2.2. — The Betti representation of the quiver of exponential relative varieties over
k is the functor p: Q®P(k) — Vecq defined on objects by

p([X, Y, fin,i]) = H* (X, Y, f)(),

where (7) denotes the tensor product with the (—i)—fold tensor power of the one-dimensional vector

space H(G,,,Q), and as follows on morphisms:

(a) a morphism of type (a) given by a morphism of varieties h : X — X’ is sent to the linear

map
H"(X"Y' (i) — H"(X,Y, f)(4)
obtained by functoriality of rapid decay cohomology;

(b) a morphism of type (b) is sent to the map
HH(Y, Z, fiy) (i) — Hig(X, Y, f)(0)
induced, by passing to the limit r — 400, from the composition
H"Y(Y,Z U f;'(S)))
2
H' (Y UF7HS), Z0 f7H(S))) — HM(X,Y U f7(S)))

where the horizontal map is the connecting morphism in the long exact sequence associated
with the triple ZU f~1(S,) C YUf~1(S,) C X, and the vertical morphism is the inverse of
the map induced by the obvious morphism of pairs, which is an isomorphism by excision;
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(c¢) a morphism of type (c) is sent to the map
H" ™ X X Gy (Y X Gpp) U (X x {1}), fBO)(i + 1) — H"(X,Y, £)(3)
induced by the Kiinneth isomorphism (Proposition 3.1.1)

H"™ (X X Gy (Y % Gpp) U (X x {1}), fB0)
- Hn(Xv Y, f) ® Hl(GTm {1}) = Hn(X> Y, f)(_l)

DEFINITION 4.2.3. — The category of exponential motives over k is the linear hull

M= (k) = (Q¥P(k), p),

that is, the category whose objects are triples (M, @, «), where M is a finite-dimensional rational
vector space, Q C Q%P (k) a finite subquiver, and « a linear action of End(p|g) on M. We write

Rp: M®P(k) — Vecq

for the forgetful functor, and call it Betti realisation. Given an object [X,Y, f,n,i] of the quiver
QP (k), we denote by H™(X,Y, f)(i) the exponential motive p([X,Y, f,n,t]). Whenever Y = & or
1 = 0, we shall usually omit them from the notation.

4.2.4. — Let us list for future reference a few conspicuous properties of the category M“P (k).
First of all, M®P(k) is an abelian and Q-linear category, and there is by definition a commutative
diagram

M (k)

p= W ﬁ = Betti realisation

Qexp (k‘) p = rapid decay coho. VEC@

where p and its canonical lift p are quiver representations, and where Rp is a faithful, exact and

conservative functor. Conservative means that a morphism f in M®P(k) is an isomorphism if and
only if its Betti realisation Rp(f) is an isomorphism of vector spaces. From Proposition 4.1.7 we
know that every object in M®P(k) is isomorphic to a subquotient of a sum of objects of the form
H"(X,Y, f)(i). Morphisms in the quiver Q®P(k) lift to morphisms in M*P®(k). In particular we

have morphisms of motives
r*: HY(X")Y', (i) — H"(X,Y, f)(i) (4.2.4.1)

induced by morphisms of varieties A’ : X — X’ compatible with subvarieties and potentials. The
Betti realisation of this morphism is the corresponding morphisms of rapid decay cohomology
groups. Let Z CY C X be a pair of closed immersions and f a regular function on X. There is a

long exact sequence of exponential motives

realising to the corresponding long exact sequence in rapid decay cohomology. Indeed, all mor-
phisms in the sequence (4.2.4.2) are morphisms of motives because they come from morphisms in
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the quiver Q®P(k), and the sequence is also exact because the corresponding sequence of vector

spaces is so. Finally, there are isomorphisms
H" X X Gy (Y X Gpp) U (X x {1}), fBO)(i +1) — H"(X,Y, f)(3) (4.2.4.3)

in M®P(k) realising to the Kiinneth isomorphisms. Of course, the above are not all morphisms
in the category M®P (k). Taking compositions and Q-linear combinations produces many other
morphisms which are not of the elementary shapes (4.2.4.1), (4.2.4.2) or (4.2.4.3). It is not clear
whether by any means all morphisms in M®®P (k) are obtained from those elementary ones.

LEMMA 4.2.5. — For every pair of varieties Y C X and every reqular function f: X — Al,

there is a canonical isomorphism of motives
H™(X,Y, f) — H" (X x A", (Y x AH)UT, p)

where I' C X x Al is the graph of f and p: X x A* — Al is the projection.

ProoF. This follows essentially from the previous remarks and elements of the proof of Propo-
sition 3.2.2. Associated with the triple (Y x Al) C (Y x AH)UT C (X x A!) is a long exact sequence
in M®P (k). The motives H"(X x A',Y x Al p) appearing in this sequence are zero for all n, so
the sequence breaks down to isomorphisms

H'((Y x AYUT,Y x Al,p) — H"™ (X x A', (Y x AY) UT, p). (4.2.5.1)

The inclusion h: X — (Y x A1) UT given by h(z) = (z, f(z)) sends Y C X to Y x Al and satisfies
poh = f, hence a morphism

*: H'((Y x AHYUT, Y x Al p) = H(X,Y, f) (4.2.5.2)

in M®P (k). By excision, this morphism induces an isomorphism in rapid decay cohomology, and
hence is an isomorphism of motives. The composite of (4.2.5.1) and (4.2.5.2) is what we sought. [

4.2.6. — Let us now show how Nori’s universal property is used to construct realisation functors.
Let A be an abelian Q-linear category equipped with a faithful exact functor h: A — Vecg, and
suppose that we are given a cohomology theory for triples (X,Y, f) with values in A which is
comparable to rapid decay cohomology. Precisely, that means we have a quiver representation

o QP(k) — A [X,Y, f,n,4] — H(X,Y)(i) (4.2.6.1)

and an isomorphism between h o ¢ and the Betti representation p. Nori’s universal property as
stated in Theorem 4.1.12 applies, yielding a faithful and exact functor

Ra: M®P(k) - A (4.2.6.2)

which we call realisation functor. A typical examples of such a cohomology theory is the represen-
tation associating with [X, Y f,n,i] the object Hy, . (X,Y)(i) of Pervo, in which case we choose
for A the category Pervy and for h the nearby fibre at infinity. It can and will happen that we
want to study cohomology theories and realisation functors with values in a category which is not
@-linear but F-linear for some field of characteristic zero, typically F' = k or F' = Qy or F' = C.
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In that case we can not use Theorem 4.1.12 directly, but have to use the following trick. Suppose
we have a cohomology theory such as (4.2.6.1) where now A is F-linear with a faithful and exact
functor A — Vecp and a natural isomorphism

HZ(X,Y)(i)®9p B~ H"(X,Y)(i) ®g B (4.2.6.3)

of B-vector spaces for some large field B containing F. Let AT be the category whose objects are
triples (A, V, ) consisting of an object A of A, a rational vector space V', and an isomorphism of
B-vector spaces h(A) @ B = V ®qg B. The category AT is Q-linear, with a faithful and exact
functor h: A — Vecq sending (A, V, «) to V. Combining the given representation o: Q*P(k) — A
with (4.2.6.3), we obtain a representation ot : Q®P(k) — AT such that the equality hoot = p
holds, and hence from Nori’s universal property a realisation functor R,+: M®P(k) — AT. We
obtain a functor (4.2.6.2) by composing R+ with the forgetful functor AT — A.

4.2.7. — Much of the strength of Nori’s theories of motives, among which we count our category
of exponential motives, stems from the fact that there are many variants of the Betti representation

p: Q¥P(k) — Vecg which produce the same category of exponential motives.

PROPOSITION 4.2.8. — Let Qo (k) be the full subquiver of Q¥P (k) whose objects are those tuples
[X,Y, f,n,i] where X is an affine variety. The functor

(Quit (), p) = (Q7P(k), p) = MTP(k)

induced by the inclusion Qg (k) — Q¥P(k) is an equivalence of categories.

4.3. The derived category of exponential motives

In a wide range of contexts, spectral sequences associated with simplicial or filtered spaces
are a powerful tool to compute cohomology. We would like to use these techniques to compute
exponential motives as well. The difficulty in doing so stems from the fact that H"(X,Y, f) is not
defined as the homology in degree n of a complex, as it is the case for most familiar cohomology
theories. Our goal in this section is to fabricate adequately functorial complexes which compute

exponential motives, as it is done for usual motives in [65].

DEFINITION 4.3.1. — A triple [X,Y, f] consisting of a variety X over k, a closed subvariety Y
of X, and a regular function f is said to be cellular in degree n if HP(X,Y, f) = 0 for all p # n.

We write QZ*P(k) for the full subquiver of Q™P(k) of those objects [X, Y, f,n,i] such that X is
affine of dimension < n and [X, Y, f] is cellular in degree n.

We equip QI*P(k) with the restriction of the Betti representation p from 4.2.2, so that the
inclusion QP (k) C Q®P(k) can be seen as a morphism of quiver representations. We set M (k) =
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(QZP(k), p) and call canonical the functor
M (k) — M (k) (4.3.1.1)

induced by the inclusion QP (k) — Q%P (k).

THEOREM 4.3.2. — There exists a quiver representation \: Q¥P(k) — D*(M®P(k)) with the

following three properties:

(1) The following diagram commutes up to natural isomorphisms:

P () _ canlift M (k)

C

QeXp (k‘) can.lift MExP (k‘)

(2) The equalities \([X, Y, f,n,i]) = A([X,Y, £,0,0])[—n](7) hold.
(8) For all tuples [X,Y, Z, f], the triangles

MX,Y, fom,4) = A(X, Z, fon,1]) = MY, Z, fly,nad]) = MX, Y, fon+1,])

are exact, where morphisms are the images under \ of the corresponding morphisms of

type (a) for inclusions and of type (b) for the triple.

In particular, the canonical functor (4.3.1.1) is an equivalence of categories.

4.3.3. — The construction of the representation A that we present below shows that it is
characterised by the three properties of the statement essentially in a unique way. In view of

property (2), the construction of A amounts to the construction of complexes
C*(X,Y, f) = N[X,Y, ,0,0])

in the category MZ®(k), which uses two essential ingredients: One is the Basic Lemma 3.3.3
which we use to define a complex for every object [X,Y, f,n,i] where X is affine, and the other is
Jouanolou’s trick, which permits us to replace a general variety with an affine one which is homo-
topic to it. Having done so, we obtain a complex in M which is our candidate for A([X, Y] f, n,i]),
but depends on several choices. Once we look at the complex as an object in the derived category

D*(M&P), we get rid of all dependence on these choices.

4.3.4. — Let us recall the following observation from [51, Lemme 1.5], which is commonly

referred to as Jouanolou’s trick:

LEMMA 4.3.5. — For every quasi-projective variety X over k, there exists an affine variety X and
a morphism p: X — X such that each fibre p~'(x) is isomorphic to A? for some d > 0 (but there is
no such thing as a zero-section X — X ). In particular, the induced continuous map X (C) — X (C)

s a homotopy equivalence.
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The proof is simple: For X = P" take for X the variety of (n + 1) x (n + 1) matrices of rank
1 up to scalars with its obvious map to P", and for general X choose a projective embedding and
do a pullback. Let us call such a morphism p: X — X an affine homotopy replacement.

Jouanoulou’s trick does not give a functorial homotopy replacement of varieties X by affine
X , but nearly so. Given a morphism of varieties Y — X, we can replace first X with an affine
X > X , and then Y with an affine homotopy replacement Y of the fibre product Y X x X. The
map Y — Y is an affine homotopy replacement, and we obtain a morphism Y — X which lifts the
given morphism Y — X. This procedure can be generalised to the case of several morphisms from
Y — X, but not to arbitrary diagrams of varieties.

DEFINITION 4.3.6. — Let X be an affine variety over k, let Z C Y C X be closed subvarieties and
let f be a regular function on X. A cellular filtration of [X,Y, Z, f] is a chain of closed immersions

PCX)CX1C--CXp1CX,C--CXg=X (4.3.6.1)
where each X, is of dimension < p, such that the triples

(Xp, Xp-1, flx, ), Yo Yoo, flv,),  [Zps Zp1, flz,),  [Xp, YoUXpo1, flx,], Y ZpUYp1, fly,]

are cellular in degree p, for Y, = X, NY and Z, = X, N Z. By a cellular filtration of [X,Y, f] we
understand a cellular filtration of [X,Y, @, f].

PROPOSITION 4.3.7. — Let X be an affine variety over k, let Z CY C X be closed subvarieties
and let f be a regular function on X. There exist cellular filtrations of [X,Y,Z, f], and every

filtration of X by closed subvarieties X, of dimension < p is contained in a cellular filtration.

Proor. This is a direct consequence of the basic lemma 3.3.3: Suppose we are given a filtration
of the form (4.3.6.1), which satisfies the cellularity condition for j > p + 1. By 3.3.3 there exists a
closed subvariety Z of dimension < p — 1 of X, such that the triples

[(Xp: Xp1 U Z, fIx, ], Y, Y1 UV, N 2), fly, ], (20 Zp1 U (Zp 0 2), flz,]
[Xp’ (Y;’ U Xp—l) U Z7 f|Xp]’ [Y}N (Zp U }/P—l) U (Z N }/P)a f’Yp]

are cellular in degree p. Replace then X, _; with X, 1 U Z and continue by induction on p. U

4.3.8. — Let X be an affine variety over k, together with a regular function f, and let Y C X
be a closed subvariety. Choose a cellular filtration X, of [X,Y, f] and set ¥, = X, NY. We will
consider the complex

CH (X, Y, f) = [ A HP(XIHY;’ UXp1, f|Xp) d—p> Hp+1(XP+17Y;7+1 U Xp7f|Xp+1) - ]
(4.3.8.1)
in the category MZ*P(k), where the differential d,, is the connecting morphism in the long exact
sequence associated with the triple X, 1 C X, C X, and the sheaf on X which computes the
cohomology of the pair [X,Y]. By this we mean the following: For every constructible sheaf F' on
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X and every triple X, 1 C X, C X,,41 there is a short exact sequence of sheaves on X

0_>F[X

pi1,Xpo1] 7 F[vaXp—I] — Fx

i1, Xp) 0

and hence a long exact sequence
n n a n
S PHY(REF, x, ) = PH R, x, )~ PR (RE R, ) <

of perverse sheaves on the affine line. Applying the functor II and taking fibres at infinity, this
yields the exact sequence of vector spaces

0
e H;;Lj(X]FFlaXp*la f,F) - g‘i(Xanpfbf;F) — H1%+1(Xp+laXpa f,F) — (4382)

by definition of rapid decay cohomology with coefficients in a constructible sheaf. We consider
(4.3.8.2) for the terms of the standard short exact sequence of sheaves on X

0 —>Q[X7Y] - Q, —>Q, —0.
Taking into account that
gi(Xp7Xp—17f;@[X7y}) - HrT:i<Xp7}/I)UXp—17f‘Xp)
%(Xanpflvf;@X) = H;;Li(vaprlaf‘Xp)
EI(XP’XP*M f7@y) = H;‘Ld(yznv vafla f|Yp)?

the long exact sequence (4.3.8.2) and the cellularity assumptions yield a morphism of short exact

sequences of vector spaces

0— Hfd(Xpa Y, UXpo1, fIXp) - Hfd(Xp’Xp—la f\Xp) Hfd(yzmyp—lv f\Yp) —0

| 2) 2|

1 1 1
0 — HI (Xp1, Ypr1UXy, fix,,) = HIY (Xpi1, Xps fix,0) — Hi' (Ypr1, Yo, fiv,,,) =0

in which the differential of (4.3.8.1) appears. All vector spaces in this diagram underlie objects
of M (k). This diagram shows as well that d, is a morphism in M{P (k) rather than just a
morphism of vector spaces, indeed, all other morphisms in the diagram are morphisms in MZ*P (k)
since they either are given by inclusions of pairs or by connecting morphisms of triples, and hence
come from morphisms in QZP(k). That the composite d,—; o dj, is zero follows from the fact that
for any chain of closed subvarieties X, o C X,_1 C X, C X,41 of X and any sheaf F' on X, the
composite
Hfgl([prlep%]vF) — Hiy([Xp, Xp1], F) — Hﬁ;rl([XerlaXp]aF)

is zero. The complex C*(X,, Y, f) is functorial in the obvious way for morphisms of filtered pairs:
let h: X’ — X be a morphism of affine varieties over k, restricting to a morphism Y’ — Y between
closed subvarieties, set f' = f o h, and let X, and X/ be cellular filtrations for [X,Y, f] and
[X', Y, f'] such that h(X},) is contained in X, and h(Y}) in Y} for all p > 0. The morphism

C*(h): C*(X., Ys, f) — C*(X, Y/, f) (4.3.8.3)

shall be the one induced by the morphism HP(X,,Y, U Xp1, flx,) = HP(X},, Yy UX] 4, f'|x;)
given by the restriction of h to X}/,.
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4.3.9. — We now turn to the proof that the cohomology of the complex C*(X,, Y, f) computes
the exponential motives H"(X,Y, f). Recall from (?7) that I'y: Sh(X) — Vecq is the left exact
functor obtained by composing in that order: the direct image functor f,, taking the tensor product
- KX jg@Gm on AZ, the direct image functor sum, and the fibre functor ¥.

LEMMA 4.3.10. — Let X be an affine variety over k, together with a regular function f, and
let Y C X be a closed subvariety. Choose a cellular filtration X, of [X,Y, f]. There is a natural
isomorphism in the derived category of vector spaces

C*(Xe, Ve, £) = RTH(Qpy ) (4.3.10.1)

Proor. That the complex RI' f(@[x Y]) computes rapid decay cohomology was explained in
Proposition ??7. The complex on the right hand is calculated by choosing an injective resolution

]*:[Io—>11—>12—>]

of the sheaf @[ XY] and applying to this resolution the functor I'y. On the left-hand side we have a
complex of motives, which has an underlying complex of vector spaces. It is given in degree p by
the vector space HP (X, X,—1 UY), f) which is the same as RI ¢(
Thus, the claim of the Lemma is the following:

@[Xp,xp,luyp]) by Proposition ?7.

Claim: Let F be a sheaf on X, and let X, be a finite exhaustive filtration of X by closed
subspaces X, such that H™(X,, X, 1, f|x,,F') is zero for n # p. Then the complex of vector
spaces

e HPN (X1, X0, [, F) — HP(Xp, X1, f, F) — HPYY(Xpi1, Xp, f, F) — -+ (4.3.10.2)

is isomorphic to RI'f(F') in the derived category of vector spaces.

To see this, choose an injective resolution F' — I, of F. The long exact sequence (4.3.10.2) is

natural in F', so if we apply it to I, we obtain a double complex, and hence a spectral sequence
EYY = HY (X, Xpo1, f; F) = HPYU(X, f, F).

By the assumption that the filtration is cellular, the term E? vanishes for ¢ # 0, and hence
the spectral sequence degenerates at the second page, yielding the desired quasi-isomorphism of

complexes.

Naturality of the isomorphism (4.3.10.1) for morphisms of filtered pairs follows from naturality
of (4.3.10.2) in X, and F. O

PRrROPOSITION 4.3.11. — Let X be an affine variety over k, together with a regular function f,
and let Y C X be a closed subvariety. Choose a cellular filtration X, of [X,Y, f]. There is a
canonical isomorphism in M®P (k)

HP(CH (X, Yy, f)) = HP (XY, f)

which is natural for morphisms of filtered pairs. If X is of dimension < n and [X,Y, f] is cellular

in degree m, then this isomorphism is an isomorphism in MJ*P (k).
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PROOF. The cohomology of C*(X,Y, f) in degree p is the object

ker (HP(Xp, Y, U X, 1, fp) = HPPH (X1, Yot U Xy, fpr1))
im (Hp—l(Xp_h Y;)_l U Xp_g, fp_l) — Hp<Xp, Y}; U Xp_l, fp))
in MJ*P (k) and we wish to show that this object is naturally isomorphic to HP(X,Y, f) in M®®(k),
and even in M?}XP(’“) whenever [ X, Y, f] is cellular. To treat cases uniformly, pick any finite subquiver
Q@ of Q™P(k) or of QZ¥P(k) which contains at least [X,Y, f,p,0], the [X,,Y, U X,_1, fp,p, 0], the
morphisms coming from inclusions, and the connecting morphisms of triples, subject to future
enlargement. Set £ = End(p|g). For all integers ¢ < p and n, we have H"(X,,,Y, U X, f,) =0
unless ¢ < n < p. Indeed, this is true by definition if ¢ = p — 1, and follows in general by induction

HP(CH(X, Y, f)) = (4.3.11.1)

on p — g using the long exact sequence associated with the triple X, C X,,_; C X,,. This explains
why the morphisms

HY(X,Y, f) = HY(Xpy1, Ypi1, fpr1) ¢— HP(Xpi1, Y1 U Xp2, fpi1) (4.3.11.2)

are isomorphisms of vector spaces, and also explains the surjections and injections in the following
diagram, whose exact rows and columns are pieces of the long exact sequences associated with
triples out of the quadruple X, o C --- C X, 11.

_ o
HP Y (X1, Yy 1UXp 2, foo1) = HP (Xpt1, Vo1 UXp 1, fp1) == HP (Xpi1, Y1 UXp 2, fpr1)

/ /

_ 0
HP l(Xp—17 Yp—l UXp—Qa fp—l)T)Hp(Xp7 YZD U Xp—h fp) HP(XP7 YZD U Xp—27 fp)

J |

HP (X1, Vo1 UXp, fpi1) == HP " (Xp 41, Yo 1U Xy, fpi1)

*

This diagram is a diagram of vector spaces where all morphisms labelled with a * are morphisms
of F-modules between E-modules. But then the whole diagram is a diagram of EF-modules, in only
one possible way. Now we have an E-module structure on HP(X,Y, f) and on HP(Xp,1,Yp41 U
Xp—2, fp+1), and we need to show that the isomorphisms (4.3.11.2) are isomorphisms of E-modules
after possibly enlarging ). In the case where we work with subquivers of Q(k) we add to @ the
two morphisms of pairs needed to define (4.3.11.2) and are done. If we work with cellular pairs
only, then X has dimension < p and [X, Y] is cellular in degree p, and we enlarge @ as follows: By
the Basic Lemma 3.3.3, there exists a closed Z C X of dimension < p — 1 such that H?(X,Y”, f)
is cellular in degree p for Y/ =Y U X,,_; U Z. Add the morphism [X,Y”, f,n,0] — [X,Y, f,n,0]
to @ so that HP(X,Y’, f) — HP(X,Y, f) is an E-linear morphism. It is surjective for dimension
reasons, and the diagram of EF-modules and linear maps

HP(X,Y', ) ——— HP(X,Y, f)
Hp(Xp’Y})Uprlafp) g Hp(XpaYpUprQ,fp)

commutes, where the isomorphism w is induced by (4.3.11.2). All morphisms labelled * are E-linear
and hence so is u. Altogether, we conclude that the homology in the middle of

Hp_l(Xp—h}/ZD—l U Xp—27 fp—l) — Hp(val/rp U Xp—l; fp) - Hp+1(Xp+1a Y})—l—l U Xp> fp+1)
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is indeed canonically isomorphic to HP(X,Y, f) as an E-module, which is what we had to show.

Naturality of the isomorphism for morphisms of filtered pairs follows from functoriality of (4.3.11.2).
O

COROLLARY 4.3.12. — Let X and X' be affine varieties and h: [X,Y, f] = [ X', Y, f'] be a mor-
phism in QP (k). Let X, and X be cellular filtrations of [X1,Y”, f'] and [X',Y", f']. If h induces
an isomorphism in rapid decay cohomology, then the morphism of complezes C*([X.,Yx, f]) —
C*([XL,Y/], f]) defined in (4.3.8.3) is a quasi-isomorphism.

Proor. This follows from the conservativity of the forgetful functor M®P(k) — Vecg and
Proposition 4.3.11. O

PROPOSITION 4.3.13. — Let X be an affine variety over k, let f be a regular function on X and
let ZCY CX and Z CY be closed subvarieties. Let X, be a cellular filtration of [X,Y, Z, f]. The

sequence of complexes with morphisms given by (4.3.8.3) for inclusions
0 — C*([X,, Yi]) = C*([Xs, Zs]) = C*([Ys, Zi]) — O (4.3.13.1)

is degreewise exact.

PROOF. The sequences in question are sequences in M (k), but in order to show that they
are exact it suffices to show that the underlying sequence in Vec are exact. But that immediately

follows from the definition of cellular filtrations and a diagram chase. O
We have now all the ingredients needed for the proof of the main result of this section.

PROOF OF THEOREM 4.3.2. For each object [X,Y, f, n,i] of the quiver Q™P (k) and each cellu-
lar filtration X, of [X,Y, f], we consider the complex C*(X,, Y, f)[—n](i) obtained from (4.3.8.1)
by shifting and twisting degree by degree. Let us define A as follows:

M[X,Y, f,n,i]) = colimlim C*(X.,, Y4, f)[-n] (i)
X=X X.

on objects [X,Y, f,n,i| of Q*P(k), where the limit runs over all cellular filtrations of the triple
[)N( Y, f] and the colimit over all affine homotopy replacements II: X = X, setting Y = XxxY and
f = fop. These colimits and limits exist in the derived category D?(M&®(k)). Indeed, all transition
maps are isomorphisms by Corollary 4.3.12. From the practical point of view, A([X, Y, f, n,i]) is iso-
morphic to any of the complexes C*(X,, Y;, f)[—n](i) up to a unique isomorphism in DY (M (k)),
and the use of the limiting processes is only an artifact to get rid of choices®’. We define A on
morphisms as follows:

Type (a): Let h: [X,Y, f,n,i] = [ X', Y, f',n,i] be given by a morphism of varieties h: X' — X
such that A(Y’) CY and f' = f o h. From (4.3.8.3) we obtain a morphism

C*(h): C*(XL,Y!, ) — C*(X.,Ys, )
for suitable affine homotopy replacements and cellular filtrations, and set A(f) = C*(f)[—n](4).

2provided a concrete construction of limits in D?(MS*® (k)) is at disposal.
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Type (b): Let d : [Y,Z,n,i] — [X,Y,n + 1,i] be given by closed immersions Z C Y C X
between affine varieties. Choose an affine homotopy replacement X 5 X , set Y = X x x Y and
Z = X xx Z and cellular filtration of the triple [)Z' Y, Z] From Proposition 4.3.13 we obtain an

degreewise exact sequence of complexes
0 — C*([X,,Y,]) = C*([X., Z.]) == C*([Ya, Zs] — 0 (4.3.13.2)
where 7 and s induced by inclusions, and hence a morphism in D’(M,) given by the hat

Cone(r)

~ induced y \

O (Y] ~ ===~ e - C* (X, Y]~

and define A\(d) = 9[—n](i).
Type (c): If X — X is an affine homotopy replacement, then so is X X G, — X X Gy,.

If X, a cellular filtration of [X,Y], then the )Zp X Gy C X X Gy, form a cellular filtration of
[X X Gy, Y x Gy, UX x {1}]. Hence there is a canonical isomorphism of complexes

C* ([ Xy X G, Vs X Gp U X, x {1}])(1) = C*([X,, Y3]) (4.3.13.3)

obtained from the corresponding isomorphisms degree-by-degree, and we declare this morphism
shifted and twisted by [—n](i) to be the image under A\ of the morphism of type (c) with target
[X,Y,n,i].

Now that we have defined ), it remains to show that the diagram in the statement of Theo-
rem 4.3.2 indeed commutes up to natural isomorphisms. All other statement hold by construction.
The isomorphisms we seek

A([X, Y, n, 1) = H™([X, Y])(7)

are those of Proposition 4.3.11 with a twist. Naturality of these isomorphisms for morphisms in
Q(k) is a question on the level of modules, and follows from the fact that the isomorphisms in
Proposition 4.3.11 are induced, as morphisms of modules, by the isomorphisms of complexes of
Lemma 4.3.10. Il

COROLLARY 4.3.14. — Each object of the category M*P (k) is a subquotient of a sum of objects
of the form H™(X,Y, f)(i), where X = X\Yo and Y = Yy\ (YoNYs) for a smooth projective variety
X of dimension n and two normal crossing divisors Yo and Ys, without common components, such

that the union Yy U Y, has normal crossings as well.

PrOOF. The combination of Theorem 4.3.2 and Proposition 4.1.7 shows that every object M

of the category M®P (k) is a subquotient of a sum of exponential motives
M M <— P H" (X4, Ya, fo)(ia)
«

where each variety X, is affine of dimension n, and Y, C X, is a closed subvariety of dimension
< n—1, such that the triple [X,, Yy, fo] is cellular in degree n,. Let Y, C X, be a closed subvariety



140 4. EXPONENTIAL MOTIVES

of dimension < n, — 1 containing Y, and the singular locus of X,. Since H" (Y., Y,, fo) = 0 by
Artin vanishing, the long exact sequence (4.2.4.2) shows that the morphism

Hna (XOHYO/U fOc) — Hna (XOH YOH fOl)

is surjective. Up to replacing Y, with Y., we may therefore assume that the open complement
Xo \ Yy, is smooth. We claim that he motive H"(X,,Y,, f») is isomorphic to a motive of the
desired shape. Indeed, by resolution of singularities there exists a smooth projective variety X with
normal crossing divisors Yy and Y, as claimed, together with a morphism 7: X — X, inducing an
isomorphism X \' Y — X, \ Y, on open complements. Here, X = X \ Yoo and Y = Yy \ (Yo N Ya)
as in the statement. Thus, Y is equal to 77! (Y,) and the morphism of motives

H"(Xa, Yo, fa) = H*(X,Y, )

induced by 7 is an isomorphism for n = n, and f = f, o 7. g

4.4. Tensor products

In this section, we introduce a tensor product on the category of exponential motives, following
Nori’s ideas. We shall prove later that this tensor product endows M®P (k) with the structure of a
neutral tannakian category, with Ry as fibre functor.

THEOREM 4.4.1. — The category M®P (k) admits a unique Q-linear monoidal structure that
satisfies the following properties:

(1) The forgetful functor Rg: M®P(k) — Vecq is strictly monoidal.

(2) Kiinneth morphisms are morphisms of motives.

With respect to this monoidal structure and Rp as fibre functor, M®P (k) is a neutral tannakian
category.

By a symmetric monoidal structure on M*® we understand a functor
®: M®P(k) x M*P(k) — M*P (k)

which we call tensor product together with isomorphisms of functors expressing associativity and
commutativity of the tensor product, and the properties of Q(0) = H°(Spec k) playing the role of
a neutral object. That the forgetful functor or Betti realisation Rg: M®P(k) — Vecq is strictly

monoidal means that there exist natural isomorphisms
RB(M®N) gRB(M)(X)RB(N) (4.4.1.1)

that are compatible with the associativity and commutativity constraints. These isomorphisms will
come directly from the construction of the tensor product, and will be equalities. Given relative
varieties with functions [X,Y, f] and [X’, Y, f], the Kiinneth morphisms are maps of vector spaces

H'(X,Y, f) @ BV (X, Y/, f') — H' (X x X/, (Y < X) U (X x V), f 8 f)
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and property (2) states that these morphisms are compatible with the motivic structures.

What remains to be done to get the tannakian structure on M®® (k) is to prove that, for each
object M, the functor — ® M has a natural right adjoint, which we denote by Hom (M, —), so that
the usual adjunction formula holds:

Hom(X ® M,Y) = Hom(X, Hom(M,Y)).

4.4.2 (Construction of the tensor product). — To ease notation, let us denote by Q. = QI*P(k)
the cellular quiver from Definition 4.3.1. We consider the quiver morphism

prod: Q.M Q, — Q.
given on objects by
prod([X,Y, f,n,i| K[ X", Y f'n i) = [X x X, Y x X' UX xY', fBf n+n i+

and with the evident definition on morphisms. The Kiinneth formula provides a natural isomor-
phism

H™(X,Y, f)(i) @ H™ (X", Y', f) (i) = B (X x XY x X' UX x Y/, f8 f')(i + 1)

since all other terms in the Kiinneth formula are zero for dimension reasons. We obtain hence a

morphism of quiver representations

QC&QC

Vecg

prod

Qe

which induces a functor

MP (k) x M®P (k) —s M®P (k).

4.4.3 (Construction of the commutativity constraint). —

4.5. Intermezzo: simplicial spaces and hypercoverings

In this section, we collect some facts about simplicial topological spaces and their cohomology,
which are also summarised by Deligne in [22, §5]. We denote by A the category whose objects are
the finite ordered sets [n] = {0,1,...,n}, for all n > 0, and whose morphisms are order-preserving
maps, that is f: [n] — [m] satisfying f(i) < f(j) for all i < j. Given an integer N > 0, we let Ay
denote the full subcategory of A consisting of all objects [n] with n < N.

4.5.1. — A simplicial object in a category C is a contravariant functor Xo: A — C. A morphism
between simplicial objects is a morphism of functors. Any object S of C can be seen as a constant
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simplicial object, by considering the functor that maps all [n] to S and all morphisms to the identity

of S. It is custom to picture a simplicial object as a diagram of the shape

- X3 T X X1 Xo,

where the object X, is the image of [n] under the given functor Xo: A — C, and the arrows
(51‘2 Xn+1 — Xn and S5t Xn — XnJrl,

called faces and degeneracies respectively, symbolise the images by X, of the n 4+ 2 injective mor-
phisms [n] — [n + 1] and the n + 1 surjective morphisms [n + 1] — [n] in A. Given an object S
of C, a morphism ¢: Xg — S coequalising the two maps X1 — Xy is called an augmentation. We
may view it either as a morphism from X, to the constant simplicial object S, or as a simplicial

object in the slice category C/S, whose objects are morphisms with target S in C.

4.5.2. — Starting from an augmented simplicial object X,, for each N > 0 one finds by
restriction a functor Ay — C which is denoted by sky Xo and called the N-skeleton of X,. If
finite limits exist in the category C, then the functor

sky : Functors(A°P, C/S) — Functors(AY, C/S)

admits a right adjoint cosky, called N-coskeleton [85, Tag 0183]. For instance, the coskeleton of
the 0-skeleton Xg — S is given by

COSko(XO — S)n = X() Xs Xo Xg-+Xg XO = Maps([n], (X()/S))

n—+1 copies

for all n > 0, with projections and diagonal embeddings as face and degeneracy maps.

There is also a relative version of coskeleta: given a morphism X, — Y, of augmented simplicial
objects, the restriction functor

skie : Functors(A°P, C/S)/Ys — Functors(A%, C/S)/(sky Ys)

admits a right adjoint coskX*, which we call the N-relative coskeleton over Y,. It is related to the
absolute coskeleton by the formula

COSk? (Xe) = coskn(Xe) X cosky (sky (Ye)) Yo,

where the fibre product is taken in the category of simplicial objects in C/S. For the record, the
adjunction morphism reads

adj
X ! cosk%’ (sk%’ (Xl))

\ _— (4.5.2.1)

and should be interpreted as a morphism in the category of simplicial objects over Y,.
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4.5.3. — A sheaf F, on a simplicial topological space X,, i.e. a simplicial object in the category

of topological spaces, is the data of a sheaf F), on each X, and a natural morphism of sheaves
fxFn — Fi (4.5.3.1)

on X,, for each morphism f: [n] — [m] in A inducing fx : X,,, — X,,. One can regard sheaves F,
on X, as sheaves on some convenient site, and using that point of view, the cohomology H"(X,, F,)
is defined. Global sections of F, are given by

(X, Fu) = ker (T'(Xo, Fo) —= T(X1, F1)),

where the two morphisms are those induced by the morphisms of sheaves (4.5.3.1) corresponding
to the two face maps dg,d1: X1 — Xp. Given a sheaf of commutative groups F, on a simplicial
topological space X,, there is a spectral sequence of groups

EP = HI(X,, F,) — HPY(X,,F) (4.5.3.2)

constructed as follows. An injective resolution of F, gives an injective resolution of each Fi,.
Applying global sections gives a simplicial complex of groups, and hence a double complex. Its
horizontal differentials (say) are alternating sums of face maps, and its vertical differentials are
induced by the differentials of the resolution. The spectral sequence (4.5.3.2) is the one associated
with this double complex for the filtration by columns, as for instance in [90, Def. 5.6.1].

ExaMPLE 4.5.4. — Let Yo — X, be a morphism of simplicial topological spaces such that, for
each n > 0, the map Y,, — X, is a cofibration (closed immersion and neighbourhood deformation
retract). On each space X,,, consider the sheaf

@[Xn,yn} = Ab"Q,
where 8: X, \'Y,, — X,, is the inclusion. These sheaves form together a sheaf Q[ Xova] O1 X,, thus
giving rise to a spectral sequence
E{;,q = Hq(Xp,Y}o;Q) - Hp+q(XhYo;Q)'
ExaMPLE 4.5.5. — Let X, be a simplicial object in the category of smooth manifolds. For

each integer p > 0, consider the sheaf Qg(n of differential p-forms on each manifold X,. For each
order-preserving map f: [n] — [m], inducing a C*°-map fx: X,, — X, there is a natural morphism
L?: f;‘(QI;{n — Q];(m

of sheaves on X. Thus, the sheaves Qg(n fit together into a sheaf Qg(. on X,. The exterior
derivatives for the individual sheaves d: Qg’(ﬂ — Qg(tl commute with the morphisms L’}, and hence

yield a morphism d: Q% — Qg(tl. The resulting complex of sheaves

d d d
0— 0%, =0k —— 0%, &

is called the de Rham complex of the simplicial smooth manifold X,.
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4.5.6. — Let X, be a simplicial topological space, and let e: X4 — S be an augmentation.

There is a pair of adjoint functors (*,e,) between the categories of sheaves on X, and on S:

e
Sh(X.) SL(S).
\_/

The map ¢ is said to have the property of cohomological descent if the adjunction transform
idD(S) — Re,e”

is an isomorphism of functors from D(S), the derived category of the category of sheaves on S, to
itself (cf. SGA 4, Exp. V-bis, Définition 2.2.4). Equivalently, ¢ has cohomological descent if and
only if, for every sheaf F' on S, the morphism of sheaves on S

F — ker(epsegF — 1461 F) (4.5.6.1)

is an isomorphism. Here, e5: Xy — S is the augmentation map, and €1: X; — S is the composite of
a face map X7 — X with the augmentation. If e: X, — S has cohomological descent, then there is
an isomorphism H"(X,, *F') — H"(S, F') for every sheaf F' on S, and the spectral sequence (4.5.3.2)
translates into a spectral sequence

EP? — H9(X,,e*F) — HPYY(S,F), (4.5.6.2)

where the induced filtration on the cohomology groups H™(S, F') is the one coming from the
g-skeletons of X, for ¢ = 0,1,2,.... A continuous map X — S is said to have the property of
cohomological descent if the induced augmentation cosko(X) — S has cohomological descent. A
continuous map X — S is said to be of universal cohomological descent if for every continuous
map 1T"— S the map X xg T — T has cohomological descent.

EXAMPLE 4.5.7. — Let S be a topological space, and let (U;);c; be an open cover of S. Let X
be the disjoint union of the open subsets U;, and denote by ¢: X — S the covering map. The
coskeleton of (¢: X — ) is a simplicial topological space given by Xy = X and

X1 =XoxsXo= [[ UinUj.

1,7€1

The face maps X1 — X are the two projections Xy xg Xg — Xp, which in the present case are
open immersions. One checks on stalks that, for every sheaf F' on S, the morphism (4.5.6.1) is an
isomorphism. Therefore, ¢ has cohomological descent. The associated spectral sequence (4.5.6.2)
is the classical Leray spectral sequence of the open covering. For every continuous map 7' — S,
the map X xg T — T is an open cover of T', and hence has cohomological descent too. Therefore,
the covering map €: X — S has universal cohomological descent.

THEOREM 4.5.8. — Continuous maps of universal cohomological descent form a Grothendieck
topology on the category of topological spaces. The following types of continuous maps are of uni-
versal cohomological descent:

(1) Proper surjective maps (in particular, locally finite closed covers).
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(2) Maps X — S which locally on S admit a section (in particular, all open covers).

PROOF. This is shown in SGA 4, Exposé V-bis, see in particular Proposition 3.3.1 for the state-
ment that morphisms of universal cohomological descent form a Grothendieck topology, Corollaire
4.1.6, Corollaire 4.1.7 for statement (1), and Proposition 4.1.8 for statement (2). O

4.5.9. — Let fo: Xo¢ — Y, be a morphism of simplicial topological spaces augmented to S:

feo

N A

Xe Y..

The morphism f, is called a hypercovering if, for every integer N > 0, the continuous map
XNi1 — (cosk%‘ sk%‘ Xo)N+1

obtained from the adjunction (4.5.2.1) is of universal cohomological descent.

4.6. Motives of simplicial varieties

Let X be an algebraic variety together with a regular function f. If X is covered by two open
subvarieties U and V, the rapid decay cohomology groups of X, U, V, and U NV with respect to
the function f are related by a Mayer—Vietoris long exact sequence:

n n n n 0 n
= Hig(X, f) — Hiy(U, flo) @ By (V, flv) — Hg(U NV, fluny) —— B (X f) — -

All terms in this sequence are motives, and differentials that connect cohomology groups of the
same degree are morphisms of motives since they are induced by inclusions of varieties. It turns
out that the connecting morphism 0 is also a morphism of motives, but this is not clear a priori.
We shall prove it in this section in the slightly more general setting where a closed subvariety is
also allowed (Corollary 4.6.5). As an easy consequence, we establish a projective bundle formula
(Proposition 4.7.5) and a sphere bundle formula (Proposition 4.7.7) for exponential motives.

4.6.1. — Let (X, Y, fo) be a simplicial object in the category of pairs of varieties with potential.
Fix an integer N > 1. Choose cellular filtrations of affine homotopy replacements of (X,,, Y}, f»)
for every n < N, which are compatible with the face maps (X, Yy, fn) = (Xn-1, Yn—1, fn—1). We
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obtain the following double complex of motives.

02(X0)}/07f0) - Cz(Xl)Ylvfl) Cz(XN7YN7fN)

(4.6.1.1)
C'(Xo,Y0, fo) — CH(X1, Y1, f1) CH(Xn, YN, fn)
CO(X()?}/vaO) - CO(leylvfl) CO(XN7YN7fN)

The vertical differentials are those of the complexes C*(X,,,Y,, fn). The horizontal differentials
are alternating sums of morphisms induced by face maps. For every integer n < N, we define the
motive H"(X,, Ys, fo) to be the homology in degree n of the associated total complex. Two remarks

about this constructions are in order.

(1) The reason why we bound the double complex horizontally has to do with the choice of
affine homotopy replacements and cellular filtrations. We can start by choosing an affine
homotopy replacement and a cellular filtration of X, and proceed by choosing a filtration
of Xn_1 which is sufficiently fine, so that it is compatible with the finitely many face maps
Xn — Xn_1, and so on. It is not clear that we can choose compatible cellular filtrations
on all X, simultaneously. As N can be arbitrarily large, H" (X, Ya, fo) is well defined for
all integers n > 0.

(2) The vertical complex C*(X,,,Y,, f,) is, as a complex of vector spaces, naturally isomorphic
to RFf(@[X,Y]) = \I’WH(Rf*(@[X.,Y.]))' The vector space underlying H"(X,,Ys, fo) is
therefore the rapid decay cohomology H"(Xe(C), Ye(C), fo).

THEOREM 4.6.2. — Let (X, Y, fo) be an simplicial object in the category of pairs of varieties
with potential, together with an augmentation (Xe,Ys, fo) = (X, Y, f). There is a natural spectral

sequence of exponential motives
Ezf,q = Hq(Xp7 }/pu fp) — Herq(Xn }/07 fc)

and the augmentation induces a morphism of exponential motives H"(X,, Ya, fo) = H"(X,Y, f).

PRrROOF. The spectral sequence in question, in the region EF? with p + ¢ < N, is the one
associated with the double complex (4.6.1.1). The spectral sequence is independent of the choice
of cellular filtrations. Given a morphism of simplicial objects ¢: (X.,Y!, fl) — (X, Ys, fo), We
can choose cellular filtrations on X, ... Xy and X{,... X}, which are compatible with face maps
and the morphism ¢. Such a choice induces a morphism of double complexes (4.6.1.1), hence a
morphism of spectral sequences. An augmentation is just a morphism of simplicial objects whose
target is constant, hence the last claim. O
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4.6.3. — Let e: X, — X be an augmented simplicial variety and let f: X — A! be a regular
function. Set f, = f oe. For every real number r, the sets f,1(S,) = {z € X,,(C) | Re(fn(z)) > r}
form a closed simplicial subspace of X,, augmented to f~1(S,).

PROPOSITION 4.6.4. — Let €: (Xo,Ye, fo) = (X,Y, f) be an augmented simplicial object as
above. Suppose that the augmentations of simplicial topological spaces Xo(C) — X (C) and Yo(C) —
Y (C) both have cohomological descent. Then, the morphism

e HY(X,Y, f) — H"(Xe,Ye, fo)
induced by the augmentation is an isomorphism.

PrOOF. We recall that for a topological space X and a closed subspace A C X, we write Q[ XA

for the sheaf 55*Q,.,

cohomology of the pair (X, A) can be computed as sheaf cohomology of the sheaf Qx 4 on X.

]

where [ is the inclusion of the open complement of A into X. Singular

Let us fix an integer n > 0 and choose a large real number r. Consider the sheaves

F=Qu s,y and  Fp=Q 19

and notice that the sheaves F), fit together to a sheaf F, on the simplicial space X,, namely
F, = ¢*F. Since the augmentation £: X¢(C) — X (C) has cohomological descent, the adjunction
map

H"(X,F) = H"(X, Re,F,) — H"(X,, F\)

is an isomorphism. If r is large enough, the canonical morphisms H"(X, f) — H™(X,F) and
HP(Xy, fq) = HP(Xg, Fy) for p+ ¢ < n are isomorphisms. It follows that H"(X, f) — H" (X, fe)
is an isomorphism. The same argument shows that H"(Y, f) — H"(Y,, fe) is an isomorphism, and
the proposition follows from the five lemma. O

COROLLARY 4.6.5 (Mayer—Vietoris). — Let X be a variety over k, let Y C X be a closed
subvariety, and let f be a regular function on X. Assume X is covered by two open subvarieties U,
and Uy, and set Uy, = U, NU, and Vioy=UynY. All morphisms, in particular the connecting
morphism 0, in the Mayer-Vietoris sequence in rapid decay cohomology

oo HYX,Y, f) — H"(Ua, Va, f) ® H*(Uy, Vi, f) — H"Uap, Vay f) —+ H™(X, Y, f) — -+

are morphisms of motives.

PRrROOF. Associated with the open covering U, LI U, — X is the simplicial object U, defined by
U= [ UaynUan--NUa,)
acf{ab}t1

with n 4+ 1 face maps U, — U,_1 given by the covering obtained by deleting one of the n + 1
coordinates of the index a € {a,b}"*!, and n coface maps U, 1 — U, given by the inclusion
obtained by duplicating one of the n coordinates of the index « € {a,b}". Contained in U, is the
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simplicial subobject Vo = Us X x Y. The Ej-page of the spectral sequence calculating H™ (U, Vs, fe)

reads

H?*(Uo, Vo, fo)
HY(Uo, Vi, fo) — H' (U1, V4, f1) — HY(Ua, Va, f2)

H(Uo, Vi, fo) — H°(U1, V4, f1) — H(Ua, V2, f2)

where differentials are alternating sums of maps induced by face maps. These horizontal complexes
are exact, except for their 0-th and 1-st homology groups, which may be non-zero. The kernel
of the differential H"(Uy, Vi, f1) — H™(Us, Va, f2) is equal to H™(Ugup, Vap, ). In particular, the
spectral sequence degenerates on the second page, and there are exact sequences

0— EY 5 EM S B S BB 0.

These sequences correspond to the pieces of the Mayer—Vietoris sequence displayed in the statement

of the corollary. O

LEMMA 4.6.6. — There are canonical isomorphisms of motives:

(1) () = Q(—i) n=2i<2d

0 n odd or n > 2d.
Q) n=0
(2) H"(A{\{0}) =< Q(~d) n=2d—1
0 else.

(3) H**(X) = Q(—d) for every projective and geometrically connected variety X of dimension

d over k.

PROOF. Morphisms of type (c) in the standard quiver representation of Q*®(k) induce iso-
morphisms H%(G%)(0) = HIY (G 1) (—1) = - .- = HSpeck)(—d) = Q(—d). From the standard
covering of the projective space P% by d+ 1 affine spaces we obtain a spectral sequence (the Mayer—
Vietoris sequence if d = 1), in which the connecting morphism

HY(Gy,) — H*(Pf)

appears. This connecting morphism is an isomorphism of vector spaces because Ai is contractible
as well as a morphism of motives by Theorem 4.6.2 (or Corollary 4.6.5 for d = 1), hence it is an
isomorphism of motives. The first statement of the proposition follows from this isomorphism,
induction on d, and the fact that the inclusion of a hyperplane ]P’g_1 — IP’% induces an isomorphism
on cohomology in degrees up to 2d — 2. The argument for the second statement is similar—one
covers A? \ {0} by affine opens A x G, x A® with a +b = d — 1. To show the third statement of
the proposition, we choose a projective embedding ¢: X — IP’{CV and consider the induced morphism
of motives Q(—d) = H?*(PY) — H?(X) which is an isomorphism of vector spaces, hence an

isomorphism of motives. O
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4.7. The Leray spectral sequence

Let S be an algebraic variety endowed with a potential f: S — A!, and let 7: X — S be a
morphism of algebraic varieties. In this section, we define a spectral sequence of motives

ESY = H(S, f; R*7.Q) — H''(X, fom)

whose underlying spectral sequence of vector spaces is the Leray spectral sequence in rapid decay co-
homology introduced in Section 3.2.5. In particular, we will equip the vector space HZ (S, f; Rm.Q)
with the structure of a motive. The overall strategy for doing this is an idea of Arapura, who shows
in [3] that the classical Leray spectral sequence (when f = 0) is motivic. It will suffice to treat the
case where S is affine. Following Arapura, we construct in that case a filtration Xo C X; C --- of
X whose associated spectral sequence

EP9 = HPY(X,, X, 1, for) = HPTI(X, for),

can be identified with the Leray spectral sequence of vector spaces from the second page on. This

identification is canonical, and we use it to transport motivic structures.

4.7.1. — Let S be a topological space with an exhaustive filtration  C S5y C S C---C S5, =S
by closed subspaces. Setting U, = S\ Sp,—1 we have a decreasing filtration by open subsets

S=Uy2U12U22---2U, 2@.

From the given filtration of S, one obtains a natural filtration on all complexes of sheaves A on S
in the following way. Let 3,: U, — S be the inclusion and define

Al = (Bp)1(Bp)" A.

These complexes of sheaves define the filtration
A= A0 QA(l) 2...2_4(”) 20

of A. Here, the symbol D means degreewise injective morphism of complexes of sheaves. By

construction,

H"(S,gr? A) = H"(Sp, Sp—1; A).

LEMMA 4.7.2. — Let A be a bounded complex of sheaves on S such that, for all integers a,p,b
with a # p, the equality

HY(S,, Sp_1;H(A) =0
holds. Then, there is a canonical isomorphism between the spectral sequences
EP? = HPYI(S, S, 1;A) = HPTYS, A) (4.7.2.1)
Eg,b _ HQ(S; Hb(A>) — Ha‘i‘b(s’ A) (4722)

from the second page on.
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4.7.3 (Reduction to the affine case). — The first observation is that we can reduce to the case
where S is affine. Indeed, using Jouanolou’s trick (Lemma 4.3.5) we can find an affine homotopy
replacement h: S’ — S and set X' = X xgS’. Set g=fom

4.7.4. — According to the Basic Lemma 3.3.1 (Variant!), there exists a filtration Sy € S; C - - -
of S such that, for all b > 0, the perverse sheaves

PHY(S,, Sy 1; RO, F)

vanish for a # p. Choose such a filtration, and define a filtration Xg C X; C --- of the space X by

setting X, = 7T_1(Sp). From this filtration results a spectral sequence
EP = HY(Xp, Xpo1, 05 F) = HPU(X, g; F)

with differentials EY"? — E¥ +1a given by the connecting morphisms in the long exact sequence for
the triple X,,_1 € X, € X,,11. By design, the Leray spectral sequence associated with each map
T Xp — S

Ey" = H(Sp, Sp-1, f; R'maF) = HP(Xp, X1, 95 F)

degenerates to isomorphisms HP(S,, S,_1, f; R'm.F) = HP*Y(X,, X, 1,g; F) = Ef’b for all b.

> Hp+b(Xp)Xp—1ug;F) Hp+b+1(Xp+17Xp7g;F) T

H H

T Hp(Sp»Spfl»ﬁRbW*F) Hp"'l(SpH,Sp,f;wa*F) —

The homology of the complex below is precisely HP(S, f; R°m.F), the second page of the Leray

spectral sequence.

PROPOSITION 4.7.5 (Projective bundle formula). — Let X be a variety over k equipped with a
reqular function f: X — A', let Y C X be a closed subvariety and let E — X be a vector bundle
of rank r over X, with projectivisation w: P(E) — X. There is an isomorphism in M“P(k) as

follows:
r—1 .
H"(P(E),P(E)ly, fom) = D H" *(X,Y, f)(i).
=0
PrOOF. g
COROLLARY 4.7.6. — Let X be a variety over k, let f: X — Al be a reqular function and let

m: E — X be a vector bundle of rank r over X. Let Y C X be a closed subvariety. There is an

isomorphism in M*P(k) as follows:

HY(P(E® Ox),P(E)UP(E ® Ox)|y, for) = H "(X,Y, f)(—7).
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ProOOF. The projective bundle formula established in Proposition 4.7.5 can be seen as an
isomorphism

r—1

C*(P(E)) = P C (X, f)[2i](0)

1=0

in the derived category of M®P (k). The inclusion P(E) — P(F & Ox) induces a morphism

T r—1
P o (x, N2 — P (X, H2iGE)

=0 i=0

which is indeed just the obvious projection, hence an isomorphism
C*(P(E ® Ox),P(E), fom) = C*(X, f)[2r](r)

as we wanted, in the case where Y is empty. For the general case, observe that the following diagram
the columns are exact triangles, and the second and third horizontal map are isomorphisms in the
derived category of M**P (k).

C*(P(E® Ox),P(E)UP(E ® Ox)ly, fom) — C*(X,Y, f)[2r](r)

J !

C*(P(E & Ox),P(E), f o) — C*(X, f)[2r](r)

} l

C*(P(E @ Ox)ly, P(E)ly, fom) — C*(Y, fly)[2r](r)

The top horizontal morphism is thus an isomorphism in the derived category as well, and yields
the sought isomorphism of motives by taking homology in degree n. U

PROPOSITION 4.7.7 (Sphere bundle formula). — Let X be a smooth variety over k, let f: X — Al
be a reqular function, and let m: E — X be a vector bundle of rank r whose Fuler class is zero.
Denote by Ey the complement of the zero section in E. There is an isomorphism in M*P(k) as

follows:

H"(Eo, f om) 2 H'(X, ) @ H" 21X, f)(r).

PROOF. O

4.8. Motives with support, Gysin morphism, and proper pushforward

In this section, we show that the Gysin map in rapid decay cohomology (3.7.2.2) is a morphism
of motives. This will enable us to construct a duality pairing in the next section, thus completing
the proof that exponential motives form a tannakian category.
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4.8.1. — Let (X, f) be a variety with a potential and Y C X a closed subvariety. Let Z C X
be another closed subvariety with open complement U C X. The inclusion U C X induces a
morphism

C*(X,Y, f) — C*(U,UNY, fiy) (4.8.1.1)

in D*(M®®(k)). Concretely, choosing cellular filtrations we can see this as an actual morphism of

chain complexes in M*P (k). We set

C%(X,Y, f) = cone(C*(X,Y, f) — C*(U,UNY, fir)) (4.8.1.2)

DEFINITION 4.8.2. — The exponential motive of (X, Y, f) with support on Z is the homology of
the cone of the morphism (4.8.1.1), namely:

HY(X,Y, f) = H"(C3(X,Y, ). (1.82.1)
By definition, H7(X,Y, f) fits into a long exact sequence of motives
S HR(X,Y, ) = HYXLY, £) = HYU,Y OU flo) = HEYXY, ) = e (482.2)

THEOREM 4.8.3. — Let X be a smooth, irreducible variety over k, together with a reqular function
f, and let Y be a closed subvariety of X. For any smooth closed subvariety Z C X of pure

codimension c, with open complement U, there is a canonical isomorphism of motives
HY(X,Y, f) = H"*(Z,Y 0 Z, fiz)(—c). (4.8.3.1)
Under this isomorphism, the long exact sequence (4.8.2.2) becomes a long exact sequence of motives
o= HY(X, f) — H™(U, flu) = H"*TN(Z, f|2)(—=c) = H"THX, f) — - -

whose underlying long exact sequence of vector spaces is the Gysin sequence (3.7.2.1).

PROOF. We use deformation to the normal cone as in Chapter 5 of [37]. Let X be the blow-up
of Z x {0} in X x A', and equip X with the potential

FiX o xxA - x Lyal

obtained by composing the blow-up map, the projection to X and f. Let 7: X — A! denote
the composition of the blow-up map X — X x Al and the projection to A'. The fibre of 7 over
any non-zero point of Al is isomorphic to X. The fibre 771(0) has two irreducible components,
namely P(Nz @ Oyz), the projective completion of the normal bundle Ny = TxZ/T,Z of Z in X,
and Blz X, the blow-up of Z in X. These two components intersect in P(N), seen as the infinity
section in P(Nz @ Oyz) and as the exceptional divisor in BlzX.

Let Y be the strict transform of ¥ x A! in X. The intersection of ¥ with 77(0) also has two
components, namely Y NP(Nz & Oz) = P(Nz @ Oz)|lynz and Y N Blz X, the strict transform of
Y in Blz X.

The inclusions 7~1(0) — X and X 2 7~ (1) — X induce morphisms of motives as follows:

H™(771(0), Bl,X UP(N7 @ O7)|yrz, fleor (o) <o H'(X,V UBIZX, f) — H™(X,Y, )
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The map labelled () is an isomorphism (of vector spaces, hence of motives) because [X,7(0), f]
has trivial cohomology. The reason for this is that the quotient space X /7~1(0) is the same as
(X x AY)/(X x 0), which is a cone, hence contractible. We have a morphism

Hn(ﬂ_l(()), Bl X UP(Nz @ Oz)lynz, ﬂﬂ.fl(o))
— H"(P(Nz & Oz),P(Nz) UP(Nz & O2)|yrz, fle(ny00,))

induced by inclusion, which is an isomorphism by excision. The right-hand side is isomorphic
to H"2¢(Z,Y N Z, f|z)(—c) by Corollary 4.7.6 to the projective bundle formula. We obtain a
morphism of motives
H" (2, Y NZ, f)(—c) — H'(X,Y, f) (4.8.3.2)
whose underlying morphism of vector spaces is the Gysin map.
The rest of the argument is formal. The projective bundle formula can be seen as an isomor-

phism
r—1
C*(P(E)) = P C*(X)[21](i)
i=0

in the derived category D?(M(k)). The morphism of pairs [x~1(0), BlzX] — [X,BlzX] induces
therefore a morphism
C*(Z)[2c)(c) — C*(X) (4.8.3.3)
in D*(M(k)) inducing (4.8.3.2). Its composition with C*(X) — C*(U) is zero, hence a morphism
C*(Z)[2¢)(c) = Cz(X)

in D?(M(k)). This morphism is indeed an isomorphism, because the underlying morphism in the
derived category of QQ-vector spaces is so. The Gysin sequence in the statement of the theorem is,
via this isomorphism, the sequence of cohomology with support (4.8.2.2). O

4.8.4. — Let (X, f) be a smooth variety together with a regular function, and let Z C X be a

smooth subvariety of pure codimension c.

PROPOSITION 4.8.5. — Let (X, fx) and (Z, fz) be smooth varieties, together with reqular func-
tions, and w: Z — X a proper morphism such that f; = fx om. Set c = dimX —dim Z. The
proper pushforward morphism

e HY(Z, f7) — H" (X, fx)(c) (4.8.5.1)

is a morphism of exponential motives.

PRrOOF. It suffices to treat the case where m is a closed immersion. Indeed, since X is
quasi-projective, choosing a locally closed embedding Z < P™, we can factor the morphism =
into the composite Z S X xPm Py x , where ¢ is a closed embedding and p is the projection. If
we endow X x P™ with the function fx H 0, then both maps are compatible with the functions.
Assume that the pushforward ¢, is a morphism of motives. Then 7, is given by the composition

H™Z, fz) — H" 202X x P, fx B0)(c+m) — H" (X, fx)(c),
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where the second morphism is the projection onto the component
H"™2(X, fx)(c) ® H*™(B™)(m) = H"%(X, fx)(c)

of the Kiinneth formula. O

4.9. Duality

Let X be a smooth connected variety of dimension d, together with a regular function f, and
Y C X a normal crossing divisor. We choose a good compactification (X,Y, f) of the triple
(X,Y, f) in the sense of Definition 3.5.8. We let D denote the complement of X in X, P the
reduced pole divisor of f, and we write D = P 4+ H. We set

X' =X\ (YUP), Y =H\(HNP)

and denote by f’ the restriction of f to X'.

nX,Y, )@ HYXY, —f) — Q (4.9.0.1)
PROPOSITION 4.9.1. — There is a unique morphism of exponential motives
H™(X,Y, f)@ H*(X",Y', = ') — Q(—d) (4.9.1.1)

whose perverse realisation is the duality pairing (4.9.0.1).

PROOF. We first construct a morphism in the opposite direction. For this, let A = X N X’
embedded diagonally in X x X’. By construction, A does not intersect (Y x X')U(X xY”’) and the
function fH (—f’) is identically zero on A. Thus, Theorem 4.8.3 yields an isomorphism of motives

Q(—d) = H'(A)(—d) = HY'(X x X', (Y x X') U (X x V'), f8 (= [")).

Composing with the natural “forget support” map and with the projection to the H"(X,Y, f) ®
H?(X' Y’ —f') component of the Kiinneth isomorphism, we obtain a morphism of motives

Q(—d) — H™(X,Y, f) ® H* (XY, —f").
]

Observe that, when f is constant, we recover the usual duality between cohomology and coho-
mology with compact support. More generally, this suggests to introduce the following definition:

DEFINITION 4.9.2. — Let X be a smooth variety and f: X — Al a regular function. We choose
a good relative compactification of X over Al, i.e. a smooth variety X™ such that H = X\ X
is a normal crossing divisor and f extends to a proper morphism f': X — Al. The motive with
compact support of the pair (X, f) is H*(X™, H, fre!).



4.10. THE MOTIVIC GALOIS GROUP 155
4.10. The motivic Galois group

Let us summarise what we did so far. We first constructed M®® (k) as an abelian category.
Using the basic lemma, we proved that this category is equivalent to the one obtained from the
quiver of cellular objects. This enabled us to define a tensor product. We then show that each
objects admits a dual, completing the proof that M“P(k) is a tannakian category.

DEFINITION 4.10.1. — The ezponential motivic Galois group G™P(k) is the affine group scheme
over Q such that
M®“®(k) = Rep(G“*(k)).

Given an exponential motive M, the smallest tannakian subcategory (M)® of M®P (k) con-
taining M is equivalent to Rep(Gjy) for a linear algebraic group Gjs. We shall call it the Galois
group of M






CHAPTER 5

Relation with other theories of motives

5.1. Relation with classical Nori motives

Let Q(k) denote the full subquiver of QP (k) consisting of those objets [X, Y, f, n,i] where f is
the zero function. The restriction of the Betti representation p to Q(k) is given by ordinary relative
cohomology:

p([X,Y,0,n,i]) = H*(X(C), Y (C)) (7).
The cohomological, non-effective variant of Nori’s category of mixed motives over £ may be de-
fined as the category M(k) = (Q(k),p). This is not Nori’s original construction, but the one
Ayoub sketches in [6, p.6]. The inclusion Q(k) — QP (k) can be seen as a morphism of quiver
representations, hence induces a faithful and exact functor

v M(k) — MO (k)

which permits us to regard classical Nori motives as exponential motives.

THEOREM 5.1.1. — The functor v: M(k) — M%P(k) is fully faithful and exact.

Proor. We only need to prove that ¢ is full. For this, it suffices to show that, for each object M
of M(k), the following map is surjective:

EndM(k) (M) — EndMexp(k) (L(M))

Let M be an object of M(k) and let h: «(M) — ¢(M) be an endomorphism in M*P(k). Recall
from 4.1 that M consists of the data (V,Q, «), where V is a finite-dimensional Q-vector space, @
is a finite subquiver of Q(k) which we suppose to be non-empty to rule out degenerate cases, and
a: End(p|g) — End(V) a morphism of Q-algebras. The exponential motive ¢(M) is given by the
same triple (V, @, «), with @ now regarded as a finite subquiver of Q®P(k). The morphism A is a
linear map V' — V such that there exists a finite subquiver P C Q%P (k) containing Q and such
that h is End(p|p)-linear. We need to find a subquiver Q" of Q(k) containing Q such that & is
End(p|¢y)-linear.

Let S C A(C) be the union of the singularities of all perverse realisations of objects in P. As
Q is non-empty, this set contains 0 € C. We choose z € A'(k) such that Re(z) > Re(s) for all

157
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s € S. Consider the functor A,: P — Q(k) given by
A (XY, fon, i — [X,Y U f(2),0,n,1]

on objects and by the obvious rules on morphisms. After enlarging Q and P by adding all objects
and morphisms in the image of A,, we may see A\, as a functor from P to Q. As we have seen in
(3.1.2.2), there are isomorphisms of vector spaces

(XY, f)(@) =2 HY(X,Y U f71(2)@3) (5.1.1.1)

which are functorial for morphisms in P. Together with these isomorphisms, A, is a morphism of
quiver representations. It fits into a commutative diagram
C s

Q —P Q

N

Vecg

where the composition of the horizontal arrows is the identity on (). The left hand triangle com-
mutes, and the right hand triangle commutes up to the natural isomorphisms (5.1.1.1). We obtain

morphisms of Q-algebras

End(plq)

whose composite is the identity. The restriction homomorphism End(p|p) — End(p|g) is thus

via (5.1.1.1) End(p|p) s End(p’Q)

surjective, and the induced functor from the category of End(p|g) modules to the category of
End(p|p)-modules is full. In particular, the given End(p|p)-linear morphism h: V. — V is also
End(p|g)-linear. O

5.1.2. — From now on, we identify the category of classical Nori motives with its image in
the category of exponential motives via the fully faithful functor ¢. In the course of the proof of
Theorem 5.1.1 we have shown that the morphism of proalgebras

End(p) — End(plq))

given by restriction is surjective and, invoking Zorn’s lemma, we even see that it has sections. This
tells us more than just fullness of the canonical functor ¢: M(k) — M*P (k).

PROPOSITION 5.1.3. — The category of classical motives M(k) is stable under taking subobjects
and quotients in M*P (k).

PROOF. Let M be an object of M(k) and let M’ be a subobject of M in M®® (k). We represent
M by a triple (V,Q, «), where V is a finite-dimensional Q-vector space, @) is a finite subquiver of
Q(k), and o: End(p|g) — End(V) is a morphism of Q-algebras. Then, M’ is given by a subspace
V' of V which is stable under End(p|p) for some finite P C Q**P(k) containing (). As in the proof
of Theorem 5.1.1, we may again enlarge P and () in such a way that the restriction morphism
End(p|p) — End(p|g) is surjective. But then, V' is stable under End(p|g) as we wanted. The
same argument works for quotients. U
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From Theorem 5.1.1 and Proposition 5.1.3 we immediately derive:

COROLLARY 5.1.4. — The morphism of affine group schemes G*P(k) — G(k) induced by the
canonical functor v: M(k) — M®P(k) is faithfully flat.

5.2. Artin motives and Galois descent

Artin motives are motives which correspond to cohomology in degree zero. They exist in
different frameworks—one can isolate a class of Artin motives within the category of Chow motives
modulo any adequate equivalence relation for cycles, within the triangulated categories of motives,
and of course also within Nori’s category. From a tannakian point of view, Artin motives over a
field k with algebraic closure k correspond to finite-dimensional, continuous representations of the
Galois group Gal(k|k). This stipulates that there is a morphism of group schemes

Gumot k. — Gal(k|k)

where the Galois group is seen as a constant group scheme. The classical fullness conjectures of
mot 5> and that
the latter is connected, see [82], statement 6.3. The main result of this section is Theorem 5.2.4.

Hodge, Tate, Ogus, and others all imply that the kernel of this map is the group G

It is more a statement about classical Nori motives rather than about exponential motives.

We fix a subfield k of C and denote by k the algebraic closure of k in C. Throughout this section,
we regard M(k) as a full subcategory of M®P (k) via the canonical functor of Theorem 5.1.1.

5.2.1. — Let K C C be a subfield containing k. There is a canonical base change functor
resh : M®P (k) — M®P(K) (5.2.1.1)

which we can describe in terms of quiver representations as follows. There is a morphism of quiver

representations given by the commutative triangle of quiver morphisms

QP (k) — = QUP(K)

k A (5.2.1.2)
Vec

where 1) is defined by ¢(X,Y, f,n,i) = (Xk, Yk, fx,n,i) on objects, and in the obvious way on
morphisms. The representations pi and pg are the standard Betti-representations 4.2.2. We define
the base change functor (5.2.1.1) to be the functor induced on linear hulls by the morphism of
quiver representations, as explained in 4.1.9. It is straightforward to check that the base change
functor (5.2.1.1) is exact, faithful, and compatible with tensor products, duals and fibre functors.

It thus induces a morphism of tannakian fundamental groups

Gmot,K — Gmot,k
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which, in general, is neither injective nor surjective. The base change functor (5.2.1.1) sends classical

motives to classical motives.

DEFINITION 5.2.2. — Let QA" (k) denote the full subquiver of Q®P(k) consisting of objects of
the form [X, @,0,0,0] for some finite and étale k-scheme X. We call category of Artin motives the
linear hull

M (k) = (Q (k). p)
where p: QM (k) — Vec is the quiver representation obtained by restricting the standard repre-
sentation on Q%P (k). The canonical functor M (k) — M®P(k) is the functor induced by the
inclusion QArt(k) C Q*P(k) viewed as a morphism of quiver representations.

5.2.3. — The quiver Q*™(k) is contained in the quiver Q(k) whose linear hull is the category
of classical Nori motives. The canonical functor MA™ (k) — M®P (k) factors therefore through the
category of classical motives. The quiver QArt(k) is also contained in the quiver Q.(k) of cellular
objects, and is closed under the product used in 4.4.2 to construct the tensor product in M®P (k).
The category QArt(k) comes thus equipped with a symmetric tensor product, compatible with the
canonical functor MA™ (k) — M (k).

THEOREM 5.2.4. — The tannakian fundamental group of MArt(k‘) s canonically isomorphic to
the Galois group Gal(k|k). The sequences of affine group schemes

1 T (M™P(F)) — 1 (M™P(k)) —> Gal(k|k) —— 1
1 m(M(E)) — m (M(k)) — Gal(k|k) —— 1

are exact. Here, the injections are induced by base change (5.2.1.1) from k to k, and the surjections
are induced by the inclusion of MM (k) into M(k), and into M®P (k).

We split the proof of Theorem 5.2.4 into manageable portions, verifying one by one the necessary
conditions in order to apply the exactness criteria for sequences of tannakian fundamental groups

summarised in A.3.

5.2.5. — The base change functor (5.2.1.1) is exact. It admits thus formally a right adjoint
which takes values in the ind-category of M®P(k). In the situation of a finite extension &’ of k
there is no need for ind-objects, so we have a functor

indf": M (k') — MP (k)

which is right adjoint to resf,: M®P(k) — M®P(k’). The functor indf is exact, and we can
construct it from a morphism of quiver representations as follows. Consider the morphism of
quivers

indf : QP (k') — QP (k)
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given on objects by sending [X, Y, f, n, ] to itself, by regarding a variety X over k’ as a variety over
k via the morphism Speck’ — Speck induced by the inclusion & C k’. We obtain a morphism of
quiver representations

. k!
indj

Qexp(kl) - o Qexp(k)

% A (5.2.5.1)
Vec

Pl oin

LEMMA 5.2.6. —
Mexp(k/) — <Qexp(kl)7pk/> ~ <Qexp(k/)’pk o 1nd§/>

LEMMA 5.2.7. — The morphisms of affine group schemes w1 (M®P(k)) — 71 (M*™P(k)) and

T (M®P(k)) — w1 (M®P(k)) are both closed immersions.

PROOF. Lemma A.3.2 states that in order to show that the morphism of affine group schemes
71 (M®P(k)) — 71 (M®P(k)) is a closed immersion, we have to show that every motive M over k
is isomorphic to a subquotient of a motive coming via base change from a motive over k. In view
of Proposition 4.1.7, it suffices to show this for a motive of the form

M = H"(X,Y, f)

over k, so X any Y are varieties over k. There is a finite extension k' C k of k of degree d, such that
X, Y and f are defined over £/, and it suffices to show that the corresponding object H"(X,Y, f)
of M®P (k') is isomorphic to a subquotient of a motive coming from k. Let us denote by X} the
scheme X viewed as a k-variety via the structural morphism X — Speck’ — Speck, and consider
the object
My = H" (X, Yy, f)

of M®®P (k). Applying the base change functor M*P (k) — M®P (k') to M}, yields the motive

HY( X, x, K, Yy xx K, f xid) = HY(X,Y, f) @ H(Spec(k' @ k'), @,0) ~ H"(X,Y, f)®4

which contains M as a direct factor. O

LEMMA 5.2.8. — For every finite étale k-scheme X, let the Galois group G = Gal(k|k) act on
the finite-dimensional vector space H°(X,2,0)(0) = H°(X(C),Q) via its canonical action on the
finite set X(C) = X (k). The functor induced by this action and the universal property of linear
hulls 4.1.12

M*" (k) — Rep(G)
is an equivalence of categories, compatible with tensor product. Here, Rep(G) stands for the cate-

gory of Q-linear, finite-dimensional and continuous representations of the profinite group G.

PROOF. Note that Q™ (k) does not contain morphisms of type (b) or type (c), hence is equiva-
lent as a quiver to the category of finite étale k-schemes, which in turn is equivalent to the category
of finite G-sets. The quiver QArt(kz) with its standard representation is thus isomorphic to the
quiver of finite G-sets with the representation sending a finite G-set S to the vector space Q[S]
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with basis S. From this point of view, the statement of the Lemma holds for any profinite group

G, as we have already seen in Example 4.1.8. U

LEMMA 5.2.9. — The morphism of affine group schemes w1 (M(k)) — Gal(k|k) induced by the
canonical functor MA™ (k) — M(k) is faithfully flat. In other words, this canonical functor is fully

faithful, and its essential image is stable under taking subobjects and quotients.

PrOOF. Fix a prime number ¢. A morphism of affine group schemes over Q is faithfully flat if
and only if its base change to (Q; is so, hence we can switch to motives with Q-coefficients. We
will use the ¢-adic realisation functor on the category of classical Nori motives. Let us explain first
how this works. As usual Q(k) denotes the quiver of relative pairs [X,Y,0,n,i], and we consider

the representation

p®Qe: Q(k) = Vecy,

sending [X,Y,0,n,i] to p(X,Y,0,n,i) ® Q, = H"(X(C),Y(C),Q)(i) ® Qp. Notice that since Qg
is flat as a Q-algebra, the natural morphism of proalgebras End(p) ® Q; — End(p ® Q) is an
isomorphism. Let Rep,(k, Q) denote the tannakian category of continuous ¢-adic representations
of Gal(k|k). Etale (-adic cohomology furnishes a representation

pe: M(k)g, — Rep,(k, Q)
sending [X,Y,0,n,i] to H} (X5, Yy, Q/)(i), and the comparison theorem of Artin and Grothendieck
yields a Q-linear isomorphism H"(X(C),Y (C),Q)(i) ® Q; = HZ (X5, Yz, Q) (i) which is functorial
for morphisms in Q(k). From Nori’s universal property we obtain the functor R, which renders the

following diagram commutative up to isomorphisms of functors:

Repc(ka Qf)

e
We call R;: M(k)g, — Rep.(k, Q) the l-adic realisation functor. The (-adic realisation functor
is faithful and exact. The verification that it is also compatible with tensor products and duals

Vecg,

is straightforward, we will exemplarily do the checking in the case of the perverse realisation
in Section 6.1. Given a motive M with motivic fundamental group G, we obtain from R, a

continuous morphism of topological groups
Gal(k|k) — Gar(Qy)

whose image is believed to be open.
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Let us now return to the proof of the lemma at hand, and call a motive Weil finite if its motivic
fundamental group is finite. Thus, if M is Weil finite, then its associated Galois representation
Ry(M) has finite image, and it is also clear that the functor MA™(k) — M(k) factors over the
full subcategory of Weil finite objects in M(k)g, which we denote by MWi(k)g,. Notice that
MWf(k:)QZ is stable under tensor products, duals, sums and subquotients, hence constitutes a
tannakian subcategory. Its tannakian fundamental group is the group of connected components of
71 (M(k)g,). Let us write Repy(k, Q) for the full subcategory of Rep,(k, Q¢) whose objects are
those representations with finite image. It follows from Lemma 5.2.9 that the composite of faithful

functors
R
M (k)g, —= MY (k)g, — Rep;(G, Q)
is an equivalence of categories, which proves the lemma. O
5.2.10. — Let p: @ — Vec be a quiver representation, and let V) be a finite-dimensional vector

space. Denote by p ® Vj the representation of () defined by

(p@Vo)(q) = plg) ® Vo

on objects, and in the evident way on morphisms. There is a canonical morphisms of proalgebras
End(p) ® End(Vp) — End(p @ V) (5.2.10.1)

given as follows: An element of End(p) is a collection of linear endomorphisms e,: p(q) — p(q),
one for every object of @), compatible with morphisms in (). The canonical morphism (5.2.10.1)
sends ((eq)qeQ ® €) to the collection (eq ® €)4c, and is actually an isomorphism as we have seen in
Proposition 4.1.17. To apply said proposition, we regard Vj as a representation of the quiver with
only one object and only the identity morphism. The category of End(Vj)-modules is equivalent to
the category of vector spaces via the functor that sends a vector space V' to the End(Vp)-module

V ® Wy, hence the functor given in Proposition 4.1.17 is actually an equivalence of categories:

(@Q,p® Vo) — (Q, p)

5.2.11. — Let ¥’ C C be a finite extension of k. Associated with this extension are quiver

morphisms
Q(k) = Q) and  Q(K) — Q(k)

the left-hand one given by base change, and the right-hand one given by regarding varieties as
varieties over k via the morphism Speck’ — Speck.

5.2.12. — We end this section with a remark about how much information about a finite field
extension is contained in the corresponding Artin motive. To simplify the discussion, we work with
motives over Q. Recall that two number fields k; and ke are said to be arithmetically equivalent if
the associated Dedekind zeta functions are equal. The point here is of course that arithmetically
equivalent number fields need not be isomorphic, for example if @ is an integer such that none of
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—2a, —a, a,2a is a square, then

k1 = Q(Va) ko = Q(V16a)

are arithmetically equivalent, nonisomorphic number fields. Such number fields can even have
different class numbers for certain values of a (Bart de Smit, Robert Perlis, 1994, Zeta functions

do not determine...).

PROPOSITION 5.2.13. — Two number fields define isomorphic Artin motives if and only if they

are arithmetically equivalent.

PRrROOF. Denote by Q the algebraic closure of Q in C, and let k1 and ks be number fields, and
let Vi = Q[Hom(k1,C)] and V5 be the corresponding linear representations of the absolute Galois
group of Q. It is a consequence of Chebotarev’s Density Theorem that the zeta functions of kq
and ks are equal if and only if the Gal(Q|Q)-representations V; and Vs are isomorphic, which in
turn is equivalent to saying that the Artin motives M; = H°(Speck;) and My = H°(Spec kz) are
isomorphic. Il

5.3. Conjectural relation with triangulated categories of motives

Let k£ be a subfield of C. We denote by : A}C — Spec(k) the structure morphism and by
j: AL\ {0} — A} the inclusion.

5.3.1. — Let DExp(k) be the full subcategory of DMgm(Al) consisting of those objects M
satisfying m, M = 0.

CONJECTURE 5.3.2. — The canonical functor DExp(k) — D°(M®P(k)) is an equivalence of

categories.

5.3.3. — The category DExp(k) contains the category DMgm(Al) via the functor sending a
motive M over k to the motive jjj*7* M[1] over Al. In particular, DExp(k) contains Tate motives
J17*7*Q(n), which are sent to Tate motives in D*(M®®P(k)) by the canonical functor. Let us see
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what Conjecture 5.3.2 predicts for extensions.

Ethl\/ICXp (k) (Qa Q(n))

= Hompgypp) (1777 Q, 515" Q(n)[1]) by Conjecture 5.3.2
= Hompy,,, (G, (7" Q, 7 Q(n)[1]) 4 fully faithful, renaming wo j as w
= Hompp,,, k) (m7*Q, Q(n)[1]) 7y left adjoint to 7*

Hompyy,,, 1) (Q © Q(1)[1], Q@(n)[1]) because mxm*Q(0) = M(G,,)

(
1
Ext;,(Q, QE”)) n#1 by Conjecture 5.3.2

Ext;(Q,Q(n)eQ n=1
Conjecture 5.3.2 predicts thus, that extensions of Q by Q(n) in the category of exponential motives

all come from extensions of ordinary motives, except in the case n = 1, where we should find

essentially one additional nonsplit extension
0—-Q1)—>M(ry)—-Q—0

which explains the additional summand Q in the last line of the computation. We will produce this
extension in section 12.8 and call it Fuler—Mascheroni motive, because (spoiler alert) among its pe-
riods is the Euler-Mascheroni constant. A similar computation, noting the fact that Ext} (Q,Q(n))
is zero for g # 0,1 shows

ExtRgess ) (Q, Q(n)) = Ext}(Q, Q(n — 1))

and Exti/lexp(k) (Q,Q(n)) =0for ¢ #0,1,2. As it turns out (??), this isomorphism can be described
explicitly as follows: Given an extension 0 — Q(n — 1) — M (v) — Q — 0, we twist it by Q(1) and
take the Yoneda cup-product with the Euler-Mascheroni motive M (). We get a four term exact

sequence in M*P (k)

0 —— Qn) — M(v)(1)

M(v) Q 1

~ 7
00— Q1) ——=0

representing a class in Ext?(Q, Q(n)).

5.4. The Grothendieck ring of varieties with potential

DEFINITION 5.4.1. — The Grothendieck group of varieties with exponential is the abelian group
Ko(VarZXp) defined by the following generators and relations:

e generators are pairs (X, f) consisting of a k-variety and a regular function f: X — Al
e relations are of the following three types:
(a) (X, f) = (Y, foh) for each isomorphism h: Y — X;
(b) (X, f) = (Y, fiy) + (U, fiy) for each closed subvariety ¥ C X with complement U
(c) (X x Al pry) =0.
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THEOREM 5.4.2. — There is a unique ring morphism
X: KQ(VarZXp) — Ko(M®P(k))

such that, for each pair (X, f), one has
2dim X

XX, )= D0 (FD)"HIX, f). (5.4.2.1)

n=0
PRroOOF. If such a morphism exists, then it is unique since we prescribe it on a set of generators.
In order to show its existence, we need to check that (5.4.2.1) is compatible with the relations (a),
(b), and (c). For the relations (a) this is clear, and for (c) notice that

HY(X x Al pryi) =0

for all n. It remains to prove in the situation of relation (b) the equality

2dim X 2dimY 2dim U
Yo CUOMHNX )= Y (FD)MHEY )+ Y (UM HU, flo)
n=0 n=0 n=0

in Ko(M®P(k)). Suppose first that X and ¥ C X are smooth. We have then an exact sequence

in M®® (k) which gives the desired relation. O



CHAPTER 6

The perverse realisation

In this chapter, we connect exponential motives and the category Pervg introduced in Chapter 2
by constructing and studying a functor

Rperv: MTP(k) — Pervy

which we call perverse realisation. The main result of this chapter is Theorem 6.5.1, stating that an
exponential motive is a conventional Nori motive if and only if its perverse realisation is trivial. Its
proof hinges on Theorem 6.4.1 which shows that every exponential motive can be embedded into an
exponential motive of the form H"(X,Y, f). Theorem 6.4.1 is the raison d’étre for the paper [36],

where we prove the analogous statement in the framework of conventional Nori motives.

6.1. Construction and compatibility with tensor products

In this section, we construct the perverse realisation functor Rpery: M®P (k) — Pervy using
Nori’s universal property, and show that this functor is compatible with tannakian structures. This
means, among other things, that there is a natural isomorphism

Rperv(Ml X M2) = Rperv(Ml) ® Rperv(MZ)

in Pervy for all objects M; and Ms of M*P(k), and that this isomorphism is moreover compatible
with the unit, the commutativity, and the associativity constraints. The verifications are mostly
straightforward and not particularly inspiring, and we will not repeat them for other realisations
to come later.

6.1.1. — Denote by Q%P (k) the quiver of exponential relative pairs [X,Y, f,n,i| over k, and
denote by

p: Q¥P(k) — Vecg
the Betti representation, as defined in 4.2.1 and 4.2.2. Let us call perverse representation the
representation

pperv: Q7P (k) — Pervy (6.1.1.1)

167
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defined as follows. On objects [X,Y, f,n,i] we define pperv as perverse cohomology

pperv([Xa Y, f,n, Z]) = ngrv(X7 Y, f)(’L)

as defined in 3.2.1. The twist (i) means that we tensor with the (—i)-fold tensor power of the
one-dimensional vector space H'(G,,,Q). On morphisms, we define the representation Ppery iDL
the obvious way: Morphisms of type (a) by functoriality of perverse cohomology for morphisms of
pairs, morphisms of type (b) are sent to connecting morphisms in long exact sequences for triples,
and morphisms of type (c) are sent to Kiinneth isomorphisms. For the latter, we need to observe
that there is a canonical isomorphism H}, (Gy,) = jij*Q[1](—1) in Perv, where j : A'\ {0} — Al
is the inclusion, so ji7*Q[1] is the neutral object of the tannakian category Pervy.

DEFINITION 6.1.2. — The perverse realisation functor Rperv: M®P(k) — Pervy is the unique

functor for which the diagram

QP (k) £ Vecg

commutes.

6.1.3. — Let A be a Q-linear neutral tannakian category with fibre functor f: A — Vecg.
We may regard A as a quiver and f as a quiver representation. Let us write E for the proalgebra
End(f). By Nori’s theorem 4.1.11, the canonical functor

f: A — (A, f) = finite-dimensional, continuous E-modules (6.1.3.1)

is an equivalence of categories. The tensor product in the tannakian category A, together with the
natural isomorphism uy g: f(A®B) = f(A)® f(B) can be viewed as a morphism of representations

AXA ® A

s T

Vecq

which then induces a morphism of proalgebras u: £ — E®FE. The associativity and commutativity
constraints of A show that u is a cocommutative comultiplication, and from duality in A we obtain
an involution £ — F which altogether constitute a cocommutative Hopf algebra structure on FE.
This Hopf algebra structure defines a closed, symmetric monoidal structure on the category (A, f)
of finite-dimensional, continuous E-modules. The tensor product of two E-modules is obtained by
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letting E act via the comultiplication on the tensor product of the underlying vector spaces. Thus,
the forgetful functor
w: (A, f) = Vecg

is strictly monoidal, in the sense that the equality w(A® B) = w(A4) @ w(B) holds, and associativity
and commutativity constraints in the category (A, f) are the same as those of the category of vector
spaces.

PROPOSITION 6.1.4. — The functor (6.1.3.1) is monoidal. More precisely, the natural isomor-

phism ua g s E-linear, hence constitutes a natural isomorphism

uap: f(A®B) = f(A)© f(B)

in the category (A, f) which is compatible with associativity and commutativity constraints.

6.2. Elementary homotopy theory for pairs of varieties with potential

In this section, we review material from [36] and adapt it to the framework of exponential
motives. We fix a subfield £ C C and convene that all varieties and morphisms of varieties are
defined over k. We denote by Ho the category whose objects are pointed CW-complexes, and
whose morphisms are continuous maps respecting base points up to homotopies preserving base
points. By the cohomology of an object (X, zg) in Ho we mean the reduced singular cohomology
with rational coefficients, that is, the singular cohomology H" (X, zo; Q) of the pair (X, zg).

6.2.1. — We call exponential affine pair any triple (X,Y, f) consisting of an affine variety X
over k, a closed, non-empty subvariety Y of X, and a regular function f on X. With the obvious
notion of morphisms and compositions, these exponential affine pairs form a category Aff5™ (k).
Since k is embedded in the complex numbers, there is a well-defined functor

(—)tP: ASP(K) — Ho

(X,Y,f) +— lim X(C)/(Y(C) U Y(s,)) (6.2.1.1)

where the base point of the quotient space X (C)/(Y (C)U f~1(S,)) is chosen to be the class of any
point in Y(C). As in Section 3.1, we write S, for the complex half-plane {z € C |Re(z) > r}. The
limit (6.2.1.1) in the category Ho exists, since for sufficiently big real ' > r, the transition maps

X(©)/(Y(C)U f7H(Sm)) = X(C)/(Y(C)U fF7H(S)))

are isomorphisms in Ho. This functor (6.2.1.1) is compatible with cohomology, in the sense that
there is a canonical and natural isomorphism of vector spaces

(XY, f) = H"(X(C)/(Y(C)U f7(S)))) (6.2.1.2)

for each pair (X,Y, f). Indeed, for any r € R, one can define the singular cohomology of the
pair of topological spaces (X (C),Y (C) U f~1(S,)) to be the cohomology of the mapping cone of
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the inclusion i: Y/(C) U f71(S,) — X(C). Since i is the inclusion of a closed real semialgebraic
subvariety, it is with respect to an appropriate CW-structure the inclusion of a finite, closed CW-
complex into a finite CW-complex, hence is in particular a cofibration, and we know that the
mapping cone of a cofibration is homotopic to the corresponding quotient space.

6.2.2. — We say that a morphism ¢ in Aff;P(k) is a homotopy equivalence if the induced
continuous map ¢*°P between pointed topological spaces is, and we say that two morphisms ¢g and
h with same source and target are homotopic to each other if the continuous maps ¢*°? and h'P
are. Being homotopic is an equivalence relation on morphisms in Aff;"(k) which is compatible
with compositions, so there is a well-defined category Aff5™"(k)~ whose objects are exponential
affine pairs, and whose morphisms are homotopy classes of morphisms of exponential affine pairs.
By definition, the functor (6.2.1.1) induces a functor

(—)"P: AfESP(k)~ — Ho (6.2.2.1)

which sends homotopy equivalences to isomorphisms. The functor (6.2.2.1) is not conservative: it
sends morphisms which are not isomorphisms to isomorphisms. Forcing (6.2.2.1) to be conservative

leads to the following definition:

DEFINITION 6.2.3. — We call category of exponential algebraic homotopy types over k and denote
by Ho®® (k) the localisation in the class of homotopy equivalences of the category Aff5 ™" (k)~.

6.2.4. — The category of exponential affine pairs contains as a full subcategory the category
whose objects are those (X, Y, f) where f is the zero function. In [36], this category was denoted by
Affy(k). Localising Affy(k) in the class of homotopy equivalences led to the category of algebraic
homotopy types Ho(k) over k. There is an obvious functor

Ho(k) — Ho®P (k)

induced by the inclusion Affy(k) — Aff5P(k), but there is no a priori reason why this functor
should be full or faithful. The object (Speck, Speck,0) of Ho®P(k) is initial and final, indeed,

there are unique morphisms
(Speck, Speck,0) — (X,Y, f) (X,Y, f) = (Speck, Speck, 0) (6.2.4.1)

for every object (X, Y, f) in Ho®™P(k). The initial morphism, that is, the left-hand side in (6.2.4.1),
is the composite

~

(Speck, Speck, 0) <= (V,Y, fly) = (X, Y, )
and the final morphism is the composite
(X,Y, f) 7, (A, A',id) «— (Speck, Spec k, 0)

where Spec k is mapped to the origin of A, and the symbol ~ indicates homotopy equivalences. It
follows in particular that homomorphism sets in Ho*® (k) contain a distinguished element.
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DEFINITION 6.2.5. — We call standard algebraic circle the object S'(k) = (A, {0,1}) of Ho(k),
as well as its image (A!, {0,1},0) in Ho®P (k).

6.2.6. — There is a canonical isomorphism S*(k)'*°P 2 [0, 1]p~1 = S* in Ho. Marking any other
two distinct rational points on A' results in an isomorphic object, but the isomorphism becomes
canonical only once an ordering of the two marked points is chosen. In a similar spirit, we may
define the standard algebraic interval as the object (Al, {0}) of Ho(k), corresponding to the object
(A1,{0},0) in Ho™P (k).

DEFINITION 6.2.7. — Let (X,Y, f) and (X', Y’, ') be exponential affine pairs. We call
(XY, HvXY', f)=XuX,yuY fuf)
the wedge, and
(XY, HNXLY =X x X' (X xY)YU(Y x X)), fBf)
the smash product of (X,Y, f) and (X', Y, f’). We call the pairs

C(X,Y,f) = (X,Y)A(AY{0},0) = (X x A" (X x {0}) U (Y x A1), fEHO)
X,V f) = (X,Y)A(AL{0,1},0) = (X x AL, (X x {0,1}) U (Y x Ab), fB0)

the cone and the suspension of (X,Y) f).

6.2.8. — Cones and suspensions do what they ought to do. They are compatible with the
functor (—)'P in the obvious way. There is a natural morphism (X,Y, f) — C(X,Y, f), namely
the one sending z to (z,1). The cone C(X,Y, f) is contractible, in the sense that the unique
morphism C(X,Y, f) — (Speck, Speck,0) in Ho™P (k) is an isomorphism. The triple of pairs

(X,Y, f) = C(X,Y, f) = B(X, Y, f)

induces a long exact sequence of cohomology groups, which, since C(X,Y, f) is contractible, de-
generates to isomorphisms H"(3(X,Y, f)) 2 H r’fi“(X ,Y, f). Indeed, the morphism of pairs

(X,Y, f) = (X x {0,1) U (Y x A"), (X x {0})u (Y x Al), fB0) (6.2.8.1)

sending x to (z,1) is a homotopy equivalence, hence an isomorphism in Ho(k). The long exact
sequence of cone and suspension can be identified with the the long exact sequence of the following

triple of spaces.
(X x{0HuU(Y xA) € (X x{0,1})u(Y xA!) € X x A! (6.2.8.2)

Given a triple of nonempty varieties Z C Y C X, we can think of (Y, Z, fly) — (X,Z,f) —
(X,Y, f) as a cofibre sequence. Associated with it comes the long Puppe-sequence

(Y7Z7f|Y) - (X7Z7f) - (X7Y>f) - Z(Ya Z:f‘Y) - E(Xa Z7f) - (6283)



172 6. THE PERVERSE REALISATION

where only the connecting morphism (X,Y, f) — X(Y,Z, f|ly) needs some explanation. It is a
morphism in the category Ho*®(k), given by the roof

(X x AL, X UzY, fB0)

/ 2 (6.2.8.4)

(X,Y,f) E(szf’Y)

where X Uy Y stands for the union (X x {1})U(Z x A) U (Y x {0}), in which the topologist may
recognise a homotopy pushout, as we explain in the proof of Proposition 6.2.11. The map h in
(6.2.8.4) sends z to (x,0), and the homotopy equivalence s is defined by the inclusion Y x Al C
X x A'. For later reference, we observe that the diagram of vector spaces

Hy(Y, Z, fly) HH (XY, f)
S o (6.2.8.5)

H'TUS(Y, Z, fly)) —= HPH(X x AL, X Uz Y, f80)

commutes, so the connecting morphism 0 in the long exact sequence is the composite of the sus-

pension isomorphism and the morphism induced in cohomology by s~ !h.

LEMMA 6.2.9. — Any morphism of pairs of affine algebraic varieties f: (X,Y) — (X1,Y7) can

be factorised as

(X,Y) (X1, Y1)

O A

(X1,Y1)

where g is a closed immersion, and s is a homotopy equivalence which admits an algebraic homotopy

muerse.

PROOF. Since X is affine, there exists a closed immersion e: X — AN for some sufficiently
large N. Consider the pair ()?1,}71) = (AN x X1,AY x Y7), and define the morphisms g and s
by g(z) = (e(z), f(x)) and s(t,z1) = z1. The morphism g is a closed immersion because e is,
the morphism s is a homotopy equivalence because CV is contractible, and f = sg holds by
construction. An algebraic homotopy inverse to s is the morphism (Xi,Y;) — ()? 1, 171) sending x1
to (0,21). O
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LEMMA 6.2.10. — Let f1: (X,Y) — (X1,Y1) and fo: (X,Y) — (X9, Ys) be morphisms of pairs

of algebraic varieties, both of them given by closed immersions. The pushout

(X,Y) —2o (X,V5)

flt ng (6.2.10.1)
g1 / /
(XbYl) - (va)
exists in the category of pairs of varieties. If X1 and Xo are affine, then so is X'.

PRrROOF. We define X’ to be the variety obtained by gluing X; and X, along X. There is an
obvious way of gluing ringed spaces, and one can check that gluing varieties along a common closed
subvariety results is a variety, as is done in [80, Theorem 3.3 and Corollary 3.7]. If X = Spec(A)
and X; = Spec(A4;) are all affine, then X’ is affine, and indeed the spectrum of the ring

A" ={(a1,a2) € A1 x Az | p1(a1) = p2(az)}

where ;: A; — A are the surjective ring morphisms corresponding to the inclusions X — Xj.

There are canonical closed immersions g;: X; — X', and with these, the diagram

X P X,

X, 2 X' = X, Uy Xo

commutes and is a push-out diagram in the category of varieties. As a closed subvariety Y’ C X’
we choose the union g1 (Y1) U g2(Y2). With this choice for Y/ we obtain a diagram of the shape
(6.2.10.1), and the universal property of the pair (X’,Y”) in the category of pairs of varieties is a
direct consequence of the universal property of X’ in the category of varieties. O

PROPOSITION 6.2.11. — Let s: (X,Y) — (X1,Y1) be a homotopy equivalence between affine
pairs and let f: (X,Y) — (Xo,Ya) be an arbitrary morphism of affine pairs of varieties. There
exists a diagram of affine pairs of varieties

(X,Y) —— (X,Y)

fl lf (6.2.11.1)

S

(X1, Y1) —— (X1, 1))
which commutes up to homotopy, and where s is a homotopy equivalence.

PRrOOF. We will construct the homotopy pushout of f and s. Let us first recall how this is
done classically in algebraic topology, see [86, §4.2]: Given a diagram of pointed CW-complexes
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and continuous maps

/ (6.2.11.2)
X1

the homotopy pushout is the space X1 obtained by quotienting X7 LI (X A[0,1]) U X by the relations
(,0) ~ f(x) and (z,1) ~ s(x) for z € X. If f and s are both cofibrations the homotopy pushout is
an ordinary pushout, but not in general: the homotopy pushout remembers the space of relations
X. For example, if X1 and X» are reduced to a point, then the homotopy pushout is the suspension
of X. If the morphism s: X — X in (6.2.11.2) is a homotopy equivalence, then so is the canonical
morphism s: X1 — )2'1.

We now model the homotopy pushout with pairs of algebraic varieties. By Lemma 6.2.9 we
can and will suppose without loss of generality that the morphisms s : X — X and X =X
in (6.2.11.1) are closed immersions. Define the pair (X,Y}) to be the ordinary pushout of the
diagram

(i0,i1)

(X,Y)V(X,Y) —— (X x ALY x A}
fvs (6.2.11.3)

(X1,Y1) V (X,Y)

(jzla }A}l)
where (ig, 1) is the map sending one copy of X to X x {0} and the other to X x {1}. Since both,
(i9,41) and f V s are closed immersions, this pushout exists as we have seen in Lemma 6.2.10.

We define s and to be the restriction of the map u to the component (X;,Y7), and f to be the
restriction of u to (X,Y). In other terms, (X1, Y1) is the quotient space

(X1, Y1) = (X1, Y1) U(X x ALY x A U (X, Y))/ (0.0)=s(2). (0. 1)~ )

and the morphisms 3 and f are the ones induced by inclusions. The functor (—)®°P : Ho(k) — Ho
sends the diagram (6.2.11.1) to a homotopy pushout. In particular, the morphism s is a homotopy
equivalence since s is so by hypothesis. O

COROLLARY 6.2.12. — The class of homotopy equivalences in Affy(k)/~ admits a calculus of
left fractions. In the terminology of [38, III, §2, Def. 6], the class of homotopy equivalences is
localising.

Proor. All conditions of [38, III, §2, Def. 6] are trivially satisfied by homotopy equivalences
in Affy(k)/~, except condition (b) which is the content of Proposition 6.2.11. O
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6.3. A homotopy variant of the quiver of exponential pairs

6.3.1. — Let Qug(k) C Q(k) be the full subquiver of Q(k) whose objects are those tuples
[X,Y,n,i] where X is affine and Y is non-empty. Let Qp(k) be the quiver whose objects are
the same as those of Q.g(k) but whose morphisms of type (a) are given by morphisms in the
category Ho(k) instead. We can restrict the quiver representation p: Q(k) — Vecg to a quiver
representation p.g of Qag(k), which then factorises over a representation py, of Qp (k). The situation

is summarised in the following commutative diagram of quiver morphisms and representations:

Qk) <2— Qurl(k) —22- Qu (k)

) o (6.3.1.1)
Vecg
PROPOSITION 6.3.2. — The morphisms of proalgebras End(p) — End(pag) <— End(pn) ob-

tained from the commutative diagram (6.3.1.1) are isomorphisms.

PROOF. Let e be an endomorphism of p. Concretely, e is a collection of linear endomorphisms
eq: p(q) — p(g), one for every object ¢ = [X,Y,n,i] of Q(k), which are compatible in that, for
every morphism f: p — ¢ in Q(k), the diagram of vector spaces
p(f)

p(p) — plq)
p
) (

€q (6.3.2.1)

€p

(f)
p(p) — plq)

commutes. In order to show that the morphism
End(p) — End(pag) (6.3.2.2)

is injective, we may assume that e, = 0 for all ¢ = [X,Y,n,i] where X is affine, and have to show
that e is zero. This is an immediate consequence of Jouanolou’s trick: given an arbitrary object
[X,Y,n,i] of Q(k), there exists an affine variety X and a homotopy equivalence f: X - X. Setting
Y = YY) and ¢ = [)Nf, }N/,n,i], the morphism f: ¢ — ¢ of type (a) induces an isomorphism of
vector spaces p(f): p(q) = p(q). In case Y is empty, add to X and isolated point * and set Y = .
The diagram (6.3.2.1) for this particular morphism f, and hence e, is indeed zero. Let us for now
refer to ¢ — q as an affine homotopy replacement. In order to show that the morphism of proalgebras
(6.3.2.2) is surjective as well, consider an element e of End(p,g). Choosing arbitrary affine homotopy
replacements as before, we can extend e to a well defined collection of endomorphisms e, for all
objects q of Q(k). We must check that the square (6.3.2.1) commutes, knowing that such squares
commute for morphisms in Q. (k). This can be checked by observing that for every morphism
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f:p— qin Q(k), we can choose affine homotopy replacements p — p and ¢ — ¢ such that there
is a morphism f: p — ¢ in Qug(b) for which the diagram

o 2 @

R
R

r(f)
p(p) — pl(a)
commutes. Attaching this square to (6.3.2.1) yields a cube where all faces other than (6.3.2.1)
commute, so (6.3.2.1) commutes as well. Thus, the collection (eq)4eqk) is an element of End(p) as
we wanted to show.

The isomorphism End(p,g) = End(py) is a formality: since the quivers Q.g(k) and Qp(k) have
the same objects, we just need to check that a collection of endomorphisms e, commutes with
morphisms in Q. (k) if and only if it commutes with morphisms in Qy(k), but that is obvious.

Il

DEFINITION 6.3.3. — Let Qg and @ be finite subquivers of Q) (k). We say that Qo and @, are
equivalent if there exists a finite subquiver Q" of Qp(k) containing @ and Q1 and an isomorphism
of End(p|q+) algebras

End(p|Qo) — End(p’Ql).

PROPOSITION 6.3.4. — FEvery finite subquiver of Qn(k) is equivalent to a quiver containing only

one object.

Proor. This follows from Lemma 6.3.8 and Lemma 6.3.9. O

6.3.5. — Here is how we will use Proposition 6.3.4: given a motive M, that is, a finite-dimensional
continuous End(p)-module, we may by definition of continuity find some finite subquiver @ of
Qn(k) such that the structural map End(p) — Endg(M) factors through the finite-dimensional
algebra £ = End(p|g). By Proposition 6.3.4, we may arrange () to contain only one object, say
q=1[X,Y,n,i]. Asan E-module, M is a quotient of E" for some n > 0, so in order to prove that M
is a quotient of a motive of the form H™ (X, Yp)(io) it suffices to show that F is. As an E-module,
E is a submodule of

End(p(q)) = Hn(X,Y)(—i) @ H"(X,Y)(i)
where in the tensor product E acts via e(u ® v) = u ® ev. The commutator of an endomorphism f

of ¢ in End(p(q)) is the kernel of the map f, ®id —id ® f*, and we will then use cogroup structures
on suspensions to show that the intersection of finitely many such kernels has the desired form.
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6.3.6. — Let p|g: @ — Vecg be the standard representation on some subquiver @ of Qp(k),
and suppose that we dislike certain objects in ), and want to replace them with more likeable
objects, without changing the endomorphism algebra End(p|g). In other words, we wish to find
a quiver Qo which is equivalent to ) and contains only likeable objects. That may be possible in
theory, as follows. Write @, for the full subquiver of bad objects and @), for the full subquiver of
good objects of @), and let us enlarge @) to a quiver QT in three steps.

Step 1: Start with setting Q" = Q. Then, find for each bad object ¢ of Q}, a finite, connected
quiver L(q) containing ¢ and also containing a non-empty connected subquiver Lq(q) consisting
of good objects, such that the diagram of vector spaces p(L(q)) is a commutative diagram of
isomorphisms. For an object ¢’ in L(q), denote by A(¢’) the isomorphism p(q) — p(¢’) appearing in
p(L(q)). We add to Q% these quivers L(q). We understand here that we have made sure that the
only object common to L(q) and @ is ¢, and that for different objects p and ¢ in @y, the quivers
L(p) and L(q) are disjoint.

Step 2: Next, for every morphism f: p — ¢ in Q, find and add to Q™ a morphism [’ : p’ — ¢,
where p’ and ¢’ are objects in Lg(p) and Lg(q), such that the diagram

p(p) D, p(q)

A®) Aq) (6.3.6.1)

commutes.

Step 3: Finally, for every morphism f: p — ¢q or f: ¢ — p between an object ¢ of @), and an
object p of Qg, find and add to @ a morphism f':p — ¢ or f’: ¢ — p, where ¢’ is an object in
Lg(q), such that the corresponding diagram

f) )
p(p) 2= p(q) pla) 2= p(p)
A A 6.3.6.2
o(f") (@) (@) o(f") ( )

p(q') p(q')
commutes.

Denote now by QF € Q7 the full subquiver of good objects, obtained from QT by deleting all
bad objects and all morphisms to and from bad objects. It is straightforward to check, as we will
in 6.3.7, that the restriction morphisms

End(p|Q;) < End(p|g+) — End(p|g) (6.3.6.3)

are isomorphisms of algebras. In particular, the quivers Qg and @) are equivalent, and the quiver

we were looking for at the beginning of this discussion is Qg = Q;.

LEMMA 6.3.7. — The quiver Qg, as constructed in 6.3.6, is equivalent to Q.
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PROOF. We check that the restriction morphisms (6.3.6.3) are isomorphisms. Elements of
E*t = End(p|g+) are collections of linear endomorphisms (e,),co+ indexed by objects of QT, with
eq € End(p(q)), satisfying

egop(f) =p(f)oep (6.3.7.1)

for each morphism f: p — ¢ in Q. Elements of E = End(p|g) and Ey = End(p|g,) are described
similarly. In order to prove that the restriction map E* — FE is injective, consider an element
e = (eq)qeq+ of ET such that e, = 0 for all ¢ € Q, fix an object ¢’ € QT, and let us show that ey
is zero. If ¢’ is not already an object of @, then ¢’ is an object of L(q) for some unique ¢ € Q. By
definition, the diagram of vector spaces and linear maps

p(q) % p(q")
eq[ i (6.3.7.2)
p(q) AZI) p(q’)

commutes, and since e, = 0 we have indeed e, = 0. This settles injectivity of the map Et — E,
and injectivity of ET — Ej is shown similarly. In order to prove that the restriction map E* — E
is also surjective, fix an element (e;)seq of E. We construct a tuple (eq),eq+ by considering as
before for each ¢’ € Q1 which is not already in @ the unique map \(¢'): p(q) — p(¢’) and take for
ey the unique endomorphism of p(g’) for which the square (6.3.7.2) commutes. It remains to pick
a morphism f in Q% and check that the relation (6.3.7.1) holds. If the target and the source of f
both belong to @ then f is a morphism in @ and (6.3.7.1) holds by definition. If neither target nor
source of f belong to @, then (6.3.7.1) holds because the square (6.3.6.1) in Step 2 is supposed to
commute, and if the target of f but not the source belongs to @), or the other way around, then
the commutativity of (6.3.6.2) implies (6.3.7.1). Surjectivity of the restriction morphism E* — Fjy

is shown similarly. O

LEMMA 6.3.8. — Let Q be a finite subquiver of Qu(k). There exists a quiver Qo which is
equivalent to Q) and such that there exist integers ng and ig such that all objects in Qy are of degree

ng and twist ig.

PRrROOF. Recall that we refer to the integers n and i in an object [X, Y, n,i] of Qun(k) as degree
and twist respectively. Given integers n and i and a quiver @ C Qu(k), let us denote by Q[n, 7]
the full subquiver of @) consisting of objects with degree n and twist i. Notice that Q[n,i] only
contains morphisms of type (a).

Let @ C Qu(k) be a finite quiver containing objects with different twists and degrees. Following
the process outlined in 6.3.6, we will show that there exists a finite quiver ()¢9 which is equivalent
to @ and contains fewer different twists, and then continue inductively until there is only one twist
left. We then proceed with a different construction, reducing the number of different degrees and
not adding any new twists. This will eventually lead to a quiver which is equivalent to ) and has

only one twist and one degree.
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Since @ is finite, only finitely many of the quivers Q[n, ] are non-empty. Choose (ng,ig) large
enough, such that whenever Q[n, ] non-empty, then (ng,i9) = (n + d + t,7 + t) for non-negative
integers d and t. The quiver @ can be drawn schematically as a finite diagram of the shape

Q[no, io]

\

Qlno — 1,49 — 1] Qlno — 1,40]

/

Qlno — 2,10 — 2] Qlno — 2,19 — 1] Q[no — 2,1o]

—

where the vertical arrows symbolise (many) morphisms of type (b) and the diagonal arrows sym-

\

\

bolise morphisms of type (c), and where all nodes are finite quivers with internal morphisms only
of type (a).

Claim: Let iy be the smallest integer such that Q[n,i1] is non-empty for some n < ng, and
suppose i1 < ig. There exists a finite quiver Qu which is equivalent to @ and such that if Qo[n,i]
is non-empty, then i1 <1 <19 and n < ng.

To prove this claim, let us denote by Q[i1] the full subquiver of @ of objects with twist i; and
declare these to be the bad objects. We will construct Q* as outlined in 6.3.6. As for the first
step, let QT be the quiver, subject to further enlargement, obtained from @ by adding for every
q = [X,Y,n,i1] of Q[i1] the quiver L(g) consisting of the two objects ¢ and

Tqg=[X XGpm, (Y XGp)U(X x{1}),n+ 1,41 + 1]

and the morphism k,: Tq — ¢ of type (c). The induced linear map p(ky): p(T'q) — p(q) is
an isomorphism. Objects in Q* have twists between i; and ip, and degrees at most ng. The
construction of Tq — ¢ is functorial in the evident way for morphisms f: p — ¢ in Q[i1] of type (a)
and (b), so that the following diagram of vector spaces, corresponding to (6.3.6.1) in the abstract

setting, commutes.

p(p) D, r(q)

IR
IR

p(Tf)
p(Tp) —= p(Tq)

As for the second step in the process, add the morphisms T'f to Q*. For the final step, whenever
there is a morphism in @ between an object ¢ of Q[i1] and an object p not in Q[i1], this morphism
must be a morphism p — ¢ of type (c¢). Thus p is a copy of Tq, and we add the canonical
isomorphism p = Tq to Q. Now we can define Q9 C Q' to be the full subquiver obtained by
deleting objects in Q[i1]. As we have checked in Lemma 6.3.7, the quivers ) and Qo are equivalent,
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and by construction Qg contains only objects with twist i1 < ¢ < 79 and degrees n < ng. This proves
the claim. Arguing by induction, we can continue the proof of the lemma under the assumption

that @) contains only objects with twist 4g.

Claim: Let ny be the smallest integer such that Q[ny,1ig] is non-empty, and suppose ny < ng.
There exists a finite quiver Qo which is equivalent to @ and such that, if Qo[n,i] is non-empty,
then © = 19 and n; < n < ng.

Let us denote by Q[n1] = Q[n1,1¢] the full subquiver of @) whose objects are those of degree n1,
and declare these to be the bad objects to be replaced. Given an object ¢ = [Y, Z,n1, o] of Q[n]
let us denote by Hq and g the objects

Hg = [(Y x{0,1})U(Z x A1), (Y x {0}) U(Z x A"), 1, o)

Ng = [Y x AL (Y x{0,1}) U(Z x A),n1 + 1, ]
and let us write ¢;: Hq — ¢ for the morphism of type (a), given by the inclusion of Y =Y x {1}
into Y x {0,1} U (Z x Al) and §,: Hq — Xq for the unique morphism of type (b). The morphisms
pig): p(Hq) — p(q) and p(dq): p(Hq) — p(Xq) are isomorphisms, and their composite is the

canonical isomorphism H™ (Y, Z)(ig) = H™TY(X(Y, Z))(ip) as we explained in 6.2.8. Let QT be
the quiver, subject to further enlargement, obtained by adding to ) the objects and morphisms

)
Lig) = [Eq# Hq L—qHJ]

for ¢ € Q[n1]. The construction of the objects Hg and ¥q and morphisms d, and ¢, is in the obvious
way functorial for morphisms f: p — ¢ in Q[n1], which are all of type (a), and the following diagram
of vector spaces corresponding to (6.3.6.1) in the abstract setting commutes:

IR

p(Ep) < p(Hp) — p(p)
=] et o]

(a7

p(Sq) < p(Hq) — p(q)

As for the second step in 6.3.6, add for every morphism f in Q[n] the morphism X f to Q*. For
the third and final step, whenever there is a morphism in @ between an object of Q[n1] and an
object not in Q[n;], this morphism must be a morphism ¢ — p of type (b), say

d: [Yv, Z, nl,io] — [X, Y., ni + l,io]

of type (b). Add then to Q* the morphism s~ f: ¢ — p of type (a) as given in (6.2.8.4). The
commutative diagram (6.2.8.5) cast in different notation is the following commutative triangle:
p(d)
plqg) —— p(p)

o . 0= p(6g) 0 plig) ™"

p(Xq)

This completes step 3 in 6.3.6, and hence proves the claim. Arguing by induction on the number
of different degrees in @) finishes the proof of the lemma. O
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LEMMA 6.3.9. — Let Q be a finite subquiver of Qn(k) and suppose that there exist integers ng
and ig such that all objects in Q) are of degree ng and twist ig. There exists a quiver Qy which is

equivalent to Q) and consists of only one object qo and endomorphisms.

PROOF. For notational convenience, we index objects of @ by a finite set, Obj(Q) = (¢a)acAa,
and write g4 = [Xa, Ya, no, 7o) for every a € A. Define gy = [ Xy, Yo, no, 7] to be the object obtained
from the pair of varieties

(Xo, Y0) = \/ (Xa, Ya)
acA
and let us construct a quiver Q* by adding to @ the object gy and the following morphisms:

(1) For each @ € A, the morphism gy — ¢, given by the inclusion ¢y : X4 — Xp.

(2) For each « € A, the morphism ¢, — ¢o given by the morphism 7,: X — X, which is the
identity on X, and the zero map on all other components.

(3) For each morphism h: ¢, — g in @ the endomorphism gy — go given by the composite

tgohomg.

The vector space p(qo) is the direct sum

p(90) = P r(4a) ,

acA
the morphisms p(tq): p(q0) — p(ga) are projections and the morphisms p(74): p(ga) — p(qo) are
the inclusions. The endomorphisms of the object ¢y induce, besides the identity, the linear endo-

morphisms

p(h)

pla0) =2 plaa) = plg5) === plqo)
for every morphism h of (), in particular projectors are obtained from identity morphisms idg,. It is
clear that to give an endomorphism of p(gp) which commutes with all these linear endomorphisms
is the same as to give an endomorphism of the representation p|g: @ — Vecq, or more precisely,
that the algebra morphisms

End(p|q) < End(plg+) — End(plq,)

are isomorphisms, which is what we wanted to show. Il

The conjunction of the statement of Lemma 6.3.8 and Lemma 6.3.9 yields Proposition 6.3.4,
stating that every finite subquiver of Qy (k) is equivalent to a quiver containing only one object.
We now follow the outline 6.3.5 towards the proof of our main theorem.

6.4. The subquotient question for exponential motives

THEOREM 6.4.1. — Let M be an exponential motive.

(1) There ezists an exponential motive of the form M; = H™ (X1,Y1, f1)(i1) and a surjective
morphism M; — M.
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(2) There exists an exponential motive of the form My = H"2(Xo,Ys, f2)(i2) and an injective
morphism M — M.

6.5. The theorem of the fixed part

The inclusion M(k) — M®® (k) of the category of ordinary motives into the category of expo-
nential motives has a right adjoint

I': M®P(k) —s M(k)

associating with an exponential motive M the largest ordinary submotive My C M. The functor I'
is left exact. Similarly, the inclusion of the category of vector spaces into Pervg has a right adjoint

I': Pervg — Vecg

associating with an object V' the largest constant subobject Vj, that is, invariants under the tan-
nakian fundamental group. Explicitly, if j: G,, < A! denotes the inclusion and 7: G,, — Spec(C)
for the structure morphism, this largest constant subobject is given by

Vo = ¥ me "V — V.

The arrow above is induced by adjunction, on noting that j* = j' since j is an open immersion.

The perverse realisation of My is contained in the invariants of the perverse realisation of M,
hence a natural, injective map 7a7: Rp(I'(M)) — I'(Rperv(M)). We can regard this map as a
morphism of functors 7: RgoI' = I' 0 Rpery from M®P (k) to Vecg. The theorem of the fixed part
states that 7 is an isomorphism, so the square diagram of categories and functors

r

MP (k) M(k) (6.5.0.1)
Rperv T RB
r
Pervg Vec

commutes up to an isomorphism of functors 7. This amounts to showing that the map 7; is
surjective for all exponential motives M, which is the content of the following theorem:

THEOREM 6.5.1. — Let M be an exponential motive with perverse realisation V, and denote by
Vo C V the largest trivial subobject of V. There exists an ordinary motive My and an injection
My — M such that the image of the perverse realisation of My in V is equal to Vj.

6.5.2 (Caveat). — We will show in a first step that the statement of Theorem 6.5.1 holds for
exponential motives of the form M = H™(X,Y, f)(i). The theorem in its full generality does
not follow from this particular case. We know that every exponential motive is isomorphic to a
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subquotient of a sum of motives of that particular shape. It is also easy to see that if the statement
of Theorem 6.5.1 holds for an exponential motive M, then it holds for every subobject of M, and
if the statement holds for M; and Ms, then it holds for M7 ® Ms. Quotients are the problem—
there is no easy relation between the largest ordinary submotive My of M and the largest ordinary
submotive of a quotient of M. Duals won’t help. The problem is taken care of by Theorem 6.4.1.

LEMMA 6.5.3. — Let X be an algebraic variety over k, let Y C X be a closed subvariety and
let f: X — Al be a regular function. Define g: X x Al — Al to be the function g(z,x) = zf(z),
where z stands for the coordinate of A'. The exponential motive

H™"(X x ALY x A, g)(4)
is isomorphic to a conventional Nori motive.

PROOF. We can ignore the twist. According to Lemma 4.2.5, there is a canonical isomorphism

of motives
M=H"(X x ALY x Al, g) = H"" (X x A2, {(z,2,t) |z €Y or zf(z) = t},p)
where p is the projection given by p(z, z,t) = t. We fabricate an ordinary motive M from the fibre
of p over 1, setting
My = H"(X x AY {(z,2) |z €Y or zf(z) = 1},0).
Lemma 4.2.5 applied to the motive My yields the isomorphism
My = H" "X x A% {(z,2,t) |z €Y or z2f(z) = 1 or t = 0},p).
With this presentation of My, a morphism ¢*: M — M is given by the map
X xA? £ X xA?
{(z,z,t) |z eY orzf(zr)=1lort=0} — {(x,2,t)|zeY orzf(x) =1t}

given by p(z, z,t) = (z, zt,t). We claim that ¢*: M — M) is an isomorphism. This can be checked
on perverse realisations. O

REMARK 6.5.4. — Let us keep the notation from above but assume moreover that X is smooth
and that the zero locus of f is a smooth subvariety Z C X. Let U denote its complement. Then
one can see that H"(X x A!, g) is an ordinary motive as follows: the Gysin long exact sequence of
motives (Theorem 4.8.3) associated with the smooth divisor Z x Al of X x Al reads

H" N (U x Al gluxar) — H"2(Z x AN)(=1) — H™(X x Al,g) — H"(U x A, glyrxa).-

We claim that H™(U x Al g|yxa1) = 0 in all degrees m. Indeed, since the function f is invertible
on U, the map h: U x Al — U x A! sending (z, 2) to (z, zf(x)) is an isomorphism compatible with
the function g on the source and the function 0 Hid on the target. Therefore,

HYU x A, glpgar) ~ H{(U x A, 08id) =0
by the Kiinneth formula and the vanishing of H*(A!,id). We thus have an isomorphism
H™Y(X x Al g) ~ H"2(Z)(-1).
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Using resolution of singularities, this observation can be used to give an alternative proof of
Lemma 6.5.3.

PROOF OF THEOREM 6.5.1. In a first step, we prove the theorem in the case where M is of
the foorm M = H™(X,Y, f)(i). Without loss of generality we suppose i = 0 and suppress the
twist from the notation. We give a geometric construction of a morphism ¢: My — M with the
required properties. We do not care whether this morphism is injective, because we can always
render ¢ injective by replacing My by ¢(Mj), and by Proposition 5.1.3 ¢(My) is still ordinary. Set
My = H"(X x ALY x Al, g) with g(x,2) = 2f(z), and define

My=H"(X x ALY x Al g) = HY(X,Y,f) =M
to be the morphism induced by the inclusion 2 — (z,1) of X into X x A!. By Lemma 6.5.3 we
know that My is an ordinary motive. Let ¢: Vy — V be the perverse realisation of ¢: My — M.

We have to prove that the image of ¢: Vj — V is the largest trivial subobject of V. This amounts
to showing that the inclusion  — (x,1) induces an isomorphism

Rm, (HRf*@[ny} 2 @Al) =~ I1Rg. pry QX,Y — Jir R g” (HRf*@[Xy])

in Pervg, where j: A\ {0} — Al is the inclusion and m: A! x A’ — Al is the multiplication map.
Indeed, for any object F' of Pervyg, there is a canonical and natural isomorphism

Rm, (FXQ,,) = jm" Rr.j*F

0 —— Rp(I'(M)) Rp(T'(M)) Rp(L(M'/M))

iTM iTM’ iTJ\l’/JVI

0 —— D(Bperv(M)) — T(Rperv (M) —— T'(Rpery (M' /M)
O

THEOREM 6.5.5. — The canonical functor v: M(k) — M®P(k) and the perverse realisation

Rperv: M®P(k) — Pervy induce an exact sequence

*

1 (Perve) —2 1) (MO (k) = 71 (M(K)) —> 1 (6.5.5.1)

of affine group schemes over Q.

REMARK 6.5.6. — The morphism 7 (Pervg) — m (M®P(k)) is not a closed immersion since
there are objects in Pervy which are not isomorphic to a subquotient of the perverse realisation
of an exponential motive. For example, any object of Pervy whose restriction to an open of C is a

local system with non-quasi-unipotent local monodromies at infinity has this property.

PrOOF OF THEOREM 6.5.5. The proof of Theorem 6.5.5 relies on a general exactness criterion
for fundamental groups of tannakian categories. We have already seen in Corollary 5.1.4 that the
morphism of affine group schemes m (M*P(k)) — 71 (M(k)) is faithfully flat. The composite
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" o Ry, is the trivial morphism, because Rpery(¢M) is isomorphic to a sum of copies of the unit
object of Pervy for every classical Nori motive M. In order to show that the sequence (6.5.5.1) is
exact in the middle, we can without loss of generality assume that k is algebraically closed. Indeed,

if k& denotes the algebraic closure of k in C, the commutative diagram of affine group schemes

m(Pervy) — m (M®P(k)) — m(M(k)) —— 1

| ] ]

m1(Pervg) — m(MOP(k)) — m(M(k) ——> 1

| |

Gal(k|k) == Gal(kl|k)
has exact rows and columns.

morphism
R}, m1(Pervgy) — ker(t%)

perv *
is surjective. To this end, we verify conditions (1) and (2) of Proposition A.3.4, starting with (1).
Let M be an exponential motive, corresponding to a representation V of the fundamental group
m1(M®P(k)). Taking the invariants of V under the action of m (Perv() amounts to taking the
largest trivial subobject of Rpery(M) in Pervg. Taking invariants under the action of ker(c*)
amounts to extracting the largest ordinaty submotive of M. Hence, the sought after equality

vaa! (Pervo) _ Vker(L*)

is but the statement of Theorem 6.5.1. In order to verify condition (2), recall from Corollary 2.9.16
that one-dimensional objects of Perv( are of the form (j,)1F where j : C\ {z} — C is the inclusion,
and F' a one-dimensional local system on C \ {z} which either constant or has monodromy (—1)
around z. If (j,)1F is a subquotient of an object of the O

6.6. Applications of Gabber’s torus trick

Right at the beginning of the book [55], Katz lists several fairly general—yet extremely powerful—
results from representation theory which later on become the main tools to determine monodromy
groups. It is not surprising that these results are useful to understand the fundamental groups in
the tannakian category (Pervy, ®). As we shall see later (where?), there is a direct link between
the monodromy groups of differential equations computed in [55] and the tannakian fundamental
groups of objects of Pervy.

6.6.1 (Results from representation theory). —

THEOREM 6.6.2 (Gabber’s torus trick, [55, Theorem 1.0]). — Let g C gl,, be a semisimple Lie
algebra acting irreducibly on C". Let K be a torus and let x1,...,xn: K — G, be characters
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of K corresponding to a homomorphism x: K — GL, to the diagonal of GL,. Suppose that the
conjugation action of K on gl, leaves g invariant. Let t C gl,, be the subspace of those diagonal

matrices whose diagonal entries t1,...,t, satisfy

(1) ti+ty+ - +t, =0
(2) ti +t; =ty + t,, whenever x;X; = XkXm-

Then t is contained in g.

THEOREM 6.6.3 (Kostant). — Let g C gl,, be a semisimple Lie algebra acting irreducibly on C™.
If g contains the diagonal matriz diag(n — 1, —1,...,—1), then g is sl,.

PROPOSITION 6.6.4. — Let A be a Lie-simple object of Pervy of rank n whose set of singulari-
ties S has cardinality n and whose determinant has finite monodromy. Suppose that for all elements
(not necessarily distinct) a,b,c,d € S, the relation a +b = ¢+ d implies {a,b} = {c,d}. Then, the
Lie algebra of the tannakian fundamental group of A contains sl,. It is equal to sl,, if and only if
the singularities of A sum to zero.

PROOF. Let us enumerate the singularities of A as S = {s1,...,s,} and set
V =2(4) = P 2.(4).
ses

Since S contains as many elements as the dimension of V', each space of vanishing cycles ®4(A) is
one-dimensional. Let us choose a basis e1,...,e, of V adapted to this decomposition and identify
the fundamental group G of A with a subgroup of GL,, through this choice of basis.

Set 7 = s1+- - 8,,. The determinant of A’ = A® E(—r/n) is a rank-one object with singularity
at 0 and finite monodromy, and hence has finite fundamental group by Lemma 2.9.2. Since the
total vanishing cycles of A" are V ® ®_,/,(E(—r/n)), the fundamental group G’ of A’ can be
canonically identified with a subgroup of GLy = GL,,. Its connected component of the identity is
then contained in SL,,, and the equality

oo G -G, ifr#£0,
G ifr=0
holds. The object A’ is still Lie-simple, so we may from now on assume that » = 0 and that the
Lie algebra g of GG is contained in sl,. By assumption, the standard n-dimensional representation
of g is simple, and hence g is a semisimple Lie algebra (ref?).

The torus of singularities of A is the torus K = Hom(Z[S],G,,) with character group Z[S],
seen inside G C GL, as the subgroup of diagonal matrices diag(y(s1),...,¢(sn)) for ¢ € K.
Write y;: K — G, for the character defined by x;(¢) = ¢(s;). Since K is contained in G, the
conjugation action of K on gl, leaves g invariant. By the assumption on the singularities of A,
the relation Xz'Xj_l = XkX,,. implies {i,m} = {j,k}. Therefore, the Lie algebra g contains the
subspace of diagonal matrices of trace zero, and in particular the matrix diag(n —1,—1,...,—1)
by Theorem 6.6.2, and hence g = sl,, by Konstant’s Theorem 6.6.3. U
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6.6.5 (The generic Galois group of the motive associated with a polynomial). — As a first
application of Proposition 6.6.4, we show that the Galois group of the exponential motive H'(A!, f)
associated with a generic polynomial f is as large as possible.

THEOREM 6.6.6. — Let f € k[z]| be a polynomial of degree n+ 1. Assume that the following two

conditions hold:

(i) The derivative f' has no multiple roots.
(ii) Given four roots ai,ag,as,aq of f' in C, not necessarily distinct, the equality of complex
numbers f(a1) + f(as) = flas) + f(an) implies {a1, 0z} = {as, au}.

Then the motivic Galois group of H*(A', f) equals GL,.

PRrOOF. The perverse realisation

A= Rpere(H' (A, f)) = (£Q/Q) [1]

of the motive H'(A!, f) has dimension n. The set of singularities of A is the set S = {f(a)|f'(a) =
0} of critical values of f. Conditions (i) and (ii) imply that S contains n elements.

Proposition 6.6.4 shows that the Galois group A contains SL,,, hence also the motivic Galois
group of H'(A!, f) contains SLj,. O

EXAMPLE 6.6.7. — We end this section with a complete classification of the Galois groups of
perverse sheaves A = H'(A!, f) for polynomials f of degree 2 and 3. If f is of degree 2, then A
has dimension 1 and hence the Galois group G of A is a subgroup of G,, = GL;. It is given by

G Gm if the critical value of f is non-zero,
{£1} if the critical value of f is zero.
Suppose now that f is of degree 3, with critical values s; and so. The object A is of dimension 2,

and G a subgroup of GLs.

GL> if 51 # s9 and s1+ s # 0

G- SLo if 81 # s9 and s1 + 89 =0
Z)37 -Gy, if s =59 and s1 + s92 #0
YARYA if s =50=0

The group Z/37Z C GLq is, up to conjugation, generated by the matrix (? j) and G,, C GLy is
the group of scalar matrices.

Set r = s1 + so. In the proof of Proposition 6.6.4 we have seen that it suffices to treat the
cases where r = 0, to which we come by replacing f by f — 5. If s; and sy are distinct, then
Proposition 6.6.4 shows that G contains SLg. On the other hand, det(A) is the trivial object, hence
G = SLs.

If sy = s = 0, then A = 5 F[1] where F is the local system of rank 2 on C* with finite
monodromy Z/3Z.






CHAPTER 7
The comparison isomorphism revisited

Let X be a variety defined over a field k C C, let Y C X be a closed subvariety, and let f be a
regular function on X. In this chapter, we introduce the de Rham cohomology Hj, (X,Y, f) and
define a period pairing

Hy (XY, f) x Hip(X,Y, f) — C (7.0.0.1)

of which we have already given examples in the introduction using the elementary point of view on
rapid decay homology. In the case where f = 0, this pairing is the same as the usual period pairing
between singular homology and de Rham cohomology. Neither rapid decay homology nor de Rham
cohomology changes when we replace f by f+c for some constant ¢. The period pairing will change!
The main result of this section is Theorem 7.6.1 which states that the period pairing (7.0.0.1) is
non-degenerate, in the sense that it induces an isomorphism of complex vector spaces

HiR(X,Y, f) @ C — H}(X,Y, f) @g C. (7.0.0.2)

which we call comparison isomorphism. The result in this form, at least in the essential case when
X is smooth and Y empty, is due to Hien and Roucairol, see [45, Theorem 2.7]. A notable earlier
version by Esnault and Bloch [12] deals with arbitrary irregular connections on a curve. The overall
structure of the proof, of which we give a simplified and self-contained version here, is similar to
that of the classical proof in the case where f = 0. It relies on a Poincaré Lemma which we state
as Theorem 7.5.11, and a GAGA argument which permits to compare algebraic with analytic de
Rham cohomology.

7.1. Algebraic de Rham cohomology of varieties with a potential

In this section, we introduce algebraic de Rham cohomology of pairs of varieties with a potential.
In the case of smooth varieties, the definition is straightforward and was already given in (1.1.1.3)
in the introduction. As for ordinary de Rham cohomology, there are several ways of extending it to
singular varieties, which all lead to the same result [48, Chapter 3|. Following Deligne, we adopt
here the point of view of hypercoverings. Throughout, & denotes a field of characteristic zero, all
varieties and morphisms are tacitly supposed to be defined over k, and we write A! for the affine
line Spec k[z].

7.1.1. — Let X be a smooth algebraic variety and f: X — A! a regular function. We denote
by df the integrable connection on the rank one trivial vector bundle Oy defined by d¢(1) = —df

189
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or, equivalently, by
dr: Ox — Q%
g — dg(g) = dg — gdf

on local sections g of Ox. Note that d; depends only on df, and agrees with the usual exterior
derivative whenever f is constant. The connection dy : Ox — Qﬁ( canonically extends to a complex

dy dy

d .
Ox —1 0% QgmX,

where dy: Qf — ngl is given by d(w) = dw — df A w on local sections w of Q%

DEFINITION 7.1.2. — Let X be a smooth variety. The de Rham cohomology of the pair (X, f)
is the Zariski cohomology of the complex DR(E/). It will be denoted it by

Hig (X, f) = H'(X, (D, dy))-

7.1.3. — If f is constant, we recover from Definition 7.1.2 the usual algebraic de Rham coho-
mology of X. In general, there is a spectral sequence

EP = HP(X,0%) = HI(X,f)

which degenerates at the second page if X is affine, since coherent sheaves on affine varieties have
trivial cohomology in degrees > 0. Therefore, if X is affine, the de Rham cohomology of (X, f)
is the cohomology of the complex of global section (2% (X),df). For not necessarily affine X,
this yields a way to compute Hj, (X, f) as follows. Given a covering (U;);er of X by open affine
subvarieties, define X, for integers n > 0 to be the disjoint union of the opens Uy gy N -+ N Uy(y)
as o ranges over all maps o: [n] — I. Together with the inclusions obtained from non-decreasing
maps [m] — [n], the X,, form a simplicial scheme X,. Denote by f, the restriction of f to each
component of X,. We obtain a double complex of vector spaces

(7.1.3.1)

dy dy
Ox,(X1) *1>Q}(1(X1) 2t

Ox,(Xo) S, QY (Xo) .

whose vertical differentials are defined to be alternating sums of face maps X,,+1 — X,. The
associated total complex computes the de Rham cohomology H™(X, f). This total complex depends
naturally on the chosen affine covering, but not in a serious way. To get rid of any dependence
on the affine covering, we take the limit over all affine coverings, and denote the resulting total
complex by RI'(X, (2%,ds)). This complex depends functorially on the pair (X, f). Seen as an
object in the derived category of vector spaces, it is the object obtained by applying the derived
functor RI'(X,—) to the object (Q%,dy) in the bounded derived category of coherent sheaves on



7.1. ALGEBRAIC DE RHAM COHOMOLOGY OF VARIETIES WITH A POTENTIAL 191

X, so there is no conflict in notation. Yet, we prefer for the moment the point of view where
RT'(X, (Q2%,dy)) is an object in the category of complexes of vector spaces.

7.1.4. — Let X be a possibly singular variety, together with a regular function f: X — Al. Let
Xo — X be a smooth proper hypercovering of X and let f,, be the function induced on each X,,.
Recall from Section 4.5 that this means that X, is a simplicial variety where each X,, smooth, and
that the augmentation Xg — X as well as the adjunction morphisms

Xy, — (cosky—1(skn—1Xe)n

are proper. Such hypercoverings exist thanks to resolution of singularities, a construction is sketched
in [22, §6.2]. We say that (X, fe) is a smooth proper hypercovering of (X, f). Each face 6;: X, 11 —
X, induces by functoriality morphisms of coherent sheaves 6; Q’;(n — Qf’;(nﬂ that commute with d.
Together, these sheaves form a complex of sheaves (93{., dy,) on the simplicial scheme X,. Face

maps induce morphisms of complexes
6; + RI'(Xn, (Q%,,dy)) = RT(Xn-1,(Q%,.,,,df))-

By considering the alternating sums of these morphisms, we obtain a double complex in the category
of k-vector spaces. We denote by RIgr (X, fe) the associated total complex. Let Y C X be a
closed subvariety and let Y, be a smooth proper hypercovering of ¥ mapping to X,, compatible
with the inclusion Y C X. Again, such a hypercovering exists as explained in [22, §6.2]. The
complex of vector spaces

RPdR(X., Y., f.) = COIle(RPdR(X., f.) — RFdR(Y., (f|y).)) (7.1.4.1)

depends functorially on the triple (X, Y, fo). It is a consequence of Lemma 7.1.6 below that, once
we regard this complex as an object in the derived category of vector spaces, it only depends on
(X,Y, f) up to a unique isomorphism, and not on the chosen hypercoverings. Therefore we can use
it to define the de Rham cohomology of (X,Y] f).

7.1.5. — The construction of the complex RI'4r(Xe,Ys, fo) is compatible with extensions of
scalars in the following sense. Let k' a field extension of k and set X, = Xo Xgpeck Speck’, and
similarly for Y, and f,. There is a canonical and natural isomorphism

RT4r(X,,Ys, fo) @ k' = RTqr(X,, Y, fo) (7.1.5.1)

in the derived category of k’-vector spaces. Indeed, if X is smooth and affine, there is a canonical

and natural isomorphism
Q% (X) @ k' = Q% (X)

of complexes of k’-vector spaces by definition of base change and universal property of differentials.
This isomorphism induces along all construction steps the isomorphism (7.1.5.1).

LEMMA 7.1.6. — Let X be a variety together with a reqular function f. Let (X, fo) = (X, f)
and (X, f.) — (X, f) be smooth proper hypercoverings of X, and let h: (X, fo) = (X, fl) be a
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morphism of hypercoverings. The morphism of complezes of k-vector spaces induced by h
h*: RFdR(X:, f.) — RFdR(X., f.) (7.1.6.1)

is a quasi-isomorphism, and is independent of h up to homotopy. In other words, the class of h*

in the derived category of k-vector spaces is independent of h.

PRrOOF. This follows from the work of Du Bois [31] — let us explain how. By compatibility
with extension of scalars and the Lefschetz principle, can without loss of generality assume that
k = C. Let us write e: Xo — X and ¢/: X, — X for the augmentation morphisms. Theorem 3.11
of [31] states that, for k = C, the natural morphism

Rel (2,) = Re.(QX) (7.1.6.2)

induced by A is an isomorphism in the derived category of coherent sheaves on X. This is a highly
non-formal result, which is ultimately proven in the case of proper varieties using Hodge theory

and induction on the dimension of X. By dévissage, it follows that the morphism
h*: Re(Q%;,dy) — Re.(Q%,, dy) (7.1.6.3)

is an isomorphism as well. The isomorphism (7.1.6.1) is deduced from this by applying the functor
RT'(X,—). That the morphisms (7.1.6.2), and hence (7.1.6.3), as morphisms in the derived category
of coherent sheaves on X, are independent of h follows from [31, Theorem 2.4]. In contrast to
the previous result, the proof of the latter is a formal argument using the notion of homotopies
between morphisms of hypercoverings. In particular, the hypothesis in loc.cit. that X is projective
is superfluous. The general theory of homotopies between hypercoverings is explained in SGA 4,
Exposé V. O

7.1.7. — Using Du Bois’s results, we can define for every possibly singular variety X and
function f: X — Al an object
(&, ds) = _colim Re, (%, dy)
in the filtered derived category of coherent sheaves on X. We call it Du Bois complex. In this
definition, the colimit runs over all smooth proper hypercoverings of X, and the filtration is induced
by the filtration béte on the de Rham complexes Q% . Despite the twisted differential, it enjoys all
the functoriality properties given in [31, §4]. It comes by design with isomorphisms

HP (X, (2% dy)) = Hig(X, f)

and, if X is smooth, we get back the usual twisted de Rham complex (%,dy) with the filtration
béte. It follows that, in order to compute the de Rham cohomology of a singular variety, we can
use any hypercovering, and need not necessarily choose a proper one. In particular, smooth affine
hypercoverings will do.

DEFINITION 7.1.8. — Let X be a variety together with a closed subvariety Y C X and a regular
function f. We call the k-vector spaces

HgR(Xa Y7 f) = Hn(RFdR(XhYo,fo))- (7181)
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the de Rham cohomology of (X,Y, f).

7.1.9. — De Rham cohomology is functorial for morphisms of pairs in the obvious way. It
admits by construction long exact Mayer—Vietoris sequences and, more generally, a Leray spectral
sequence for open covers, and also for locally finite closed covers. Moreover, there is a natural long

exact sequence

for each triple of closed subvarieties Z C Y C X. It is obtained by choosing compatible smooth
proper hypercoverings of X,Y and Z, and considering the following commutative diagram of com-
plexes of vector spaces.

RT4r(Xe, fo) — RLqr(Ys, (fly)e) — RI'4r(Xe. Ys, fo)

y | -

RT4r(Xe, fo) — RUar(Ze, (f|2)e) — RT'4qr(Xe, Ze, fe)

L

cone(id) RUGR(Ye, Zo, (f]y)s)

The cone of the morphism (x) is canonically isomorphic to the cone of (xx), hence a distinguished
triangle

RT4r(X., Y, fo) — RU4r(Xe, Ze, fo) — RUar(Ye, Ze, (f]y)e)

in the derived category of k-vector spaces. It is independent of the chosen hypercoverings, and the
long exact sequence (7.1.9.1) is obtained by taking cohomology.

7.1.10. — Let X and X’ be smooth varieties equipped with regular functions f and f’. There

is a canonical isomorphism of complexes of sheaves
(Qs(,df)g(QS(/,df/) — (QB(XX’adeﬂf/) (7.1.10.1)

on X x X’ given by w X w’' — w A w’ on local sections. Indeed, these maps are compatible with
differentials by the following calculation

dimpwAW) =dwAW)—d(fBf)AwAw =djwAw + (=1)Pw Adp ()

for local sections w of Q% and w’ of 2%, and (7.1.10.1) is an isomorphism degree by degree by the
usual Kiinneth formula for algebraic de Rham complexes. For the general case, we observe that, if
e: X¢ = X and &’: X, — X are smooth proper hypercoverings, then so is (g,&’): Xex X, — X x X,
and we obtain an isomorphism analogous to (7.1.10.1) for the Du Bois complexes. If, in addition,
subvarieties Y C X and Y/ C X’ are given, we observe that the tensor product of the complexes
RT4r(Xe,Ys, fo) and RTGr(X,,Y,, f.) is equal to the total complex of the bottom row in the
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following diagram of complexes (functions omitted from the notation).

RT4r(Xe x X7) RTqr ((Xe x YJ) U (Ye x X)) 0

+ —
RFdR(X. X X:) — RFdR(X. X Y./) ) RPdR(Y. X Xi) */> RPdR(Y; X Y.,)

Each row in this diagram can be interpreted as a double complex, and the vertical maps induce a
quasi-isomorphism between associated double complexes by Mayer-Vietoris. The cup-product

Hin(X,Y, )@ Hin(X',Y', ) = Hig(X x X' Y x X' UX xY', f@ f)

is the map induced in cohomology. A particular case which we shall use in the next definition is
the Kiinneth formula for the product with (G,,, {1},0). The de Rham cohomology H*(G,,,{1},0)
is one-dimensional concentrated in cohomological degree 1. For a k-vector space V' and an integer

1, we write
V(i) =V @k Hig(Gm)® ™
so that the Kiinneth formula for a product with (G, {1},0) can be cast as an isomorphism

Hip (XY, f) —» HigY(X % G, Y x Gy UX x {1}, FEB0)(1) (7.1.10.2)

of vector spaces.

DEFINITION 7.1.11. — The de Rham representation pqr: Q°*P(k) — Vecy is given on objects
by

de([X7 Y7 f? n, Z]) = Han(X7 Y7 f)(l)7
and on morphisms as follows:

(a) a morphism of type (a) is sent to the morphism given by functoriality of de Rham coho-
mology for morphisms of pairs;

(b) a morphism of type (b) is sent to the connecting morphism in the long exact sequence
(7.1.9.1);

(c) a morphism of type (c) is sent to the isomorphism (7.1.10.2) obtained from the Kiinneth

formula.

7.1.12. — In fairness, the most complicated pair of varieties (X, Y") of which we need to actually
calculate the de Rham cohomology consists of a smooth variety X and a normal crossing divisor
Y, for which there is an elementary recipe. With regard to concrete calculations, the machinery of
hypercoverings will merely ensure that the recipe produces a well defined outcome.
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7.2. Construction of the comparison isomorphism

In this section, we construct the period isomorphism (7.0.0.2). Of course we don’t know yet that
it is indeed an isomorphism. We will in fact construct something slightly better than just a natural
morphism between cohomology groups, namely a natural morphism between chain complexes which
compute de Rham and rapid decay cohomology of (XY, f) respectively. The advantage of such a
construction is that it suffices essentially to work out the case where X is smooth and Y is empty,
which is what we will do. For smooth affine varieties, the construction of the period pairing can be
given by an elementary recipe, as we have seen in the examples given in the introduction. We will
check that it agrees with the general, sheaf-theoretic construction in this section. Since algebraic
de Rham cohomology is compatible with extension of scalars, as explained in 7.1.5, we may work
without loss of generality with complex varieties.

7.2.1. — Let X be a smooth projective complex variety. Every Zariski open subset of X is open
for the analytic topology, and every regular function on a Zariski open set of X is analytic, hence
a continuous map s: X* — X and a morphism of sheaves of rings s*Ox — O%'. Serre’s GAGA
theorems [81, Theorems 1,2,3] state that the analytification functor

(=)™ : {Coherent Ox-modules} — {Coherent O3-modules}

sending a coherent Ox-module F' to F*" = s*F ®40, OF is an equivalence of categories. A

particular aspect of this is that, for any coherent sheaf ' on X, the canonical morphisms
H"(X,F) —» H"(X*,s"F) —» H"(X®", F*")

obtained from s are isomorphisms, and this continues to hold when in place of a single coherent sheaf
F we put a complex of coherent sheaves. The differentials in such a complex need not be Ox-linear.
The most important example for this situation is the algebraic de Rham complex Q5 with its usual
exterior differential and its analytification Q??". We obtain the canonical isomorphisms

Hi(X) = H (X, 0%) = H"(X™,03)
comparing algebraic and analytic de Rham cohomology.

The GAGA theorems fail catastrophically if X is not projective. We can still obtain an
easy comparison isomorphism between algebraic and analytic de Rham cohomology for smooth
quasi-projective varieties, at the price of choosing a smooth compactification X of X. We can
compute the algebraic de Rham cohomology of X = X \ D as the cohomology on X of the de
Rham complex Q.Y D of rational differential forms with poles of arbitrary order along the divisor
at infinity D. This complex, which is also often denoted by Q.Y[*D] in the literature, is the direct
image by the inclusion j: X < X of the algebraic de Rham complex of X and computes the de
Rham cohomology of X since j is an affine morphism. The analytification of Q.Y pis the complex

)

Q;l;) of meromorphic differential forms on X with poles of arbitrary order along D. It is not
the direct image of the analytic de Rham complex of X, but rather the subcomplex of forms of

moderate growth. We obtain isomorphisms

Hijp(X) = H™(X, 05 ) = H"(X™, Q%) (7.2.1.1)
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using the fact that sheaf cohomology commutes with colimits, and writing
QPX p = 5 [+xD] = colim QF [mD]

as a colimit of coherent sheaves. Grothendieck’s theorem [42, Theorem 1’] comparing algebraic
and analytic de Rham cohomology of X relies then on resolution of singularities in order to reduce
to a normal crossing divisor D, and an explicit computation by Atiyah and Hodge of the local
cohomology of Q%‘ D

When working with a variety X equipped with a potential f: X — A', we content ourselves
for the moment with the isomorphism (7.2.1.1) obtained from GAGA. The differential operator dy
is well defined on rational or meromorphic differential forms on X with poles in D = X \ X, hence

the following proposition is immediate.

PROPOSITION 7.2.2. — Let X be a smooth complex variety, and let f be a regular function
on X. Let X be a smooth compactification of X with complementary divisor D = X \ X. The
analytification functor induces natural isomorphisms of complex vector spaces

Hip(X, f) = H"(X, (W% . df)) — (X, (- dp)). (7.2.2.1)

7.2.3. — In Proposition 7.2.2 we expressed the de Rham cohomology of (X, f) as the cohomology
of a complex of sheaves on the compact topological space X™. We do the same for rapid decay
cohomology, using the real blow-up point of view explained in Section 3.5. Let X be a smooth
complex algebraic variety, and let f : X — Al be a regular function on X. Recall from Section 3.5
that a good compactification of (X, f) is a compactification X of X by a strict normal crossing
divisor D such that f extends to a meromorphic function f: X — P!. Choose such a good
compactification, let = : B — X be the real blow-up of X along D, and let fg: B — P! be the
extension of f to B. Here, P! stands for the real blow-up of P! at infinity, which we describe as
the complex plane C completed by a circle at infinity. For b € 0B, either fg(b) € C or fp(b) lies
on the circle at infinity, in which case its real part can either be negative, zero or positive. Set

B =B\ {be dB| fg(b) € C or Re(fp(b)) < 0}

so that OB consists of those b € OB where fp takes an infinite value with strictly positive real
part. The rapid decay cohomology of (X, f) is the cohomology of the pair (B, 9B°), which can be
computed as the cohomology of the singular cochain complex C{BO’ ppo) ON B by Proposition 3.5.2,
or alternatively as

(X, f) = H (X, 7Clpo gpoy))- (7.2.3.1)

Note that since C(.BO 9B9) is a complex of flasque sheaves, there is no difference between its direct

image and its derived direct image on X,

7.2.4. — In order to compare the complexes (Q%’;), dy) and T, Clpo ppoy ON X™ let us recall our

conventions for singular cochain complexes. For this purpose, let X be a manifold with boundary,
possibly with corners. The group Cp(X) of singular p-chains on X is the Q-linear vector space
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generated by piecewise smooth! maps T': A? — X where AP C RPT! is the standard p-simplex,
defined as the convex hull of the set of canonical basis vectors eg,er,...,e,. The differential
d: Cp(X) = Cp—1(X) is given by linearity and

p

dT = (~1)"(T o d’)

=0

where d': AP~! — AP is induced by the linear map given by d'(e;) = e; for j < i and d'(e;) = ej41
for j > i. The resulting complex of rational vector spaces Co(X) is the singular chain complex
associated with X, and we call

C*(X) = Hom(Ce(X),Q)

the singular cochain complexr of X. It computes by definition the singular cohomology of X with
rational coefficients. The complex C*(X) depends contravariantly functorially on X. In particular,
the assignment of the complex C*(U) to any open U C X defines a complex of presheaves on X,
whose sheafification we denote by C%.. Since X is locally contractible, this complex of sheaves is a
flasque resolution of the constant sheaf Qx on X, hence C% (X) computes the sheaf cohomology of
X with coefficients in Qx. One can show, using barycentric subdivision, that the canonical map
C*(X) = C%(X) is a quasi-isomorphism, hence the canonical isomorphism between singular and
sheaf cohomology. Given the inclusion of a subspace a: Y — X, there is a canonical morphism of
sheaves C%, — a,.Cy,, ultimately induced by sending a simplex T': A? =Y to aoT. We denote by

Clxy) = cone(Cx — a.Cy)

its cone, and observe that C'(X’Y) is a flasque resolution of Q(xy) = ker(Qx — a.Qy), hence
computes the cohomology of the pair of spaces (X,Y).

7.2.5. — Let us now return to the situation where X is a good compactification of (X, f). On

X™ we have the analytic de Rham complex (Q%l ’;,df) of meromorphic differential forms with

poles contained in D, and the complex of singular cochains W*C(.BO 9B0)" A morphism of complexes
of sheaves

lWe call a continuous map between manifolds with corners piecewise smooth if the domain admits a finite
stratification by closed submanifolds with corners such that the restriction of the map to each of them is smooth, in
the usual sense that it extends to a smooth function on an open neighbourhood. In our concrete case, the domain is
the standard simplex AP. One advantage of piecewise smooth maps AP — X is that we can pull back and integrate
differential p-forms, which would not be possible with just continous maps. On the other hand, the restriction of
a piecewise smooth map to any face of AP is itself piecewise smooth, and we can construct piecewise smooth maps
on AP by specifying compatible piecewise smooth maps on each piece in the barycentric subdivision of AP without
worrying about differentiability. This will come in handy when we show compatibility of the comparison isomorphism
with cup-products. Finally, we stress that continuous maps AP — X can be approximated within the same homotopy
class by piecewise smooth maps, hence classical singular homology with respect to continous cycles is the same as

singular cohomology using only piecewise smooth cycles.
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is specified by the following data: for every open U C X in the analytic topology and every

meromorphic p-form w € pr D

Iy(w): Cp(n Y (U)) @ Cpor(x 1 (U)NOBY) —— C (7.2.5.2)

(U), a linear map

needs to be given. This data must be compatible with inclusions of open subsets and with differ-
entials. Given a piecewise smooth p-simplex T: AP — U and a piecewise smooth (p — 1)-simplex
T AP~ - U N OB, we set

W)= [

e_fw:/ e~ 1T Ty (7.2.5.3)
T AP

This makes sense, since e fw is everywhere defined on B°, and so T*(e fw) = e /T T*w is a
piecewise smooth differential form on AP. That the right-hand side of (7.2.5.3) does not depend on
T’ is intentional. Compatibility of the maps Iy (w) with inclusions of open subsets is tautological.
Compeatibility with differentials is essentially a consequence of Stokes’s formula as we show in the

following Lemma.

LEMMA 7.2.6 (Twisted Stokes formula). — With notation as in 7.2.5, the equality
Iy(dgw) (T, T') = Iy (w)(dT + T/, dT")
holds.

PRroOF. This can be verified by a straightforward computation. Here it is:

Iy(dsw)(T,T") = /Tef(dfw)

= /d(e_fw) (definition of dy)
T
= / e lw (Stokes)
dr
= / e_fw—l-/ e w (because e~ /°T" = ()
dr T
= Iy(w)dT +T',dT")
O
7.2.7. — It follows from Lemma 7.2.6 that the integration map (7.2.5.1) is a well defined

morphism of complexes of sheaves of complex vector spaces on X. Taking cohomology yields

morphisms of complex vector spaces

}In(yan7 (Q%7D,df)) SN Hn(yanyﬂ-*c(.Bano) X (C) (7271)
or alternatively
Hig(X, f) —— Hyg(X, [)®C (7.2.7.2)

via the isomorphisms (7.2.2.1) and (7.2.3.1). This is the sought period map for (X, f). It is
independent of the choice of a good compactification of (X, f). We will prove that this map is
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an isomorphism by proving that the morphism of sheaves on X given by (7.2.5.3) is a quasi-
isomorphism.

DEFINITION 7.2.8. — Let X be a smooth complex variety, and let f be a regular function on
X. We call the map (7.2.7.2) period map or also comparison morphism for the pair (X, f).

7.2.9. — Let X be a smooth and affine complex variety.

7.3. The comparison isomorphism for curves

The proof of the comparison theorem 7.6.1, affirming that the map from de Rham cohomology to
rapid decay cohomology constructed in the previous section is an isomorphism, relies on a Poincaré
lemma, stated as Theorem 7.5.11. This Poincaré lemma relates the twisted de Rham complex of
differential forms with moderate growth on the real blow-up with a singular chain complex, and
in turn relies on a theorem of Hien [43, Theorem A.1l] about the growth behaviour of solutions
of certain systems of linear partial differential equations. In loc. cit, this theorem is stated and
proven in a more general setup than what we need here, which makes its proof substantially more
involved, but only in the two-dimensional case. The case of arbitrary dimension is a straightforward
generalisation. For the readers convenience, we shall reformulate and prove the case we need here,
which is Theorem 7.5.5. In this section, we treat the one-dimensional case which is much lighter in
terms of notation, yet contains all essential ideas. We convene that singular cochain complexes are
taken with complex coefficients.

7.3.1. — We write X for the open complex unit disk, D = {0}, and X = X \ D. Let Oxp
denote the sheaf of meromorphic functions on X which are holomorphic on X. The real blow-up
B = BlopX is an annulus, with the inner circle as its boundary dB. For a complex number w

F1GURE 7.3.1. The real blow-up of the disk at its centre. Sectors map to sectors.

of norm 1, we write w - 0 for the corresponding boundary point of dB. We fix a meromorphic
function f € Ox ,(X) and write it as f(z) = 27¢f1(z), where e > 0 is the order of the pole and

f1 is a holomorphic function on the disk. The canonical extension fp: B — P! of f is given by
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fe(z) = f(n(z)) for x ¢ OB and by

wf1(0) 00 ife>0

falw-0)= £(0) ife—0

on the boundary. The positive part of the boundary OB consists of those elements w - 0 € OB
where fp(w -0) = z - co for some complex number z of norm 1 with non-negative real part. The
set 0T B consists of e equally spaced closed arcs on the circle 0B.

7.3.2. — Set Q%D = Oy’Dd:c, and define
dy: Ox p — QX D

by dg(g) = dg — gdf = (¢’ — gf')dz

PROPOSITION 7.3.3. — If e = 0, then dy is surjective, and its kernel is one-dimensional. If
e > 0, then the map

is injective, and the classes {x™"dx |0 < m < e} form a basis of coker(dy).

PROOF. Suppose first that e > 0. Let g be a meromorphic function on X such that d¢(g) =0.
We can write g and f as power series

o0 oo
= Z anx""° and g(x) = Z bpa"
n=0 n=N

with ag # 0. We need to show that by = 0 holds. To this end, we calculate

0=5/) -9 @) = 3 et — (o - )(me)

n=N p=0
and see that the coefficient of 2N =¢~1 equals —eagby. Since —eag is nonzero, by = 0 follows, hence
injectivity of dy. O
7.3.4. — Given a meromorphic function h on X, we are interested in the inhomogeneous linear

differential equation
u — flu=nh (7.3.4.1)

in the unknown meromorphic function u. Locally, say in a neighbourhood of zg € X, the equation
has a one-dimensional space of solutions, namely

u(z) = f@ / h(t)eFOdt + Aef @ (7.3.4.2)
o

where A € C is a constant. The problem with this is of course that (7.3.4.2) might not define a
global function on X, and even if, it might have an essential singularity at 0.
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7.3.5. — Let U C B be a simply connected, open subset, such that UNd*+ B is simply connected
or empty.

Suppose now that h has moderate growth as  — 0, that means, there exists an integer N such
that |h(z)| = O(|z|™") holds for small x. Our question is whether the function u has moderate
growth as ¢ — 0 for an appropriate choice of the constant A. We shall show that this is indeed the
case. Writing f as a Laurent series

f(z) = ax™® + (terms of degree > —d)

for some integer d and non-zero a € C, we distinguish four cases. First case: d < 0, so f is
holomorphic. In that case, f is bounded around x = 0 and u has moderate growth for any choice
of A. Second case: d > 0 and Re(a) > 0. In that case, a special solution of the differential equation

is given by the improper integral
u(z) = /@ / h(t)e FOat (7.3.5.1)
0

which converges, since e Re(f(#)) decreases exponentially as  — 0. We can use L’Hopital’s rule to
examine the behaviour of u near zero: For small z we have

Y h(t)e f®dt  h(x)

I R TP

hence |u(z)| = O(|z|~N*+41) < O(|z|™") as 2 — 0. Third case: d > 0 and Re(a) < 0. In this case
e/ (@ converges to 0 as @ — 0, hence if u has moderate growth for one choice of A, then so it does

(z)

for any other. We use again L’Hopital’s rule to see that u(z) grows as ;f,(x) as x approaches 0.

The difference between this case and the previous one is that now the indeterminacy has the shape

> no matter where the integration starts, whereas before it was % only because the integration
started at ¢ = 0. Fourth and last case: d > 0 and Re(a) = 0. Assume a = si with real s > 0,
the case s < 0 being similar. A special solution to (7.3.4.1) is again given by the integral formula

(7.3.5.1), where the integration path approaches zero from a positive angle 0 < § < €. The integral

FIGURE 7.3.2. An integration path approaching 0 from a positive angle

converges, since for sufficiently small &

lim 7%Re(f(re)) = lim (r? - si - ™. e=7) = ge(m/2-d0)i
r—0 r—0

has positive real part. This special solution u(z) has moderate growth of order at most O(|z|~V)

along any angle above and below the real line as we have seen in the previous cases, hence again
u(z)] = O(l|~™).
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Suppose now that instead of solutions of (7.3.4.1) on a sector, we are interested in solutions of
defined on the whole pointed disk. Now f and h are both meromorphic functions on the unit disk,
with only pole at the origin. As we have seen presently, there exists on each sufficiently small sector
around any angle « a solution of moderate growth, and in fact a unique one given by the improper
integral (7.3.5.1) if the real part of f(z) tends to +o0o as z approaches zero in the direction of «.
These local solutions glue together to a global solution if any only if for any two such angles a and
B the integral

0-8
/ h(t)e T at (7.3.5.2)
0-a
vanishes. The notation means that we integrate along a path in the punctured unit disk starting
at 0 in the direction of o and ending at 0 from the direction 5.

We can reformulate our findings in terms of sheaves as follows: Let X be the open complex
unit disk, set X = X \ {0}, and let 7: B — X be the real blow-up of the origin. Let f: X — C be
a meromorphic function with only pole at zero, and denote by fg: B — P! its extension to the real
blow-up. As we have shown in Section 3.5, the rapid decay cohomology of (X, f) is the cohomology
of the pair of spaces [B°,0B°], where B° is the union (inside B) of X and those elements b in 0B
with fp(b) € OP! with positive real part. The cohomology of the pair [B°, B°] is the cohomology
of B® with coefficients in the sheaf Q[go gpo). This sheaf admits as a flasque resolution the complex
of sheaves C['Bo’ opo) ® C given in degree p by the sheaf of singular cochains on B° with boundary
in 0B°. Let O%: denote the sheaf of holomorphic functions on X = B°\ 0B° with moderate
growth near 0B°, set Q%rf;l = O%tdr and consider the connection dj: O3y — QaBngl sending u to

(u' — f'u)dz. Integration on chains defines a morphism of complexes of sheaves

df

0 O Qa! 0 e
lfo | l (7.3.5.3)
d
O C[OBO’(‘)BO]®(C — C[lBo7aBo}®(C — CﬁBoi}Bo]@C —_—

as follows: A local section u of O%; is sent by Iy to the map which sends a 0-simplex T': AY — B°

to the complex number e~/(T(€0))y (T (¢g)), and a local section hdz of Q%no’l is sent Iy to the map
which sends a 1-simplex T: A! — B° to the integral

1
I (hdz)(T) = / e T hde = / e~ T T teot(U=De)) b (P (teg + (1 — t)ey))dt
0

T

with the convention that the standard n-simplex is the convex hull in R™*! of the canonical basis
€0,€1,...,6n. The kernel of dy is generated by the function el on opens which are disjoint from
0B° and is zero on opens meeting 0B°, hence the morphism Iy induces an isomorphism of sheaves
ker(d¢) — HO(C'['Bo,aBo]) ® C. We have shown that also I; induces an isomorphism coker(ds) —

7—[1(0['307830]) ® C. Therefore (7.3.5.3) is an isomorphism in the derived category of complexes of

sheaves

I: (Q%ﬂ7.,df) ;> C[.B,6+B]
on B°. This is our first local Poincaré Lemma. On X, we look at the de Rham complex
(Q5"*[*D],dy) of meromorphic differential forms with a pole of any order at D = {0}, and the
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integration morphism
. (an,e .
I. QX [*D] —> W*C[BO,E)BO] ® (C

given by the same formula. Also this morphism is an isomorphism in the derived category. This
is our second local Poincaré Lemma. An interesting thing to notice here is that since C[.BO OB°] is
flasque, we could also place the derived direct image R?T*C[.BO op°] ® C in the above map, and still

get an isomorphism. Hence, the canonical morphism
an,e an,e an,e
Q% [xD] = 1. Q5" = Rm Q50

is an isomorphism too. This is shown in much greater generality in [69, Corollary II, 1.1.8].

PROPOSITION 7.3.6. — The morphism of complexes of sheaves on X
0 d
0 0%, — leé 0
|10 & i (7.3.6.1)
0 F*C?BﬁJFB) < 7T*C(lB,a+B) — 7T*C(ZB,aﬂB) —

given by integration of forms on chains is a quasi-isomorphism.

PROOF. The case where f is holomorphic is easily settled, so we suppose that f has a pole of
positive order at 0, and hence that 97 B is nonempty. Let U be a simply connected open subset of
X. It suffices to show that the morphism of complexes of vector spaces obtained from (7.3.6.1) by
taking global sections on U is a quasi-isomorphism. If 0 ¢ U, this is clear, since d; is surjective on
sections with kernel of dimension 1 over U, and 7 : 7~ }(U) — U is a homeomorphism. If 0 € U we
can as well assume U = X. The differentials df and d are both injective on global sections, so all
that’s left is to show that the map

HY Q) (X)) = H' (Clp gr 5y (X)) (7.3.6.2)
given by integration is an isomorphism. This morphism sends the class of a meromorphic differential
form w = hdz to to the cochain sending a 1-simplex, say given by a path ~: [0,1] — B with
endpoints in 1 B, to the integral

L(w)(7) = /O e~ O B (1)) dt.

It follows from 77 that w is exact if and only if I (w) is zero, which is the same as to say that 1 (w)

is exact because C('B, o+ B) has no nontrivial global section. This shows that (7.3.6.2) is injective. [
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7.4. A Dolbeault—Grothendieck lemma on the real blow-up

The goal of this section is to understand the cohomology of the sheaf of analytic functions with
moderate growth on the real blow-up at a normal crossing divisor of a variety. In particular, we
wish to show that locally on the basis, say when we blow up a complex polydisk, this cohomology
vanishes. The main result of the section is Theorem 7.4.9, originally due to Sabbah [69, Corollary
II, 1.1.8]. We deduce it from a Dolbeault-Grothendieck Lemma on the real blow-up B. In the
following Lemma 7.4.1 and Proposition 7.4.2 we recall the 0-Poincaré Lemma in one variable,
essentially [88, Théoreme 1.28], except that we formulate it for bounded functions on sectors.

LEMMA 7.4.1 (Cauchy Representation). — Let B be the oriented real blow-up of the open complex
unit disk at its centre, and let U C B be open. Let f be a bounded, smooth function on U and let
V C U be a closed disk or sector. The equality

1= 5 /av R // 5—1zd§df

holds for every z in the interior of V.

ProoF. This is essentially a consequence of Stokes’ Theorem for a domain in the complex plane
with piecewise smooth boundary. We suppose V is a sector, the case of a disk is well known and
proven similarly. Let V. be the closed subset V' obtained by removing from V' what is contained in
the open disks around z and around 0, with small radius € > 0. The domain V. C C has a piecewise

FIGURE 7.4.3. The domain V, pictured in the blow-up (left), and in the complex
plane (right). Lenghts and areas are faithfully represented only on the right.

smooth boundary, consisting ot two components: the positively oriented outer boundary, and the
small circle around z with negative orientation. The differential form

_ [ )
5 _
is a well-defined and smooth in a neighbourhood of V. Applying Stokes’ theorem and taking limits

dg

as € — 0 yields

of _ o _ f(§) [ i ;
//Vaf( YdédE = hm//E w—ilgcl] avaw—/avg_zdfig% ; f(z+ee)idd

which is the desired formula up to the factor 2. O
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PROPOSITION 7.4.2. — Let B be the oriented real blow-up of the open compler unit disk at its
centre, and let U C B be open. Let f be a bounded, smooth function on U and let V. C U be a
closed disk or sector. The function g defined on the interior of V' by

_ LSO e
)= 5 //Vg_zdgdf (7.4.2.1)

is smooth, bounded, and satisfies 0g/0z = f

PRrOOF. The surface integral is improper because of the apparent pole, but converges absolutely
since indeed ¢ — (¢ — 2)7! is of class L! on the unit disk with L'-norm at most 1. This already
shows that g is bounded, in fact ||g||c < ||f]|co holds, and since integration and differentiation can
be interchanged, g is smooth since f is so. It remains to verify the differential equation dg/0z = f.
Fix a point z € V' \ (V N 9dB) and decompose f as a sum f = f; + f of smooth functions, where
f1 is identically 0 in a neighbourhood of z and agrees with f in a heighbourhood of the boundary
of V. For the function f5, this means that it has compact support contained in the interior of
V\ (VNOB) and f, is equal to f in a neighbourhood of z. It suffices to verify equation (7.4.2.1)
for fi and fo separately. Defining g1 and g» accordingly, we find

ro=g ] 7
8,2 2m 0z

because f1(€)(€ — z)~! is a smooth, well defined function of ¢ on V, so exchanging integration and

)dfdé—o—f()

differentiation is justified, and the same expression is a holomorphic function of z. Since fy has
compact support away from 0B, we find

= g [ f e = g [ St = s

where we used Lemma 7.4.1 for the last equality. The exchange of differentiation and integral can

be justified, for example, by using polar coordinates. O

7.4.3. — In this section, X denotes the n-dimensional open complex polydisk with coordinate
functions z1,...2,, and D C X stands for the normal crossing divisor given by the equation
2129 2m = 0. Let m : B — X be the real blow-up of X at D. In the sequel, if we speak of
smooth or holomorphic functions on an open subset U of B, when we really mean complex valued
functions with domain U \ (U N 0B). A smooth function f on U is said to have moderate growth
near x € 0B NU if for some large enough exponent N > 0 the estimate

‘f(zluz'?a .. '721’1)’ < ‘2122 t 'Zn‘_N

holds in a neighbourhood of x. We say for short that the function f has moderate growth if it has
moderate growth near every point z € 9B NU, and denote by Osm 5 the sheaf of smooth functions
of moderate growth on B. This sheaf contains the sheaf O%' BoB of analytic functions of moderate

growth.
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7.4.4. — Let p,q > 0 be integers. We denote by A%’an the sheaf on B whose sections on an
open set U C B are smooth differntial forms
Z f[’J(Z)dZ] ANdZ g
I,J

of type (p,q) on U\ (UNAB), with smooth coefficients f7,; of moderate growth. The sheaf A% OB
on B is soft. Indeed, there exists for every closed subset K C B and every open neighbourhood U
of K a smooth, bounded function n on B with support contained in U, and which is identically 1
in a neighbourhood of K. Such functions can be used to extend sections of A%’?a p on K to global

sections. In particular, the sheaf .AB OB 18 acyclic, that means

H™(B, Aly%yp) =0
holds for all n > 0.

LEMMA 7.4.5 (O-Poincaré Lemma). — Let U C B be open, and let f be a smooth function of
moderate growth on U and let k € {1,2,...,n}. There exists locally on U a smooth function g of

moderate growth satisfying

09(z1, .-y 2n)
T om = f(z1,..-,2n).

If moreover f is holomorphic with respect to variables zj, j # k, then g can be chosen holomorphic

in the same variables.

ProOF. If not for the growth condition, this would be the classical Dolbeault-Grothendieck
Lemma on the open set U \ (0B NU). We will thus work in a neighbourhood of a boundary point
x € 0BNU and walk through the classical proof, checking at each step that the construction of
g can be made compatible with growth conditions. We start with the essential case where the
dimension n is one. We can write f in the form 2~ f; for some smooth, complex valued function
f1 on U which is bounded in a neighbourhood of the boundary point z = w - 0. Choose 0 < r <1
sufficiently small, so that the closure of the open sector

S(w,r) ={se” |0<s<r,—r<d<r}

is contained in U, and so that f is bounded on S(w r) A function g, with dg = f; is given by
/ / d iz,
S(w,r) # —

The so defined function g; is bounded by the same bound as f; is, and satisfies dg1/0Z = f1 as
shown in Proposition 7.4.2. Setting g(z) = 2= Zg1(2) We find

0 0
.gf) — 5 -N gali ) :ZiNfl(Z) — f(Z)
by the chain rule and the fact that z — 2~ is holomorphic.

for zo € S(w,r).

We introduce the notation
D.={ze€C||z| <r}
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for open disks, and
S. = {rwe’™ e Cl|0<r<e —e<V<e}
for open sectors. A neighbourhood of a point of U

O

PROPOSITION 7.4.6 (Dolbeault-Grothendieck Lemma). — Let U C B be open, © € U and q > 0.
For every 8 € AB %5 (U) with 0B = 0 there exists an open neighbourhood V of x and a form
a € AL (V) with da = Bl

PrOOF. Consider now the general case where X has dimension n > 1, and 3 is a O-closed form
of type (p,q), with ¢ > 0. We can write /3 as

B = Z Br ANdzp

#I1=p

where each f3; is a d-closed (0,q) form. It suffices to show that each 3; is d-exact. We may thus
assume p = 0, so 8 can be written as

B= > fidz (7.4.6.1)

#J=q
and argue by induction on the smallest integer k € {0,1,2,...,n} such that the sum in (7.4.6.1)
can be indexed by sets J C {1,2,...,k}, that is, if J contains an index larger than k, then f; = 0.
For k = 0 we find 8 = 0 and there is nothing to be proved. For k > 1, we can write S as

B = Bo+ B1 Ndzy

where fy and /31 are forms of type (0,q — 1), in the ideal spanned by dzi,...dZ_1. O

COROLLARY 7.4.7. — For every p > 0, the complex of sheaves on B
: 0,
0—>Q%?§B—>A B—>ABaB—>

1s exact.

LEMMA 7.4.8. — Let U C X be an open subset. A function h on U has moderate growth if and

only if the composite hom on 7=Y(U) has moderate growth. In particular, the following equalities
hold for all p,q >

mQpop =M p  and  mARys =AY
ProoF. This follows form the fact that 7 is a proper map. O
THEOREM 7.4.9. — For every p = 0, the canonical morphism

p7an PR p7 p’a/n
Qyp= T 5, op — Bmllg 5p

is an isomorphism in the derived category of sheaves on X.
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PrOOF. The sheaves AB op are soft, hence acyclic. We can thus compute the derived direct
image RTF*Q% »p using the resolution given in Corollary 7.4.7. We find

RW*QIE%]B = (”*Aé,.aE 9) = ('AX Dy 0) = ngg

by Lemma 7.4.8, and the classical Dolbeault-Grothendieck Lemma for meromorphic functions on
a polydisk. O

7.5. The Poincaré lemmas on a polydisk

7.5.1. — Our goal is to generalise the discussion of the preceding section to several variables.
To this end, we fix the following notation and terminology: pick integers n > 0 and 0 < m < n,
consider the open unit polydisk X C C", the divisor D of X given by z1x2 - - -z, = 0, and the real
blow-up

7:B—X
of X along the components of D. We consider the holomorphic function f: X — P! given in
projective coordinates by f(x) = [fo(x) : fi(z)], with fo(z) = z{'a5? - - - x& for some non-negative
integers e, es,...,em. The poles f~!(co0) are contained in D, and we denote by fg: B — P! the
continuous extension of f to B. Recall that B is the space

{(@1,. s Ty wi, .y wm) € X x (SH™ | wpw; ! € Rog for 1< i < m}

and that the boundary 0B of B is the set 7~ (D). We identify the interior of B with X = X \ D
via the projection map m. The oriented real blow-up P! of P! at {o0} is the complex plane to which
a circle at infinity OP! = S' has been glued. As discussed in 3.5.1, the function fp: B — P! is
given by

iy e C,if fo(z) #0

felz,w) =

B fo(w) ™ € 0P, if fo(x) = 0, hence (z,w) € IB.

In what follows, we are interested in the behaviour of local solutions of differential equations near

a point b € OB. For our purposes, we may choose a point b in 7~1(0), thus of the form

b=(0,...,0,e¥h  mifm)
and consider the open neighbourhoods
U=U(e) = {(z,w) ’ |z;] <efor 1 <i<n and arg(e 27”6”10 D<efor1<p< m}

of b. As a manifold with corners, U is diffeomorphic to (—1,1)" x [0,1)". Concretely, a local chart
around b € 71(0) is given by
(—e,e)" x [0,e)" — U (7.5.1.1)

sending (a1, ..., Qn,T1,...,7m) to (z,w) € B with zj, = 7,2 (@ +8) and wy, = e?H (@ +Fp),
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LEMMA 7.5.2. — Suppose that fg(b) = ico € OP holds. For sufficiently small € > 0, the set
{z € U |Re(fp(z)) =0} divides U into two simply connected components.

PROOF. First of all, notice that the integers e, are not all zero - if so, 0 € X would not be a
pole of f, and hence fg(b) = f(0) would not be an element of the boundary of P!. In terms of the
coordinates given in (7.5.1.1), the argument of the function fp is given by

arg(fp(z,w)) = arg(f1(z)) — (er(ar + f1) + - + em(am + Bm)) € R/27Z

noting that since f1(0) # 0, the argument of f; is a well defined real analytic function in a
neighbourhood of 0, taking values in R/27Z. Set fi(x) = f1(0) - e9%), where g is a holomorphic
function satisfying g(0) = 0, so that the argument of f; is given by arg(fi(«,r)) = arg(f1(0)) +
im(g(x)). Writing (z,w) in coordinates (r, ), the Taylor expansion of the function im(g(r, «)) has
no linear terms in a. We have arg(fg(b)) = § by hypothesis, so we can write arg(fp(z,w)) as

arg(fp(z,w)) = § + L(a) + higher order terms

where L is a non-zero linear form, and higher order terms mean terms which contain a factor
which is quadratic in « or a factor which is linear in 7. The cube (—&,e)" x [0,¢)" is divided in
two halves by the hyperplane L(a) = 0, and we deduce from the implicit function theorem that
for small enough € > 0, the cube (—&,¢)" x [0,e)" is divided in two halves by the hyperplane

arg(fp(x,w)) = I O

DEFINITION 7.5.3. — We say that a holomorphic function h: U \ OU — C has moderate growth

near b if there exists a neighbourhood V' C U of b and a Laurent polynomial g € C[x1, ..., z,, :cl_l, con ]
such that the inequality |h(x)| < |g(z)| holds for z € V' \ 9V
7.5.4. — Sums and products of functions with moderate growth again have moderate growth,

and, in particular, the function f has moderate growth near b. Let us introduce the linear differential

operators
Di(u) =2 and  Qi(u) =g~ — Ly

for 1 <i < n. If h has moderate growth near b, then so do D;(h) and Q;(h).

THEOREM 7.5.5. — Let h be a holomorphic function on U\ QU and let 1 < r < n be an integer.
If h satisfies the integrability condition Qs(h) = 0 for all 1 < s < r, then the system of partial
differential equations

Qs(u)=0 forl<s<r
Qr(u) =h

admits a holomorphic solution. If moreover h has moderate growth near b € 7~1(0), then there

(¢(h))

exists a holomorphic solution defined in a neighbourhood of b, with moderate growth near b.
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Proor. The difference of any two solutions of (X¢(h)) is a solution of the corresponding ho-
mogeneous system (X(h)), whose holomorphic solutions form the vector space of functions of the

form Aef, where A is a holomorphic function in the variables z,41,...,x,. Let us set
u(z) = w(z)el @ and g=he !

where w stands for a holomorphic function to be determined. We have Qs(u) = Ds(w)e/, hence

must solve the new system
Ds(w)=0 forl<s<r

by
D)4 (Zo(9))

in the unknown function w. The integrability condition on h translates to
_ af — _
Dy(g) = 2e ™l —nfle™ = Qu(h)el =0

for 1 < s < r. The differential system (3((g)) together with the integrability condition on g
is precisely what has to be solved in the proof of the classical Poincaré Lemma. Indeed, the
integrability condition on g means that g is constant with respect to the variables z1,...,z,_1, and

we can set

Tr
w(ml,...,xn):/g 9T,y Tp1, 2, Tpg 1y - ooy Tp)d2

2
where the integration path from § to x, may be chosen to be a straight line. The general solution
u to (Xf(h)) is therefore given by

xr
u(z) = ef /6 he fdz + Aef (7.5.5.1)
2
with the same integration path and some holomorphic function A in the variables x,41,...,%y,.
The function u is holomorphic, and all that’s left to show is that for some appropriate choice of A
the solution u has moderate growth near b if A has so. Let us suppose that this is the case, and
choose € < 1 small enough so that there exists an integer N > 0 for which the inequality

|h(2)| < |12 - 2| N
holds for z € U \ 0U. We distinguish four possible regimes for fp(b) € P!, namely fB(b) can be:

(1) An element of the interior of P!. So f5(b) is a complex number.

(2) An element in the boundary OP! with positive real part.

(3) An element in the boundary OP! with negative real part.

(4) Either +ico or —ioco.
In the first case, the meromorphic function f = % : X — C is holomorphic and its extension to B
is the composite of f with the blow-up map 7: B — X. We may hence assume f is bounded on
U, say

/@) <M and  |e /@< M

hold. The function defined by (7.5.5.1) has moderate growth if we choose for A any function of
moderate growth, for example a constant. In case (2), the function e~f decays exponentially in a
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neighbourhood of b, and therefore, since h has moderate growth, the integral

5
/ he Tdz
0

converges. Put differently, we may choose 0 in place of § as starting point of the integral in (7.5.5.1)
even if this new starting point is now on the boundary and not in the interior if U. Let us show
that the function

1
u(z) =@ . g, . / W1, .. tEy, ... ap)e  Fr o o) gy (7.5.5.2)
0

has moderate growth near b. Set ®(z,t) = f(z1,...,2p,...,2n) — f(z1,...,txy, ..., x,), and notice
that for 0 < ¢ < 1 and all x € U we have Re(®(z,t) < 0. We may estimate (7.5.5.2) by

1
lu(z)| = acr-/ h(fﬁl,---,t$r,-~-,mn)e¢’(xvt)dt
0

1
< \fﬁrl-/ t|1g - @ TN RPN gy
0

< zymy TV

which shows that u has moderate growth near b as claimed. Case (3) is similar to case (1): Since
Re(f) tends to —oo near b, the function e/ is bounded near B, hence the function defined by
(7.5.5.1) has moderate growth near b if we choose for A a constant. The last case which remains
to discuss is case (4), in which fg(b) = fico € OP. The boundary of the open U contains the set
07U given by

OTU = {(z,w) € OB fo(x) = 0 and Re(fp(z,w)) > 0}

and we will show that 97U is connected for sufficiently small €. The rest of the argument will be
similar to the case (2). O

7.5.6. — Our next goal is to reinterpret Theorem 7.5.5 in terms of sheaves of differential forms
having moderate growth on a smooth complex variety X together with a potential f. For the
remainder of this section, we work with a fixed smooth and proper complex algebraic variety X, a
normal crossing divisor D C X and a potential f: X — P! satisfying f~!(co) C D. In other words,
writing also f for the restriction of f to X = X\ D — Al the pair (X, f) is a good compactification
of (X, f). Let us denote by m: B — X the real oriented blow-up of X in the components of D, and
by 0B = 7~1(D) the boundary of B. The function f: X — P! lifts to a function fg: B — P! as
was shown in 3.5.1. As usual, we set "B = {b € dB | fz(b) € OP! and Re(f5(b)) > 0} and

B°={be B|n(b) ¢ D, or fp(b) € OP" and Re(fp(b)) > 0}

and 0B° = B° N 0B. By Proposition 3.5.2 and its Corollary 3.5.3, the cohomology of the pairs
(B,0" B) and (B°,0B°) is canonically isomorphic to the rapid decay cohomology of (X, f). The
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following diagram summarises the situation.

OB B P!
7 <
X —— | ——al
N N
D X ! P!

Since X is compact, so is the real blow-up B and its boundary 9B, and the blow-up map 7: B — X
is proper. Let U C B° be an open subset, with boundary 0U = U N dB. Since U \ 9U is an open
subset of the complex algebraic variety B° \ 0B° = X, it makes sense to speak about algebraic,
rational, holomorphic or meromorphic functions on U \ OU. Informally, a function on an open of
B has moderate growth if it grows with at most polynomial speed near the boundary. It need not
be defined on the boundary but can have a pole there. (Compare with §II, Definition, 2.6 in [21],
or Section 9.2 in [75]).

DEFINITION 7.5.7. — Let U C X be an open subset. We say that a function h: U\ (UND) — C
has moderate growth on U if for every point g € DNU there exists a neighbourhood V of g and a

rational function g on V' whose poles are contained in D NV, such that for some open W CUNV
the inequality |h(z)| < |g(z)| holds for all x € W \ (W N D).

Let U C B be an open subset. We say that a function h: U\ (UNOB) — C has moderate growth
if for every point by € 9B N U there exists a neighbourhood V' of 7(by) and a rational function g
on V whose poles are contained in D NV, such that for some open W C U N7~ (V) the inequality
|h(x)|] < |g(z)] holds for z € W\ (W N 9IB).

7.5.8. — In the first part of the definition we could replace V by W, hence assume W =UNV,
but not so in the second part. As it is custom for meromorphic functions too, we will speak about
functions of moderate growth on open subsets U C X or U C B, when we really mean functions
on U\ (UND)or U\ (UnNOoB). Meromorphic functions on X with poles on D have moderate
growth. Finite sums and products of functions of moderately growing functions grow moderately.
Having moderate growth is a local condition, hence the presheaves on X and on B given by

O%'p(U) = holomorphic functions on U \ QU with moderate growth on U C X
OBlop(U) = holomorphic functions on U \ OU with moderate growth on U C B

are indeed sheaves. For any open U C X, holomorphic functions on U \ D with moderate growth

are in fact meromorphic functions with poles in D. The sheaf we call (’)}rf p is more commonly
denoted OF'[+D].

7.5.9. — We now extend the definitions of sheaves of functions with moderate growth to differ-
ential forms with moderate growth. Following Hien and Roucairol, we define the sheaf of analytic
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differential p-forms with moderate growth as the sheaves

Ox'p = OXp Qop O™ (7.5.9.1)
0595 = OFop @rop T Q%" (7.5.9.2)

on X, respectively on the real blow-up B. This looks more difficult than it is. On an open, say
U C B, a section of QaBIt’a  is a finite linear combination of expressions of the form h ® w or just
hw, where h is a holomorphic function with moderate growth on U, and w is a holomorphic p-form
defined in a neighbourhood of 7 (U). The usual rules of computation apply.

These sheaves of differential forms with moderate growth come equipped with obvious dif-
ferential maps, which we all denote by dy. Let us give the local description of the differential
Q%n’g'B — Q?;g’g ! Fix a point b € B, set & = 7(b), and choose local coordinate functions z1, .. .,y
around x € X such that D is given by the equation 1z - x,, = 0 for some 0 < m < n. f m =0,
then x lies not on D and b not on the boundary dB. For a subset I C {1,2,...,n}, say with
elements 17 <o < --- < iy, set

dry = dr; dx;, - - dx;,

so that in a neighbourhood of z the p-forms dz; form a O3f-basis of Q5" as I runs through the

subsets of {1,2,...,n} of cardinality p. A moderate p-form 1 can be written, in a sufficiently small
neighbourhood of b, as

n= Z urdxy (7.5.9.3)

#I1=p
where the coefficients u; are holomorphic functions with moderate growth. The differential of 7 is
given by
0 0,
df(T]) = Z <Z sz + WJCJ_U[)OZ(L‘]‘CZCU[
#I=p ¢l

where the inner sum could as well run over all j € {1,2,...,n}, only that the terms with j € I are

zero. The description of the differential for smooth forms on B is similar, only that this time we

need to choose 2n real coordinate functions on around = = 7(b).

7.5.10. — The real blow-up B comes with the function f: B — PL. We denote by otP! C P!
the half-circle of nonnegative real part, and set 9+ B = f~1(07P!). Let us denote by x the inclusion
of the open complement of 7B into B, so that cohomology on B of the constructible sheaf

Q[373+B] = rik"Cp

is the cohomology of the pair of spaces [B,d" B]. The cohomology of the pair is indeed the rapid
decay cohomology of (X, f) with complex coefficients. We define a morphism of sheaves

. an
e: Ciporp = OB

on B as follows: Given a connected open subset U of B, we have either U N "B # & in which
case Cip g+ 5(U) = 0, or we have UNI* B = & in which case Cjp g+ 5(U) = C and we send A € C
to the function  — Ae/®) on U \ U, which indeed has moderate growth.
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THEOREM 7.5.11 (Poincaré Lemma 1). — The integration map (Q%naB, dy) — Cp pp 1S a quasi-
isomorphism of complexes of sheaves on B. More precisely, for every simply connected open subset

U C B, the morphism of complexes of vector spaces given by integration

v (Q555U),ds) = C op(U)

18 a quasi-isomorphism.

Proor. We must show that for every simply connected open set U C B the complex of vector
spaces
0 C U) 5 08 (17 dy QL dy QM2 (17 df
— Co+p)(U) — OBop(U) — Qpyp(U) — QppU) —— -+
is exact. For notational convenience, let us introduce for 1 < ¢ < n the linear differential operator
Qi(u) = 2= + JLu
and for a subset J C {1,2,...,n} and j € J, let us write sgn,;(j) = (—1)#1€/17<i} 5o that

dzjdz ;3 = sgn;(j)dzs holds. With this notation, the differential of a moderate p-form 1 on U
as in (7.5.9.3) is given by

de(n)= > <ngﬂj(j)Qj(uJ\{j})>d$J

#J=p+1 *jeJ
Let w be a moderate (p + 1)-form on U with ds(w) = 0, and let us show that w = ds(n) for some
moderate p-form 7 on U. We can write w as

Z hydz; 0=d¢(w) = Z <ngnK )Qk hK\{k})>d$K (7.5.11.1)

#J=p+1 #K=p+2 “keK
and consider the largest integer r > 1 for which the implication {1,2,...,r—1}NJ # @ = h; =0
holds. If r = n+ 1 then w = 0 and there is nothing to prove. Reasomng by induction on 7, we only
need to show that there exists a p-form 7, say as given by (7.5.9.3), such that the coefficient of dx ;
in w —ds(n) is zero whenever {1,2,...,r} NJ # @. This amounts to solving a system of linear

partial differential equations in the unknown functions u;. Concretely, this system is given by

0=nhy— > sgn;(/)Q;(ung) (7.5.11.2)
jedJ
with one equation for every subset J C {1,2,...,n} with p + 1 elements, containing at least one

element j < r. Pick any k < r—1and J C {1,...,n} of cardinality p + 1 with h; # 0, and set
K = JU{k}. The term in dy(w) = 0 corresponding to K just reads Qy(hs) = 0 because for any
other s € K we have k € K \ {s}, hence hg\ (s} = 0 and hence Qs(hg\(s3) = 0. For a similar
reason, we will suppose that u; = 0 as soon as I contains an element ¢ < r. One way of solving
(7.5.11.2) is to produce for every subset I C {r,r+1,...,n} a solution uy of the partial differential
equation

() @@ =0 frlss<r (7.5.11.3)

Qr(u) =h
with the given h = hjyy,), knowing that A is holomorphic and has moderate growth and that the
integrability condition

Qs(h)=0 forl<s<r (7.5.11.4)
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holds. If these solutions u; are holomorphic and have moderate growth, then the form n as given
in (7.5.9.3) has the desired properties and the proof is done. The existence of the solutions wuy is

precisely what Theorem 7.5.5 provides. g

7.6. Proof of the comparison isomorphism

We keep the notation and assumptions of the previous section as presented in 7.5.6.

THEOREM 7.6.1 (Comparison isomorphism). — Let k C C be a subfield, let X be a variety over k,
let Y C X a closed subvariety, and f a reqular function on X. The morphism of complex vector

spaces
QX )Y, fn,i] * H(?R(Xa Ya f)(Z) g C—— gi(Xv va f)(l) ®Q C

induced by the period pairing (7.0.0.1) is an isomorphism. Moreover, this isomorphism is functorial
with respect to morphisms of type (a), (b), and (¢) from Definition 4.2.1, and compatible with cup

products.

COROLLARY 7.6.2 (Poincaré Lemma 2). — The integration morphism

(@2 d7) — .Clp o)

s a quasi-isomorphism of complexes of sheaves on X.

PRrROOF. For every integer p > 0, using the definition of the sheaves of differential forms with
moderate growth (7.5.9.2) and the fact that 7 is a proper morphism, we get

am,p - _ an *Oyan,py an P ~anp
T B,0B — W*(OB,aB ®7T*O§(“ s QX ) = W*OB,BB ®OY QY = QY,D'

Therefore, it suffices to show that, for every polydisk U C X, the morphism of chain complexes

Bop(1~ (U)) — Cp gep(n™(U))

given by integration is a quasi-isomorphism. To this end, we choose a covering of 7=1(U) by simply
connected open subsets such that each intersection is simply connected or empty (this exists). The

statement then follows from the Poincaré lemma 7.5.11 and... O

PROOF OF THEOREM 7.6.1. We can suppose that X is smooth and Y empty. Since de Rham
cohomology and rapid decay cohomology are compatible with extension of scalars, we can as well
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assume that £ = C and work with complex coefficients. We then have

HUW (X, f) ~ H"(X, (Q%’Z),df)) (Proposition 7.2.2)

12

H”(Y, Rm,.C*

%o+ p) (Corollary 7.6.2)

12

H"(B,CY i)

12

H"(B,d*B)

12

Hua(X, f) (Corollary 3.5.3)



CHAPTER 8

The period realisation

In this chapter, building on the comparison isomorphism from Chapter 7, we construct a real-
isation functor from M®P (k) to the category PS(k) of period structures over k.

8.1. Period structures

In this section, we introduce a tannakian formalism of period structures to which are associ-
ated period algebras, which permits us to deal abstractly with the situation where we are given
vector spaces over Q (rapid decay cohomology) and over k (de Rham cohomology) and a period
isomorphism between their complexifications. We fix for the whole section a subfield & of C.

DEFINITION 8.1.1. —

(1) A period structure over k is a triple (V, W, «) consisting of a finite-dimensional Q-vector
space V, a finite-dimensional k—vector space W, and an isomorphism of complex vector
spaces a: V ®g C — W ®,, C.

(2) A morphism of period structures (V, W, «) — (V/, W' &) is a pair (fy, gw) consisting of
a Q-linear map fy: V — V' and a k-linear map fy: W — W such that the following

diagram of complex vector spaces commutes:

fr®gid

V®eC V'®gC

@ o

id

Denote the resulting category by PS(k). We equip it with the evident Q-linear monoidal
structure, and regard it as a neutral Q-linear tannakian category with the forgetful functor

(V,W,a) — V

as fibre functor.

217
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DEFINITION 8.1.2. — Let P = (V, W, a) be a period structure, let vy, ..., v, be a basis of V and
let w1, ..., w, be a basis of W. Let a be the matrix of a with respect to the bases vi®1,...,v,®1
of VegCand wi®1,...,w,®1 of W®;C. The period algebra associated with P is the k-algebra A
generated by the coefficients of o and det(a)~!. The period!/field of P is the fraction field of A.

8.1.3. — Let P = (V,W,a) be a period structure. We call Galois group of P the tannakian
fundamental group G of the full tannakian subcategory (P) of PS(k) generated by P. It is a linear
algebraic group over Q. Let A be the period algebra of P. There is a canonical Gg-torsor T,
called torsor of formal periods, and a canonical morphism from Spec(A) to T', which we shall now

construct.

Every object of (P) can be obtained from P by tensor constructions and extracting subquotients.
The category (P) comes equipped with two canonical functors: the fibre functor o with values in
rational vector spaces given by o(V', W’ ') = V', and the other one with values in k-vector spaces
given by 7(V/, W' ') = W’. The group G is the affine group scheme over Q which represents the
following functor:

G: {commutative Q-algebras} — {Groups} G(R) = Aut5(0c ® R).

To give an element of G(R) is to give for every period structure (V/, W' &/) in (P) an R-linear
automorphism gy 7 o/ V'@ R — V'® R, and these automorphisms are required to be compat-
ible with morphisms of period structures and tensor products. In particular, gy ,.) determines
g wr o) for every other object (V/, W', a') of (P), hence G can be viewed as a subgroup of GLy.
The group G = G xq k over k is given by the “same” functor, but now viewed as a functor from
k-algebras to groups.

Next, we wish to understand the torsor of formal periods 7. This shall be a Gy-torsor (aka.

principal homogeneous space), which we first describe as a functor:
T': {commutative k—algebras} — {Sets} T(R) = Isom%(r ®g R, 0 ® R).

The group G (R) acts simply transitively on the set T'(R) on the left, for as long as T'(R) is not
empty. Notice that T(C) contains a canonical element given by (V,W,a) — «, hence T' is not
the empty functor. By representability of torsors under affine group schemes [63, Chapter III,
Theorem 4.3a)], the functor T is representable by an affine scheme of finite type T" over k.

PROPOSITION 8.1.4. — Let P be a period structure with torsor of formal periods T and period

algebra A. There exists a canonical closed immersion of k-schemes e: Spec(A) — T'. Its image is
the Zariski closure of a € T(C).

PROOF. Set T'= Spec(B). The complex point o on T' corresponds to a morphism of k-algebras
B — C, namely the evaluation at «. We claim that the image in C of this evaluation morphism is the
period algebra A. Once this claim is proven, we define €: Spec(A) — T to be the corresponding
morphism of affine schemes. This morphism ¢ is then indeed a closed immersion since A is an
integral ring, and its image is the Zariski closure of a € T'(C) by construction.
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A regular function on 7' is uniquely determined by a regular function on the variety of k-linear
isomorphisms from V ®; k to W, which is affine and contains T as a closed subvariety. Thus,
given bases vi,...,v, of V and wy,...,w, of W, the algebra B is generated by elements b;; and
det((bij)1<ij<n)'. An R-valued point of t € T(R) is an isomorphism ¢: V ®g R — W ®j R and
the evaluation of b;; at ¢ is determined by the formula

tv;®1) = ng@bw

which in the case R = C and t = a shows the desired equality. O

8.1.5. — Here is an alternative, equivalent definition of € as a morphism of representable functors
e: Spec(A) — T. Fix bases of V and W as in the proof of the proposition. For every morphism of
k-algebras f: A — R, we obtain an R-linear isomorphism V ®g R — W ® R given by

( Uz®1 sz(g)faz]

which is independent of the choice of bases and defines an element of T'(R). If g: A — R is another
algebra morphism, then e(f) = e(g) implies f(a;;) = g(asj) for all 1 < i,j < n, hence f = g.
Therefore ¢ is injective.

8.1.6. — Let P = (V,W,a) be a period structure with Galois group G C GLy. We can
characterise the group G as follows: it is the smallest algebraic subgroup of GLy such that there is

a closed k-subscheme T' C Isom(V ® k, W) which is a G-torsor and such that « is a complex point
of T.

DEFINITION 8.1.7. — Let P be a period structure with torsor of formal periods T" and period
algebra A. We say that P is normal if the canonical morphism e: Spec(A) — T is an isomorphism.

8.1.8. — If two period structures P and P’ generate the same tannakian subcategory of PS(k),
then P and P’ have canonically isomorphic Galois groups and period torsors, and their period
algebras are equal. Hence P is normal if and only if P’ is. It is not hard to show that any
substructure, quotient structure or tensor construction of a normal period structure is again normal.

However, the sum of two normal structures might not be normal (see Example (2) below)

ExAMPLE 8.1.9. — It is not hard to give examples of normal and non-normal period structures.

(1) Consider the case k = Q and V = W = Q, so that « is just a complex number. The
period structure (Q, Q, ) is normal if and only if « is transcendental or an n-th root of a
rational number.

(2) By the previous example, both (Q,Q,n) and (Q,Q,w + 1) are normal period struc-
tures. Their sum is however not normal, as the corresponding period algebra is A =
Qlz, 271, (x 4+ 1)) and Spec(A) = A\ {0, —1} is not a torsor under an algebraic group.
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Assuming the formal period conjecture, this means that 7 4+ 1 is not a period of a one-
dimensional motive (although it is of course a period of a two-dimensional motive).

(3) Let F be a finite field extension of k. Let V' be the rational vector space with basis the
complex embeddings 1, ..., @, of F, let wy...,w, be a k-basis of W = F and set

n
alpi @1) = w; @ gi(wy) .
i=1

The period structure (V, W, «) is normal. The period algebra of (V, W, a) is the normali-

sation of F' in C.

PROPOSITION 8.1.10. — Let Py be normal period structure. The following holds:

(0) The unit structure (Q,k,1) is normal.
(1) Every substructure, quotient and tensor construction of Py is normal.

PROOF. Statement (0) is trivial. To prove statement (1), pick any substructure P = (V, W, a) of
Py. The Galois group G of P is a quotient of the Galois group G of Py, and there is a corresponding
surjective morphism of formal period torsors Ty — 7. On R-points, the map To(R) — T(R) is
given by restriction. The period algebra A of P is contained in the period algebra Ay of Py, and
the diagram

Spec(Ag) — Spec(A4)

‘a

T

€0

To

commutes, hence £: Spec(A) — T is surjective, hence an isomorphism. The same argument settles
the case where P is a quotient or a tensor construction of Py, or in fact any object in the tannakian
category (Py) generated by Py, hence statement (1) is proven. O

8.2. The period realisation and the de Rham realisation

In this section, we construct a realisation functor
Rps: M®P(k) — PS(k)

from the category of exponential motives to the category of period structures over k, which we call
the period realisation. As a byproduct, composing with the forgetful functor PS(k) — Vecy, we
shall obtain a fibre functor

Rgr: M (k) — Vecy,

which we call the de Rham realisation, as well as a canonical isomorphism Rqr ®1 C ~ Rp ®g C of

fibre functors on the category of exponential motives.
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8.2.1. — The period realisation functor will be constructed by means of Nori’s universal property
(Theorem 4.1.12). We thus need to define a functor from the quiver of exponential relative varieties
Q®P(k) to the category of period structures PS(k) which is compatible, upon application of the
forgetful functor PS(k) — Vecg, with the standard rapid decay representation, in the sense that
the exterior triangle in diagram (8.2.2.1) below commutes. With every object ¢ = [X,Y, f,n,i] in
QP (k) we associate the period structure

U(Q) = (H(TilR<X7 Y7 f)(2>7 &<X7 Y7 f)(i)aa[X,Y,f,n,i])

where a[xy,f ) 1S the comparison isomorphism from Theorem 7.6.1. Since these isomorphisms
are natural with respect to morphisms of types (a), (b), and (c) by loc.cit. , we obtain in this way
a functor o: Q¥P(k) — PS(k) with values in the category of period structures.

DEFINITION 8.2.2. — The period realisation functor Rpg: M®P(k) — PS(k) is the unique
functor which renders the following diagram commutative:

PS(k)

MOP () \ foreet (8.2.2.1)

QP (k) 4 Vecy.

The de Rham realisation Rar: M“P(k) — Vecy, is the composite of the period realisation functor
and the forgetful functor PS(k) — Vecy.

8.2.3. — The period realisation functor is compatible with tannakian structures. Therefore,
Rar: M®P(k) — Vecy is a fibre functor. The scheme of tensor isomorphisms Isom®(Rqr, Rp ®@gk)
forms a torsor under the motivic exponential Galois group.

Given an object M of M**P(k), we denote by (M) the smallest tannakian subcategory containing
M. Let G be the tannakian fundamental group of M and set

Ty = Isom® (Rar|(my» Rar| vy ®q k)
It is a torsor under GG, defined over k and comes equipped a canonical complex point
anr: Spec(C) — Ty

CONJECTURE 8.2.4. — The k-variety Ty is irreducible and apy is its generic point.

Since Ths it is a torsor under Gy, it is a smooth variety, and hence Ty is irreducible if and
only if Ths is connected. Assuming that Ths is connected, the conjecture amounts to the equality
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of dimensions
dimy, a2 = dimy, Thy = dimg G .

The Zariski closure of o is the spectrum of the period algebra and has dimension the transcendence
degree of the field obtained by adjoining to Q the periods of M.

CONJECTURE 8.2.5. — T is connected

trdeg Q(periods of M) = dim G ;.

aMZar - Tp C TM

Consequence: inclusion Gp < G is an equality. In tannakian terms, the period realisation
functor (M) — (P) is an equivalence of categories, which amounts to say that it is full and the
essential image is stable under subobjects.

CONJECTURE 8.2.6 (Exponential period conjecture). — The period realisation functor is fully
faithful and stable under subobjects. For every motive M, the associated period structure Rpg(M)
s mormal.

8.2.7. — The period conjecture 8.2.6 consists of two statements. The full faithfulness of the
period realisation functor is sometimes referred to as formal period conjecture. Given a motive M
with period structure P = Rpg(M) and writing Gy and G p for the tannakian fundamental groups
of M and P, the formal part of the period conjecture states that the inclusion of algebraic groups

Gp =5 Gy

is an equality. This equality of groups can be verified in many examples, often by some trickery with
algebraic groups and very limited information about the involved periods. The second statement

of Conjecture 8.2.6 is that the period structure P of M is normal.

This leads to the following numerical variant of the exponential period conjecture.

CONJECTURE 8.2.8. — Let M be an exponential motive over Q with motivic Galois group G .
Then

trdeg Q(periods of M) = dim Gy.

The following theorem is nothing else but a restatement of Theorem 7.6.1.

THEOREM 8.2.9. — Let Q®P(k) denote the quiver of exponential relative varieties over k from
Definition 4.2.1. There exists a canonical isomorphism of quiver representations

compp gg Rar ®1 C A Rp ®q C.
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8.3. Motivic exponential periods

PROPOSITION 8.3.1. — The scheme of tensor isomorphisms Isom®(Rqgr, Rg) forms a torsor
under the motivic exponential Galois group.

DEFINITION 8.3.2. — The ring of motivic exponential periods is
Pexp = O(Isom® (Rar, Rp)). (8.3.2.1)

A typical object of P, , is a triple [M,w,y]™ consisting of an exponential motive M in M*®(Q),
together with elements w € Rqr(M) and o € Rg(M)V. Such a triple is called a matriz coefficient
and defines a regular function on the scheme of tensor isomorphisms via

Isom®(Rar, Rp) = Ay, ¢+ (p(w), o).

Indeed, one can show that Pg,

is the Q-algebra generated by the matrix coefficients [M, w, o™
modulo the following two relations:
(i) Bilinearity: for all A1, A9, p1, uo € Q:
[M, Mwr + Agwa, o™ = M [M,wi, o]™ + X[ M, wa, o)™,
(M, w, p1o1 + p2o2]™ = 1 [M,w, 01]™ + p2[M, w, a2]™
(ii) Functoriality: if f: My — My is a morphism in M*P(Q) such that wy = Rgr(f)(w1) and
o1 = Rp(f)Y(02), then

[M1,w1,01|™ = [Ma,ws, o2|™

The product is defined as
(M, wi,01]" [Ma, w2, 02]™ = [M1 @ Ma,wi ® wa, 01 ® o)™
Evaluation at comp € Pg,,(C) yields a map

per: Pg, — C.

The main reason to consider motivic exponential periods is that they come with a new structure,
invisible at the level of numbers:

A: PR — PR @g O(G). (8.3.2.2)

Let e, ..., e, be a basis of Rp(M). Then:
n

AM,w, 4™ =Y [M,w,e)] @ [M,e;,7]. (8.3.2.3)
i=1






CHAPTER 9

The Y-module realisation

In this chapter, we construct a realisation functor from the category of exponential motives to
a tannakian category of Z-modules over the affine line that is the de Rham counterpart of Pervy.
Throughout, & denotes a subfield of the complex numbers and we set A! = Spec k[z]. References:
[55, Chapter 12], [58, 4.2]

9.1. Preliminaries on Z-modules

We start by recollecting some basic facts about Z-modules on algebraic varieties. Standard
references for this section are [14] and [52]. Let X be a variety of dimension d over k. Let Zx be
the sheaf of differential operators on X.

DEFINITION 9.1.1. — A holonomic Px-module is a coherent Zx-module .#Z satisfying the fol-
lowing two properties:

(1) Extly (A, Zx) =0foralli<d
(2) the characteristic variety Char(.#) has dimension d.

Six operations formalism: fy, fT, ft, f1

Introduce regular singular holonomic Z-modules. We denote by Mod,,(Zx) the abelian cate-
gory of regular singular holonomic Z-modules on the variety X.

EXAMPLE 9.1.2. — With each regular function f: X — A! on an algebraic variety X is associated

the locally free Ox-module with connection
£/ = (Ox.d —df).

If f is the composition of morphisms g: X — Y and h: Y — Al, then this Zx-module is equal
to gt&M. In particular, if ¢ denotes a coordinate on A', the equality £/ = f+&? holds.

9.1.3. — Let k = C. Introduce the de Rham functor
DRX (%) == [%an — Q}(an ®Q§(an %an —_— s — Qann ®Q§(an %an],

225
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where .#?" sits in degree —d.

THEOREM 9.1.4 (Riemann-Hilbert correspondence). — Let X be a smooth complex algebraic
variety. The de Rham functor induces an equivalence of categories

DR)(: Modrh(@)() — PeI‘V(X((C), C)

For example, if .# is a vector bundle with connection on X with associated local system F,
the corresponding perverse sheaf is F[dim X].

9.2. Holonomic Z-modules on the affine line

In what follows, we will mainly deal with Z-modules on the affine line. In this case, the ring
of differential operators Z,1 is the Weyl algebra k[z](0), that is, the non-commutative k-algebra
obtained by quotienting the free algebra generated by the polynomial algebras k[z] and k[0,] by
the relation [0, x] = 1. Each element L of the Weyl algebra can be uniquely written as

L = ag(2)0? + ag_1 ()0 ' + -+ - 4+ ap(),

where a; € k[z] are polynomials and ay4 is non-zero; the integer d is called the degree of L.
A Z-module on the affine line is a left k[z](0;)-module of finite type .#. This amounts to the
data of a k[x]-module .Z together with a connection, that is, a k-linear map 0,: .# — .# that
satisfies the Leibniz rule 0;(fm) = foz(m) + 0z(f)m. A Z-module on the affine line .# is said to
be holonomic if every element of .Z is annihilated by a non-zero element of the Weyl algebra.

9.2.1 (Regular and irregular singularities). — Let L(z, ;) = Y. a;(z)d%. be a differential operator
of degree d. The singularities at finite distance of L are the roots of the polynomial a4. If « is such
a root, we say that L has a regular singularity at « if the so-called Fuchs criterium

i —ordy(a;) < d—ordy(aq)

holds for all i = 1,...,d — 1, where ord,(a;) stands for the order of vanishing at a.. Otherwise, we
say that L has an irreqular singularity at o, and we call the integer
irro (L) = max l{i —d+ordy(ag) —ordg(a;)} >0
i=1,...,d—

the irregularity of L at «. To study the behaviour of L at infinity, we make the change of vari-
ables x = 1/t and 9, = —t?0; and consider the operator Loo(t,0;) = Y. a;(1/t)(—=t20,)". We say
that L has a regular (resp. irregular) singularity at infinity if Lo, has a regular (resp. irregular)
singularity at t = 0. Finally, a holonomic D-module .# is said to have regular singularities if every
element of .# is annihilated by a non-zero differential operator with regular singularities.

The Newton polygon of the differential operator L(x,d,) = Z?:o a;(x)0L is the convex hull of
the set of points

{(—i,ord(a;)) | i =0,...,d,a; # 0}
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in R?. The slopes of L are the slopes of this Newton polygon.

EXAMPLE 9.2.2. — The trivial Zi-module Oy is k[x] on which J, acts by derivation. Let
j: A1\ {0} — A! be the inclusion. The functor j; Then:

J1iTOm = D) D03, jrjtOm = D) D20,

The Riemann—Hilbert correspondence sends the Z-module j;j T Oy to the perverse sheaf jij*C[1].

9.3. Additive convolution

9.3.1. — Let m: A! — Spec(k) be the structural morphism.
LEMMA 9.3.2. —

9.3.3. — Let Hol,s(A')g be the full subcategory of Hol,s(A!) consisting of those holonomic
Pp1-modules .# such that the operator 0,: .# — .# is invertible.

DEFINITION 9.3.4. — Let .# and .4 be objects of D(Z,1). The additive convolution of .# and
A is the object
Mk N =sumy (MR N)

of D(Dy1).
9.4. Fourier transform
Since [0y, z] = [z, 0,], the map
FT: k[z](0z) — kly](0y) (9.4.0.1)
x> Oy
Oy — —y

is an isomorphism of k-algebras.

DEFINITION 9.4.1. — Let .# be a Z-module on the affine line AL = Speck[z]. The Fourier
transform of .4 is the same .# viewed as a Z-module on the dual affine line A;; = Spec k[y] through
the isomorphism (9.4.0.1). We shall denote it by FT(.#). Formally,

FT(A) = k[y|(Dy) @pa)(0,) A -

It follows immediately from the definition that Fourier transform preserves holonomicity.
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EXAMPLE 9.4.2. — Let L € k[z](0;) be a differential operator. The Fourier transform of
the Z-module k[x](0,)/L is the Z-module k[y](0,)/FT(L). For example, the Fourier transform of
k[x](0z)/ is

9.4.3. — Let A! = Speck[y] and consider the diagram

Al x A}
2N
1 1
AL Al

PROPOSITION 9.4.4. — The Fourier transform of a Z-module A is defined as

FT(AM) = (py)+(pf A @ E™).

PROOF. O

9.4.5. — The Fourier transform FT and the projector II are compatible with each other in that

there is a canonical isomorphism of functors

FTolIl =, jtFT.

9.4.6. — Let Hol,s(A') be the abelian category of holonomic Z-modules with regular singular-
ities on the affine line.

PROPOSITION 9.4.7. — Via Fourier transform, the category Hol,s(A') is equivalent to the cate-
gory of holonomic Z-modules A on the dual affine line A; which are smooth on A'\ {0}, have a

reqular singularity at 0, and possibly a irregular singularity of exponential type at infinity.

9.4.8. — Let X be a smooth variety together with a regular function f: X — A'. Consider
G,, with coordinate z and A! with coordinate t, and let ¢: X X G,, = G,, and p: A x G,,, = G,y
denote the projection, so that the diagram
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commutes. Let M be a Z-module on X and consider the Z-module N = M X Og,, on X x Gy,.

There are isomorphisms

g+ (N@&d) = p+((f x 1d)4(N @ £)) g=po(f x1d)
~ pi((f xId)+ (N @ (f xId)TE*"))  Example 9.1.2
= p+((f xId)4 N @ £7) Projection formula
= p+((f+M K Og,,) ® ) Kiinneth formula
o p+(pTf+ M ® EF) Kiinneth formula
= JTFET(f+ M) Proposition 9.4.4

9.5. The Z-module realisation
Let PS(A!) be the category whose objects are triples (., C, ) consisting of a regular holonomic
Z-module on A!, a Q-perverse sheaf C' on A'(C), and an isomorphism a: DR(.#) — C ®¢ C.

PRrROPOSITION 9.5.1. — Let X be a smooth variety, let Y C X be a smooth closed subvariety with
open complement B: X \Y < X, and let f: X — A' be a reqular function. For each integer n >0,
the fibre at y = 1 of the Fourier transform of the Zy1-module ™ (f (58T Ox)) is canonically
isomorphic to the de Rham cohomology Hlz (X,Y, f).

PROOF. O

9.6.






CHAPTER 10

The /-adic realisation

10.1. The perverse /-adic realisation

10.2. Reduction modulo p via nearby fibres

Let p be a prime number, ¢ a power of p, and k a finite field with ¢ elements.

trivial sheaf.

10.2.1 (Fourier transform). — Let k = F, be the field with ¢ elements. With an additive
character ¢: F, — @KX , one associates a rank one lisse sheaf £, on A} called the Artin-Schreier
sheaf. It is constructed out of the map x —— x% — x, which defines a finite étale morphism
m: Af — Al with Galois group F,. Thereofore, the étale fundamental group W?t(A}C) surjects onto
Composing with the character ¢ gives the corresponding f-adic representation W‘ft(A}C) —
More geometrically, L, is the isotypical component associated with ¢ in the direct sum
decomposition 7,Q, = 691/) Ly. In particular, if ¢ is the trivial character, then £, = Qy is the

FTQJ,(C) = Rpas (pTC ® ‘C¢($y))

THEOREM 10.2.2 (Laumon). — If C is tamely ramified, then FTy(C) is a lisse sheaf on Gy,.

10.2.3 (Specialisation to characteristic p). —

1 L 1 J 1
AFP AZP A@p
1 1 1
AF? AZP AQP

DEFINITION 10.2.4. — The nearby cycles at p is

RY,C =7*Rj,x*C

231
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DEFINITION 10.2.5 (Sawin). — A perverse sheaf C' on A}@ has good reduction at a prime number
p if the following three conditions hold:

(a) the generic rank of R¥,C is equal to the generic rank of C,
(b) the singularities of C lie in Z,,
(c) the inertia subgroup I, C Gal(Q,/Q,) acts trivially on R¥,C.

EXAMPLE 10.2.6. — Let r € Q and let J,. be the skyscraper sheaf supported at the point r € A(b.
If r = 0, then 0y has good reduction everywhere. If r is non-zero, we write r = a/b with a and b
coprime integers. Then §, has good reduction at p if and only if p does not divide b.

ExXAMPLE 10.2.7. — The perverse sheaf jiL,,[1] has bad reduction at p = 2.
RYp(m.Qq[1]) = Q[1] & RYp(51Ly,[1])

THEOREM 10.2.8 (Sawin). — If C; and Cy have good reduction at p, then
RV, (Cy % C) = RY,(Ch) * RY,,(Cy).
From this, we immediately derive that, if C' has good reduction at p, then
I(RY,(C)) = Rp(C) # jij* Qe[1] = RYp(C  jij* Qe[1]) = RY,(IL(C)).

Therefore, R¥,, restricts to a functor from Pervo(Aé,@g) to Pervo(A% , Q)
p

THEOREM 10.2.9 (Sawin). — Let S be a finite set of prime numbers including ¢ and let CCg
be the full subcategory of Pervo(Ab,@g) consisting of those objects with good reduction outside S.

For each prime p ¢ S and each non-trivial additive character 1, the functor
C HO(A%]D, RVY,C ® Ly)

is a fibre functor CCg — Vec@. The Frobenius at p is an automorphism of this functor.

10.3. L-functions of exponential motives



CHAPTER 11

Exponential Hodge theory

In this chapter, we construct a Hodge realisation functor from the category of exponential mo-
tives to a subcategory of mixed Hodge modules over the complex affine line—parallel to Pervy—
that Kontsevich and Soibelman call exponential mixed Hodge structures. Throughout, “Hodge
structure” means rational mixed Hodge structure. We always suppose them to be graded polar-
isable, that is, each pure subquotient admits a polarisation. We denote the category of Hodge
structures by MHS. It is a Q-linear neutral tannakian category, with respect to the forgetful
functor

f+ MHS — Vecq.

11.1. Reminder on mixed Hodge modules

The theory of Hodge modules is a long story—we will recite here a few essential properties
of categories of mixed Hodge modules, and give a brief description of their construction. For a
thorough introduction see [77, 72].

DEFINITION 11.1.1. — Let X be a complex algebraic variety. A pre-mized Hodge module on X
consists of the following data:

e A rational perverse sheaf L, together with an increasing filtration WeL by perverse sub-
sheaves.

e A regular holonomic Zx-module M, together with an increasing filtration W, M and a
good filtration F* M.

e An isomorphism o: DR(M) ~ L ®g C under which W, M corresponds to W,L ®q C.

Pre-mixed Hodge modules form a category and mixed Hodge modules are defined inductively
as a subcategory of them.

11.1.2. — For every complex algebraic variety X, there is an abelian category MHM(X) of
mixed Hodge modules on X, and a functor

rat: MHM(X) — Perv(X)

233



234 11. EXPONENTIAL HODGE THEORY

which is exact and faithful, so we may look at mixed Hodge modules as perverse sheaves with extra
data, though the functor rat is not essentially surjective. Categories of mixed Hodge modules (or
better: their bounded derived categories) enjoy a six functors formalism, which is compatible with
the functor rat. If X is a point, then the category MHM(X) is the category of mixed Hodge
structures (recall the proviso that they are assumed to be graded polarisable).

11.1.3. — Let X be a smooth, connected algebraic variety of dimension n, and let V' be
a variation of mixed Hodge structures on X. There is a mixed Hodge module on X naturally
associated with V', which we shall denote by V[n]. As the notation suggests, its underlying perverse

sheaf is the local system underlying V' shifted to degree —n.
Mixed Hodge modules come with a functorial, exact weight filtration.

A formal consequence of the six functors formalism for mixed Hodge modules is that we can
define additive convolution on MHM(C) as we did for perverse sheaves in 2.4.1.

When X is a point, MHM(X) is nothing but the category of mixed Hodge structures (recall
the proviso that they are assumed to be graded polarisable).

11.2. Exponential mixed Hodge structures

DEFINITION 11.2.1 (Kontsevich-Soibelman). — An ezponential mized Hodge structure is a mixed
Hodge module on the complex affine line C whose underlying perverse sheaf belongs to Pervy. We
denote the corresponding full subcategory by EMHS.

ExaMPLE 11.2.2. — Of particular interest are the exponential mixed Hodge structures

E(s) = j(s)j(s) 7 Q[1],
where II: Al — Spec C is the structure morphism, j(s): C\ {s} — C the inclusion, and Q = Q(0)
stands for the one-dimensional Hodge structure of weight 0, regarded as a Hodge module on the
point. The perverse sheaf underlying F(0) was introduced under the same name in Example 2.3.4.

The inclusion of EMHS into MHM(C) admits as a left adjoint the exact idempotent functor

II: MHM(C) — EMHS
M —s M x E(0).

DEFINITION 11.2.3. — We call canonical the functor .: MHS — EMHS which sends H to the
exponential mixed Hodge structure «(H) = I1(i. H ), where i: {0} < C is the inclusion. Explicitly,

W(H) = jij*n HI[1].

Observe that ((H) has singularities only at 0 and trivial monodromy.
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LEMMA 11.2.4. — The canonical functor : MHS — EMHS is fully faithful, and its essential

image is stable under taking quotients and subobjects.

PROOF. The canonical functor .: MHS — EMHS is exact and faithful, because the functors
71, 7* and 7* are so. To check that the canonical functor is full, let V' and W be Hodge structures,
and let

Fi g VII=1) = gt W (-1)
be a morphism of Hodge modules. The perverse sheaf underlying jij*7*V[1](—1) is a constant local
system on C* given by the rational vector space underlying V(—1) in degree —1, and its fibre over
0 € C is zero. The same holds for W. Therefore, if f induces the zero morphism on the fibre over
any z # 0, then f is the zero morphism. Let i1 : {1} — C be the inclusion. The fibre of f over 1 is
the morphism
i) i T VIL(=1) = i T WL(-1)

induced by f. The fibre ijj*7*V[1](—1) is the Hodge structure V(—1) put in degree —1. After
twisting and shifting we obtain thus a morphism of Hodge structures f; : V. — W. The difference
f —1(f1) is then a morphism of Hodge modules and its fibre over 1 is zero, hence f = ¢(f1). Let us
now check that the essential image of the canonical functor is stable under taking subobjects. Let
V be a Hodge structure, and let M C jj*7*V[1](—1) be a subobject of in the category EMHS.
Applying the left exact functor m.j.j*(—)[—1](1) we obtain a subobject

W =m e " M[—1](1) C mefuj m*V =V

in the category of Hodge structures. Applying j*7*(—)[1](—1), using adjunction and applying ji
yields a morphism

J T WII(=1) = M C jij*r*VI1)(-1)
and we need to show that the morphism of Hodge modules j,5*7*W[1](—1) — M is an isomorphism.
This is indeed the case, since the morphism of underlying perverse sheaves one obtains by applying
the functor rat is an isomorphism. This shows that the essential image of the canonical functor is

stable under taking subobjects, hence also under taking quotients. [

REMARK 11.2.5. — Contrary to what is claimed in [58, p.262], the image of the canonical
functor does not form a Serre subcategory of EMHS, i.e. is not stable under extension. Here is
an example. Every graded polarisable variation of mixed Hodge structures V on C* determines a
mixed Hodge module V[1] on C* with the evident underlying perverse sheaf. For example we may
consider the variation of mixed Hodge structure whose fibre over z € C is the Hodge realisation of
the 1-motive [Z % C*] given by u(1) = z. This variation V sits in a short exact sequence

0-Q(1) -V —-0Q—0

and applying ji1(—)[1] yields an exact sequence in EMHS. While the first and last term in this
sequence come from Hodge structures via the canonical functor, the object in the middle does not,
as the underlying perverse sheaf has a non-trivial monodromy around 0.

ProroSITION 11.2.6. —
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(1) Exponential mized Hodge structures form a Q-linear tannakian category. A fibre functor
1s given by the composite of the forgetful functor EMHS — Pervg and the fibre functor
V. : Pervy — Vecq.

(2) The functors MHS — EMHS — Pervg are functors of tannakian categories, compatible
with the given fibre functors. Their composite is the trivial functor, which sends a mized
Hodge structure V' to the perverse sheaf j15* f(V)[1].

PROOF. O

11.3. Intermezzo: extensions of groups from the tannakian point of view

Let F and H be groups. By an extension of F' by H one understands a group G sitting in
an exact sequence 1 - H — G — F — 1. The problem of classifying all extensions of F' by
H is a classical problem in group theory, systematically studied by Schreier, Zassenhaus, Schur,
Eilenberg, Mac Lane and many others. Two types of extensions are particularly well understood:
semidirect products and extensions by abelian groups. A semidirect product or also split extension
is an extension such that the quotient map G — F' admits a section F' — G. The group F' acts
via this section on H by conjugation, and conversely, any action «: F — Aut(H) defines a split
extension of F' by H by considering on the set G = H x F' the group law

(b, YW ) = (ha(£)(R), f£7).

Central extensions are those where H is contained in the centre of GG, hence in particular is com-
mutative. Central extensions of F' by H up to equivalence form a commutative group Ext!(F, H),
with the Baer sum as group law. This group is naturally isomorphic to the group cohomology
H?(F,H), where H is regarded as an F-module with trivial F-action. Given a central exten-
sion 1 - H - G — F — 1, the corresponding cohomology class is represented by the cocycle
c: F x F — H given by
o(f. 1) = s(H () s(f 1)

where s : F' — G is any map, not necessarily a group homomorphism, whose composition with
the quotient map G — F' is the identity on F. The generalisation to not necessarily central
extensions of F' by an abelian group H is not difficult. Such extensions are also classified by group
cohomology H?(F, H), but now with the possibly nontrivial action of F' on H corresponding to
the conjugation action. The even more general case where F' is not necessarily commutative was
worked out by Schreier [78] and Eilenberg—Mac Lane [32]. It inevitably leads to non-commutative

group cohomology.

More generally, one would like to classify group extensions in a topos. A complete geometric
solution to this problem was given by Grothendieck and Giraud [40], and later a cohomological
interpretation was given by Breen [16]. A new problem that arises in this generality which was not
seen in the elementary case of extensions of abstract groups is that in a general topos, an extension
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1— H — G — F — 1 defines an H-torsor over F' which need not be trivial. So, unlike in the case
of abstract groups, there is not always a morphism s : F' — G which splits the surjection G — F.

We are interested in certain extensions of affine group schemes 1 - H — G — F' — 1, namely
those where the Hopf algebra underlying G is, as a coalgebra, isomorphic to the tensor product of
the coalgebras associated with H and F. In other words, we are interested in certain extensions
of commutative group objects in the category of not necessarily commutative coalgebras. Such
extensions arise naturally when one tries to turn the vanishing cyles functor for exponential Hodge-
structures into a tensor functor. Indeed, this vanishing cyles functor takes values in the category of
what Scherk and Steenbrink call zi-Hodge structure in [76], that is, mixed Hodge structures with
an automorphism of finite order. The category MHS” of p-Hodge structures comes equipped with
a symmetric tensor product, not the obvious one, which turns it into a tannakian category. The

tannakian fundamental group sits in an extension
07— 71 (MHS?) — 7 (MHS) — 1

which is exactly of the nature described above: as an abelian category MHS" is the obvious
thing, morphisms are morphisms of Hodge structures compatible with the automorphisms, so the
coalgebra underlying the affine group scheme 7 (MHSﬁ ) is the tautological one. The commutative
multiplication turning this coalgebra into a commutative Hopf algebra corresponds to the special
tensor product we are considering.

The plan for this section is as follows: after fixing conventions, we start by describing extensions
of group schemes in terms of tannakian categories and in terms of Hopf algebras. That done, we
translate classical constructions from group theory such as semidirect products and the classification
of extensions, in particular commutative extensions, by group cohomology into the language of
coalgebras. In particular, we show how to use 2-cocycles to describe extensions of Hopf algebras.

PROPOSITION 11.3.1. — Let K - A 25 E 5 B = K be morphisms of commutative Hopf
algebras. The corresponding sequence of affine group schemes 1 — Spec B — Spec E — Spec A — 1
is exact if and only if the morphism p: A — E is injective, i: E — B is surjective, and

ker(i) = E - p(A™)

where A* =ker(eq: A — K) is the augmentation ideal of A.

11.3.2. — Let A and B be commutative Hopf algebras and set F' = Spec A and H = Spec B. By
an extension of B by A we understand a sequence of (not necessarily commutative) Hopf algebras

KA E B K

where p: A — E is injective, i: E — B is surjective, and ker(i) = E - p(A™"), up to the usual
notion of equivalence. Commutative extensions, that means those where the multiplication on E
is commutative, are in one to one correspondence with extensions of the group scheme F by the
group scheme H. Let us denote by EXT(B, A) the set of all (equivalence classes of) extensions of
B by A and by

CEXT(B,A) C EXT(B,A)
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the subset of commutative extensions. These are just pointed sets, with the trivial extension
A ® B as distinguished element. Every commutative extension E of B by A defines an H-torsor
G = Spec E over the scheme F, corresponding to an element tg € Hflppf(F ,H). If G is trivial as an
H-torsor, or in other words if t¢ = 0, then G is isomorphic as a scheme to F' x H. Let us denote by

EXT,.(A4, B) C CEXT(A4, B)

the subset of EXT(A, B) consisting of those extensions whose underlying algebra is A ® B with
the commutative multiplication my ® mp, obtained from the multiplication m4 on A and mp
on B. To give an element of EXT,,(A, B) is to give a group structure on the scheme H x F
which is compatible with the inclusion H — H x F' and the projection H x F' — F', or else, a
comultiplication on the commutative algebra (A ® B,m4 ® mp) compatible with the morphisms
A® B — A and B — A® B. The following bijection is tautological:
EXT,(A, B) L= {Comult.iplicat'ions on the algebra (A®B, ma®mp) which are} '
compatible with the morphisms A B — Aand B - A® B
Instead of considering extensions with fixed underlying scheme H x F', that is, keeping the algebra
structure ma4 ® mp on A ® B and modifying the comultiplication, we can also consider extensions
which arise by keeping the coalgebra structure u4 ® up on A® B and letting the algebra structure
vary. Let us denote by
EXT,(A, B) C EXT(A, B)

the subset consisting of those extensions whose underlying coalgebra is (A ® B, pua ® pup). The
following bijection is tautological:
EXT, (4, B) N {Multipl.icatior'ls on the coalgebra (A® B, pa® pp) which are} '
compatible with the morphisms A B —+ Aand B - A® B
In categorical terms, this means we consider Rep(H x F') = Comod(A® B) as an abelian category,
and seek to modify the tensor product on it. The situation is not completely symmetric, since in
our setup we require A and B to be commutative, but not necessarily cocommutative. Let

CEXT, (A, B) C CEXT(A, B)

be the subset of commutative extensions of B by A with underlying coalgebra (A ® B, us ® up).
Again we have a tautological bijection
CEXT,(4, B) N {Commutati've mu?tiplications OI.l the coalgebra (AQ B, ua®up) which} .
are compatible with the morphisms AQ B+ Aand B> A® B

Any such commutative extension of Hopf algebras gives rise to an extension of affine group schemes
1> H — G — F — 1. If the corresponding torsor class tg € Hflppf(F, H) is zero, then the
multiplication on A® B is m4 ® mp and the comultiplication is 4 ® pp, so the extension is trivial.
In other words, the following map of pointed sets has trivial kernel:

CEXT,(A, B) = Hy, o (F, H).

ExaMpPLE 11.3.3. — Let C be the tannakian category of Z-graded rational vector spaces, with
its usual tensor product and the forgetful functor as fibre functor. Its tannakian fundamental group
is the multiplicative group G,,. Let C* denote the category of pairs (V,T) consisting of a graded
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vector space V' and a finite order automorphism 7" of V' respecting the grading. The category CFis
abelian and semisimple, and as such equivalent to the category of representations of 7 x G,n. The
simple objects are those (V,T') where V is pure for the given grading and has no proper T-invariant
subspaces. If T' has order exactly n, then V' has dimension ¢(n) and the characteristic polynomial
of T is the cyclotomic polynomial ®,(X). Let us denote by

Q(k,n) keZ, ne&clZs,

the simple object (V,T) where V has degree k and T has order n. Simple objects of C are those
of the form Q(k, 1). They are of dimension 1. For o € Q, set V¢ = ker(T — exp(—27ia)) CV & C,
so that we have an eigenspace decomposition
veC = H ve.
@€QN(—1,0]
Note that each V' inherits a grading from V. We define the tensor product of two objects (V,T)
and (V',T") of C* by
V.oV T =VeV ,TeT),
where V @ V' has the following grading:

e (VeaV) = [P @, (V) | n(ve V)
a,B 1,7

where, as before, the sums run over all o, 5 € Q N (—1,0] and all integres 4, j satisfying
k ifa=0o0r =0,
1+7=qk—-2 ifa+p=-1,
k—1 else.

Let us see what happens with simple objects. If either n; or no is equal to 1, say no = 1, then

we have

Q(k1,n1) @ Q(k2,1) = Q(k1 + k2, 1)
for all k1, ko, n1. Suppose now that n; # 1 and ng # 1, and let N be the least common multiple of
n1 and ny. We have

Q(k1,m) ® Q(ka,n2) = Q1 + k2 + 2,17 ™D 6 @B Qkr + ko +1,d)7m72)
d|N, d#1

where 7(n1,n2,d)¢(d) is the number of pairs (a1,a2) € (Z/NZ)? where a; has order ny, as has
order ny and a; + a9 has order d. For example

Q(0,100) ® Q(0,100) = Q(2,1)* @ Q(1,2)° ® Q(1,5)" ® Q(1,10)*° ® Q(1,25)* @ Q(1, 50)*

which is 1600 = ¢(100)? = 40p(0) + 40p(1) + 40p(5) + 40p(10) + 30(25) + 30¢(50) on the level
of dimensions. If (n1,n2) = 1, then

Q(k1,m1) ® Q(k2,n2) = Q(k1 + k2 + 1,n1n2)
holds, and if p is a prime, then
Q(k1,p) ® Q(ka,p) = Q(k1 + ko +1,p)P 2 @ Q(ky + ko +2,1)7 7
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11.3.4. — We now start adapting the theory of group extensions a la Schreier to the framework of
Hopf algebras. More precisely, we replace groups with group objects in the category of K-coalgebras.
Ultimately we are only concerned with commutative group objects, that is, commutative Hopf
algebras, yet we need to start with semidirect products.

DEerFINITION 11.3.5. — Let A and B be Hopf algebras. An action of B on A is a linear map
7:B® A — A such that the following diagrams commute.

BeBoA 2~ BoA KoA -2 Bga B—24 . BwA
mp®l r T n ;
B® A A A K “
BoAowA 2% BeBoAsA > BoAsBeA
1®ma TQRT
B® A T A oA A® A

We call trivial action the action defined by 7(b ® a) = eg(b)a.

11.3.6. — Let A and B be Hopf algebras, and let 7: B ® A — A be an action of B on A. We

can use T to define a multiplication m, on the coalgebra A ® B as the following composite.

1 1®1
A Bo Ao B 2228 Yo BeBo A® B

X1 (11.3.6.1)

A9Bo Ao BoB T A0 A0 BB 249", Ag B

It is straightforward to check that the so defined map m, : A B A® B - A® B is indeed
a multiplication on A ® B, compatible with the comultiplication g4 ® g, so that together they
combine to a Hopf algebra structure on A® B. We call this a semidirect product. The trivial action
induces this way the multiplication m4 ® mp. Reciprocally, given an extension of Hopf algebras of
the form

K— A28, (A Bm) 22 B K

where on A ® B the Comultiplication is u4 ® up, we obtain an action 7, of B on A as follows.

BoA BeB®A A® B -5 4

X1 m (11.3.6.2)

ea®1 1®e eA®1
BoA® B (ea®1)®(1®ep)®(ea®ip) (A @ B)®3

It is straightforward to check that the so defined map 7,,, : A BRA®B — A® B is indeed an
action of B on A. If the multiplication m = m, is obtained from a given action 7: B A — A, so
that (A ® B,m;) is a semidirect coproduct, we recover 7 from m, - this is the content of Lemma
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11.3.7. On the other hand, a multiplication m on A ® B can in general not be recovered from its
induced action 7,,. In particular, we notice that if the multiplication m on A ® B is commutative,
then the induced action 7, is trivial, and the trivial action induces the multiplication m4 ® mp on
A®B.

LEMMA 11.3.7. — Let 7: B® A — A be an action of B on A, and let m, : (A® B)? - A® B
be the multiplication of the corresponding semidirect product, as defined by (11.3.6.1). The action
of B on A defined by means of (11.3.6.2) is equal to T.

PROOF. The product m, is expressed by

mr(a®bd @) = Z at(by ® a’) @ bab/

Let us pick an element a ® b of A ® B and check that it gets sent to 7(b ® a) by the composite
(11.3.6.2). The element a ® b is mapped to

Y 1eb)®@el)®(1eis(b))

in (A® B)3. Multiplying the three terms together with m, we obtain the element

> (b1 ®a) @ bip(bs) = Y 7(b1 @ a) @ by

of A® B. Here we used the coassociativity of up and property b = > biig(bs) of the antipode.
Finally, applying 1 ® ep yields the element

> e(b)r(hr®a) =T(b®a)

of A as desired. In this last step, we used the property b = > e(ba)b; of the counit and bilinearity
of 7. O

11.3.8. — We call an extension K -+ A 2+ E - B » K , where the coalgebra underlying F
is (A® B, pua ® puB), central if the action of B on A is trivial.

CEXT,(A, B) C ZEXT, (A, B) C EXT,(A, B)

DEFINITION 11.3.9. — Let A and B be commutative Hopf algebras. A 2-cocycle of B with
coefficients in A (for the trivial action of B on A) is a morphism of coalgebras ¢: B® B — A such

that the following diagram commutes

epRIRIRYI®MpB

B B ! A?
N%L ma (11.3.9.1)
6 mpRIRIR1IRQe B4 c®c A2 ma A
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The multiplication induced by ¢ on A ® B is the map m. : (A ® B)? — A® B defined by linearity
and

mela®@b@d @) = Z aa’c(by @ by) @ bably

foralla@b®ad @b € (A® B)>.

11.3.10. — Let A be a commutative Hopf algebra over K with unite : K — A, counite: A — K,
multiplication m : A® A — A, comultiplication 4 : A - A® A, and antipode i : A — A. As is
customary, we write the multiplication of two elements m(a®b) just as ab, and the comultiplication
of an element a as

pla) =) a1 ®ay (1@ p)(pa) = (o) (ua) =) a®aca

for as long as no confusion seems to arise (but maybe it’s already too late for that concern).
The category of representations of the affine group scheme Spec A is canonically equivalent to the
category of A-comodules. As an abelian category, it only depends on A as a coalgebra. The algebra
structure on A corresponds to the tensor product, and the existence of the antipode is equivalent
to the existence of duals. We now seek to produce multiplications m,: A ® A — A such that
(A e, e, pu,mr, i) is a commutative Hopf algebra for an antipode i, : A — A. Let us call symmetric
2-cocycle any symmetric bilinear map

T:ARA—- K

which, seen as an element of the algebra (A ® A)V, is invertible with inverse 771, and satisfies the
following cocycle condition:

Z 7(a1 ® b1)T(azb ® c) = ZT(a ® baco)T(by ® 1)

As the notion suggests, we can use such a cocycle in order to twist the originally given multiplication
m to a new multiplication m.. It is defined by

mr(a®b) = Z (a1 ® b1)a2527'71(a3 ® b3)

for all a,b € A, and we call it twisted multiplication. It will turn out that A, equipped with this
twisted multiplication instead of the original one, is again a Hopf algebra. The new antipode will
be given by

ir(a) =) (a1 ®i(az))asT " (i(as) ® as)

for a € A, and we call it twisted antipode.

PROPOSITION 11.3.11. — Let A = (A, e, &, pu,m, 1) be a commutative Hopf algebra and let 7: A®
A — K be a symmetric 2-cocycle. With the twisted multiplication m., the twisted antipode i and

the original unit, counit and comultiplication, A is a commutative Hopf algebra (A, e, e, pn,mr,ir).
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ProOF. All required properties of m, and i, are straightforward to verify. Before we start
checking a few of them, we notice that the map 77': A® A — K is in general not a cocycle, but

is symmetric and satisfies

Z 7 HNatby ® )77 Haz @ by) = Z T Ha®@bier)T by ® c2)

for all a,b,c € A. With this relation in hand, we verify associativity of m..
mr(m-(a®b)®@c) = ZmT 7(ay ® by)agbyt (a3 ® bs) @ ¢)

= Z T(a1 ® b1)7T(azby ® 02)a3b3037_1(a4b4 ® 04)7'_1(@5 ® bs)

= Z 7(az ® baca)T(by @ ¢1)azbses (ag @ baca)T L (bs @ ¢5)

= Z mr(a® 7(by @ c1)bacat  (bs ® c3))

= mr(a®@m (b®c))

That m, is commutative is an immediate consequence of the requirement that 7 is symmetric. [0

11.3.12. — Let A = (A, e e, u,m,i) be a commutative Hopf algebra, and let n: A® A — A
be a symmetric bilinear map such that A’ = (A, e, e, u,n,j) is a Hopf algebra, for some antipode
j. Recall that if a bialgebra admits an antipode, it is unique. We want to fabricate a symmetric

2-cocycle 7 such that n = m., holds.

PROPOSITION 11.3.13. — Let H - G 25 F be morphisms of profinite groups.

(1) The morphism i is injective if and only if for every finite H-set S there ezists a finite
G-set T and an injective map of H-sets S — T.
(2) The morphism p is surjective if and only if the functor p*: Set(H) — Set(G) is full.

PROOF. O

ProrosiTIiON 11.3.14. — Let G be a profinite group. Two closed subgroups H and N of G are
equal if and only if for every finite G-set S, the equality S? = SN holds.

Proor. If the closed subgroups H and N of G are distinct, there exists an open normal
subgroup U of G such that H/(HNU) and N/(N NU) are distinct in G/U. Up to replacing G by
G /U, we may thus assume without loss of generality that G is finite. Let S be the set of all subsets
of G, on which G acts by left translation: gX = {gz|x € X} for X € S a subset of G. The set
H € § is a fixed point for the restricted action of H on X, hence by assumption it is a fixed point
for the action of N on G. In other words, the equality NH = H holds, whence N C H, and thus
N = H by symmetry. g
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11.4. A fundamental exact sequence

We have introduced two canonical functors relating exponential Hodge structures to more
benign objects. The first one is the inclusion e: MHS — EMHS sending an ordinary Hodge
structure to corresponding constant exponential Hodge structure, and the second one is the functor
r: EMHS — Perv associating with an exponential Hodge structure its underlying perverse sheaf.
The functors

MHS = EMHS — Perv,

are compatible with tensor products and with fibre functors. The composite of these functors is the
trivial functor. From the point of view of tannakian fundamental groups, this means that the two
functors induce morphisms of group schemes i: 7 (Pervy) — 71 (EMHS) and p: 71 (EMHS) —
m1(MHS) whose composite is the trivial morphism. The following theorem answers the question
at hand.

THEOREM 11.4.1. — The sequence of group schemes over Q
1 (Pervy) — w1 (EMHS) -2 7 (MHS) —> 1 (11.4.1.1)
induced by the canonical functors e: MHS — EMHS and r: EMHS — Pervg is exact.

11.4.2. — Before going into the proof, let us make a few comments. First, the morphism
i: m1(Pervy) — m (EMHS) is not a closed immersion since there are objects in Pervy which are
not isomorphic to a subquotient of an object underlying a mixed Hodge module. However, if one
starts with an object M in EMHS, the fundamental group fits into an exact sequence

1 — m(Rp(M))®) — 1 ((M)®) — 1 ((M)® N MHS) —> 1.

where (—)® stands for “tannakian category generated by”. Indeed, we can understand the image
of 7 as the tannakian fundamental group of the tannakian subcategory of Pervy generated by all
objects which underlie an exponential Hodge structure. Our second comment is that the surjective
morphism p has no section. Indeed, a section of p would provide a functor of tannakian categories
EMHS — MHS such that the composition with the canonical functor ¢: MHS — EMHS is
isomorphic to the identity. But this is not possible, since in EMHS one has a square root of Q(—1)
which does not exist in the category of mixed Hodge structures. However, as we will see in the
next section, the corresponding exact sequence of Lie algebras is split.

PrOOF OF THEOREM 11.4.1. A morphism of affine group schemes G — F' is surjective if and
only if the corresponding functor Rep(F') — Rep(G) is fully faithful, with essential image stable
under taking subobjects and quotients. Surjectivity of the morphism p in the statement of the
theorem follows thus from Lemma 11.2.4. It remains to show exactness in the middle. In order
to apply the exactness criterion given in Proposition A.3.4 we need to interpret categorically what
invariants under the kernel of p are. Let G — F' be a surjective morphism of affine group schemes
with kernel N. The functor V — V! from representations of G to representations of F' is right
adjoint to the functor Rep(F) — Rep(G). Let thus ¢ : EMHS — MHS be the right adjoint of
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the canonical functor e, and denote by F(0) the unit object in Pervy. We need to verify that the

two following statements are true.

(1) Let M be an object of EMHS. The morphism
Homperv, (E(0), rec(M)) — Homperv, (£(0),7(M))

induced by the adjunction map ec(M) — M is an isomorphism.

(2) Let E be a one-dimensional object of Pervy obtained as a subquotient of an object un-
derlying an exponential Hodge structure. Then FE itself underlies an exponential Hodge

structure.

Statement (1) follows formally from the existence of a six operations formalism for Hodge mod-
ules which is compatible with the six operations for perverse sheaves via the forgetful functors r
associating with a Hodge module on a variety its underlying perverse sheaf on the same variety.
Let II: A\ {0} — Speck be the structral morphism and j: Al \ {0} — A! be the inclusion. The
functor e is the functor jim* from Hodge modules on the point to Hodge modules on the affine line.
Its right adjoint is the functor ¢ = m,j'. The functors ¢ and e commut with r, so we find

Hompery, (E(0),7(M)) = Hompery,(eQ,r(M))
= Homvyec(Q, cr(M))
= Hompervy, (€Q, ecr(M))
= Homperv, (E(0), rec(M))

using that F(0) = eQ and that e is fully faithful. As for statement (2), recall that a one-dimensional
object of Pervy is determined up to isomorphism by the data of its only singularity s € k C C, and
by the eigenvalue A € Q* of the local monodromy operator near s. The local monodromy operators
of any Hodge module on A! are quasi-unipotent. Hence if a one-dimensional object of Pervy is
a subquotient of an object underlying an exponential Hodge structure, then its local monodromy
is either the identity, in which case it underlies the exponential Hodge structure E(s), or its local
monodromy is multiplication by —1, in which case it underlies the exponential Hodge structure
E(s) @ Q(3). O

11.5. The Hodge realisation of exponential motives

Rigag : M®P (k) — EMHS (11.5.0.1)

CONJECTURE 11.5.1. — The Hodge realisation functor M®P (k) — EMHS is full.
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11.5.2. — Conjecture 11.5.1 enables us to control to a certain extent extension groups of

exponential motives. For example, assuming the conjecture, the morphism of vector spaces
Extyge () (M1, Ma) = Extyvms (Ridg (M1), Ruag(Mz))

is injective for all exponential motives M; and Ms. We can use this to gain some heuristics about
the nature of the extension groups Exty gexp () (Q(0),Q(a)) for integers a.

11.6. The vanishing cycles functor

Let C denote the complex affine line with coordinate . For each z € C and each mixed Hodge
module M on A!, the vanishing cycles ¢, _, M form a mixed Hodge module on the point {z}, hence

a mixed Hodge structure. We consider the functor:
¢: EMHS — MHS

M — P pa—-M. (11.6.0.1)
zeC

Observe that the sum is finite, since ¢,_, M = 0 unless z is a singular point of M.

PROPOSITION 11.6.1. — The functor ® is compatible with the fibre functors.
PRrOOF. O

The composition of ® with the canonical functor MHS — EMHS is the identity. Observe
that this refrains ® from being a tensor functor, since EMHS contains a square root of the object
I1(7,Q(—1)). To remedy this, we shall rather consider ® with values in an enriched category, which
takes into account the monodromy of vanishing cycles as well.

11.6.1. p-mixed Hodge structures.

DEFINITION 11.6.2. — A ji-mixed Hodge structure is a pair (H,T') consisting of a mixed Hodge
structure and a finite order automorphism of mixed Hodge structures T: H — H. Together with
the obvious morphisms, p-mixed Hodge structures form a category which will be denoted by MHS".

For each rational number a € Q, let H* = ker(T' — exp(—2mia)) C H ®g C, so there is a direct

sum decomposition

HogC= & H™
aeQn(—1,0]

Following [76, p.661], we define the tensor product!
Hy ®@" Hy
of two p-mixed Hodge structures (Hy,71) and (Hg,T%) as follows:

IThis is called join in loc. cit. Note that there is a misprint in the definition of the weight filtration.
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(i) the underlying rational vector space is the tensor product of the underlying vector spaces
H, ® Hy, together with the automorphism 77 ® T5;
(ii) the weight filtration is given by

Wi(Hy @ Hy) = [ @D Wil @ WHS | N (H, ® H),
NERY

where the sum is over pairs of integers (4, 7) such that
k ifa=0o0r =0,
i+j=<{k—-2 ifat+f=—1,
k—1 else;
(iii) the Hodge filtration is given by
FP(H, @F Hy) =P FrH} @ F'HY,
a8kt

where the sum is over pairs of integers (k,¢) such that

p ita+p8> -1,
p—1 ifatBf<—1

k+ 0=

One checks that, equipped with these new filtrations, Hy @ Hy is again a mixed Hodge structure.
Note that the inclusion MHS — MHS# sending a Hodge structure H to (H,id) is a tensor functor,
but the forgetful functor MHS” — MHS is not.

11.6.2. The enriched vanishing cycles functor. Recall that each ¢,_, M comes together
with a monodromy operator T'. If Ty denotes its semisimple part, the pair (¢,—.M,T) defines a
p-mixed Hodge structure. We get thus a functor with values in MHS#. The following theorem of
Saito [74] asserts that it is compatible with the tensor structures on both sides:

THEOREM 11.6.3 (Saito). — The functor ¢*: EMHS — MHS" is a tensor functor.

REMARK 11.6.4. — Let M be the square root of I1(i,Q(—1)) in EMHS. Then /(M) is the
Hodge structure Q(0) equipped with the automorphism —Id. Its tensor square is Q(—1) together
with the trivial automorphism, which solves the problem we encountered before.

THEOREM 11.6.5. — The corresponding exact sequence of Lie algebras is split, and a splitting
is given by the vanishing cycles functor EMHS — MHS.
11.7. Monodromic exponential Hodge structures

DEFINITION 11.7.1 (Kontsevich). — We call an exponential Hodge structure M monodromic if
0 € C is its only singularity.
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11.7.2. — A monodromic exponential Hodge structure is thus a Hodge module on the affine
line whose fibre over 0 € C is trivial, and which is given by a variation of mixed Hodge structures
on C\ {0}. In other words, monodromic exponential Hodge structures are precisely those Hodge
modules of the form 5 V[1], where j: C\ {0} — C is the inclusion and V is a variation of mixed
Hodge structures on C \ {0}. The category of monodromic exponential Hodge structures is, as an
abelian category, equivalent to the category of variations of Hodge structures on C\ {0}.

11.8. The vanishing cycles functor

The vanishing cycles functor

¥: EMHS — {C-graded monodromic exponential Hodge structures}

THEOREM 11.8.1 (Kontsevich—Soibelmann). — There exists a (non-canonical) natural isomor-
phism

V(M @N)=¥(M)®U(N).

11.9. The weight filtration

In this section, we show that exponential motives carry a canonical weight filtration with respect
to which pure objects are semisimple. We first define the filtration at the level of exponential mixed
Hodge structures following Kontsevich—Soibelman [58, 4.4], then we prove in Theorem 11.9.7 that

it is motivic.

DEFINITION 11.9.1 (Kontsevich—Soibelman). — The weight filtration of an exponential mixed
Hodge structure M is defined by

WinM = II(Wn(M)),

where on the right-hand side we regard M as an object of MHM(C) and W,, M denotes the weight
filtration of mixed Hodge modules over the complex affine line.

EXAMPLE 11.9.2. — It is instructive to examine the exponential Hodge structures E(s) from
Example 11.2.2. They are simple objects of EMHS, hence pure of some weight. However, regarded
as objects of the bigger category MHM(C), the E(s) are not simple, for they fit into an extension

0— Qs — E(s) — Q[1] — 0,
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where Qs denotes the skyscraper mixed Hodge module supported on s with stalk Q(0). The above
exact sequence describes the weight filtration of E(s) as an object of MHM(C) as well:

WoE(s) = Qs € WiE(s) = E(s).

Since the graded piece gr!” E(s) = Q[1] is constant, it is killed by the projector II and one has
WHE(s) = E(s) inside EMHS. We conclude that E(s) is pure of weight 0.

11.9.3. — The weight filtration is functorial, and the functor W,,: EMHS — EMHS is exact,
because the inclusion of EMHS into the category of mixed Hodge modules and the functor 1I are
exact, and because the weight filtration is exact on mixed Hodge modules. We will use exactness
of the weight filtration in the following way: Given an exponential Hodge structure H and a
substructure Hy C H, we can recover the weight filtration on Hy and on the quotient Hy = H/H|
by

WnHo = HyNnW,H and WyHy = W,H/(HyNW,H)

from the weight filtration on H. Thus, the weight filtration on H determines the weight filtration
on any subquotient of H.

ProproSITION 11.9.4. — The canonical functor v: MHS — EMHS is strictly compatible with

the weight filtration. In other words, for every Hodge structure H and every integer n, the subobjects
Wn(L(H)) and o(WpH) of «(H) are the same.

PRrROOF. Fix a Hodge structure H and a weight n, and denote by a: {0} — C the inclusion and
by m: C — {0} the map to a point. Regarding H as a Hodge module on the point {0}, there is a

short exact sequence
0—a.H—(H)—>7n"H[1] -0
in MHM(C). In this sequence, the Hodge module 7*H¢[1] is the one defined by the constant

variation of Hodge structures with fibre H, put in homological degree —1. We apply the exact
functor W,,, and obtain the exact sequence

0— aWp,H — W,uH — "W, 1H[1] = 0

in MHM(C). Applying the exact functor II yields an isomorphism II(a,W,H) — II(W,,.H). The
functor ¢ is the composite IT o a, so we find ¢(W,,H) — W, (:(H)) where the weight filtration
W, is now that in the category of exponential motives. O

Let X be smooth. If the canonical map H.(X, f) — H(X, f) is an isomorphism, then the
exponential mixed Hodge structure H(X, f) is pure.

ExXAMPLE 11.9.5. —
(1) If X is smooth and f: X — A! is proper, then H"(X, f) is pure of weight n. .
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(2) More generally, it suffices to assume that the function f is cohomologically tame in the
sense of Katz [55, Prop. 14.13.3, item (2)]. This means that all the cohomology sheaves
of the cone of the “forget supports” morphism RfiQx — Rf.Qx are lisse over A! hence
trivial. A more geometric condition, used by Sabbah [70, §8], is that there exists an
embedding j: X < Y into a smooth variety Y and a proper map f: Y — Al extending
f such that, for all z € C, the vanishing cycles complex ¢ f_z(Rj*Q x) is supported at a
finite number of points lying in X (as opposed to Y).

11.9.6 (The weight filtration is motivic). — Let M be an exponential motive. The Hodge
realisation of M, and hence its perverse realisation and its Betti realisation come equipped with a
weight filtration. A natural question to ask is whether this filtration comes from a filtration of M
by submotives. If such a filtration exists, it is necessarily unique.

THEOREM 11.9.7. — FEwvery object M of M“P (k) is equipped with an increasing and erhaustive
filtration We M which maps to the weight filtration under the Hodge realisation functor.

Proor. We start with the following observation: Suppose the motive M admits an exhaustive
filtration F', such that for each graded piece M, = grfj M the statement of the theorem holds, that
is, M,, admits a filtration by submotives whose Hodge realisation is the weight filtration. Then,
the statement of the theorem holds for M too.

We prove the theorem for motives M of increasing generality. The cases we consider are, in
summary, the following:

(1) M = H*(X,Y, f), where f: X — A is proper.
(2) M = H"(X,Y, f) for arbitrary X, Y and f
(3) M an arbitrary exponential motive

Case 1: Let X be a variety of dimension < d with a proper morphism f: X — Al and let
Y C X be a subvariety of dimension < d — 1. If d = 0, then X is a collection of points and Y is
empty, and hence H"(X,Y, f) is pure of weight 0. Arguing by induction on dimension, we may
suppose that the weight filtration on H"~1(Y') is motivic, with weights 0,1,...,n—1. By resolution
of singularities, there is a smooth variety X of dimension d mapping to X with a normal crossing
divisor Y mapping to Y such that

H™(X,Y,f) = HY(X,Y, f)

is an isomorphism. We may thus suppose without loss of generality that X is smooth and Y a

normal crossing divisor. From the long exact sequence

e Hn_l(Y7f|Y) — Hn(X,Y,f) — Hn(Xaf) —
and the fact that H"(X, f) is pure of weight n, we see that the weight filtration on H"(X,Y, f) is
given by

WHM(X,Y, ) = im(W,H' (Y, fly) = HY(X,Y, ) fors<n
W,H™(X,Y,f)= H"(X,Y.f) fors>n
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hence is motivic. In particular, the weights of H"(X,Y, f) are 0,1,...,n.

Case 2: We now treat the case of a motive M of the form M = H"(X,Y, f) for a smooth, not
necessarily proper variety X with a function f: X — A', and a smooth subvariety Y C X. We
choose a smooth relative compactification f: X — A'. That means the following: X is an open
subvariety of a smooth variety X with complement a normal crossing divisor D, the closure Y of
Y in X is smooth and D 4 Y has normal crossings, and f: X — Al is a proper map extending f.
Let D1, Do, ..., Dy be the smooth components of the divisor D, and set

x(@ — |_| DjyN---NDy

1<i1 < <ip<N

forp=20,1,..., N, and Yy® = Xx® Ny, In particular we set X©) =X, The varieties X and
Y ®) are smooth, and there are inclusions maps ¢ : (X(p), Y(p)) — (X(pfl), Y(p)) fors=1,2,...,p.
We use alternating sums of the induced Gysin morphisms (4.8.3.3) to get a double complex

o CXWL YO, plgl(p) — O (XD Y, fp - 2)(p— 1) =+ = CF(X,Y, )

The total complex of this double complex computes the cohomology of (X, Y, f). This is where the

spectral sequence

EPY = gt x®) y® )(p) = HPY(X,Y,f)

comes from.

Case 3:
O
THEOREM 11.9.8. — Pure objects for the weight filtration are semisimple.
PRrROOF. Explain how to deduce it from Theorem 11.12.1. O

11.10. The irregular Hodge filtration

In this section, we recall that the de Rham cohomology Hj, (X, f) is equipped with an irregular
Hodge filtration which is indexed by rational numbers and has finitely many jumps. It was first
introduced by Deligne [24] in the case of curves, then generalized to higher dimensional varieties by
Yu [91]. Further properties—especially the degeneration of the corresponding spectral sequence—
were studied by Sabbah, Esnault and Yu in [71] and [35].

11.10.1 (The Kontsevich complex). — Let X be a smooth variety of dimension n over k, together
with a regular function f, and let X be a good compactification of (X, f) as in Definition 3.5.8. We
keep the same notation from loc. cit., so D = X \ X is the normal crossing divisor at infinity and
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P the pole divisor of f. We write P = ) e; P; with P; the irreducible components. The connection

EF on X extends to an integrable meromorphic connection on X with associated de Rham complex
(Q% (D), dy).

However, the subsheaves pr(log D) C Q%(*D) of logarithmic differentials do not form a subcom-
plex, so one cannot naively imitate the constructions from Hodge theory.

A possible way to circumvent this problem, after Kontsevich, is as follows: given a rational
number « € [0,1) N Q, we set [aP] = ) [ae;|P;, where [-] stands for the integral part, and

Q% (log D)([aP]) = Q(log D) @0y Ox([aP)). (11.10.1.1)
We then define a subsheaf Q’} (a) of (11.10.1.1) by asking that, for every open subset U C X,
D (a)(U) = {w € O (log D) ([aP])(U) | df Aw € 2 (log D) ([aP])(U)}.
In particular, one has:
02(a) = Og(la— 11P),  %(a) = 2 (log D)((aP]).

The sheaves Q?(oz) are stable under dy and form a complex which computes the de Rham

cohomology of the pair (X, f):

PROPOSITION 11.10.2. — The inclusion (Q}(a),dy) < (Q5%(xD),dy) is a quasi-isomorphism

for each o € [0,1) N Q. In particular, there are canonical isomorphisms

Hin (X, f) = HY(X, (Q%3(a), dy)). (11.10.2.1)
11.10.3. —

DEFINITION 11.10.4. — The #rreqular Hodge filtration is given by

FPreHiG (X, f) = In(HY(X, (277 (a), df)) — H*(X, (Q}(a), dy))). (11.10.4.1)

In fact, the relevant « will be those of the form a = é where m is the multiplicity of an

irreducible component of P and £ =1,...,m — 1.
11.10.5. — Let us compute a few examples of irregular Hodge filtrations:
11.10.6 (Compatibility with the Kiinneth formula). — We now assume that we are given two

pairs (X1, f1) and (Xa, f2) consisting of smooth varieties over k and regular functions. As usual,
we consider the cartesian product X; x X5 together with the Thom—Sebastiani sum f; B fo. By
the Kiinneth formula, cup-product induces an isomorphism of k-vector spaces

@ HéR(le fl) X HgR(XQ, fg) — H(?R(Xl X Xa, f1 H f2> (111061)
i+j=n
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We equip the left-hand side of (11.10.6.1) with the product filtration, that is

S, (Z FaHéR(XLfD@FgR(Xz,fQ)) (11.10.6.2)

i+j=n \a+b=X\

THEOREM 11.10.7 (Chen—Yu, [18]). — The map (11.10.6.1) is an isomorphism of filtered vector
spaces.

11.11. Twistors

A twistor is a holomorphic vector bundle 7 on P! = P!(C). We typically equip 7 with a real
structure x and a connection V, compatible with each other. In that case, we call

T=(T,rV)

a real integrable twistor. In this section, we explain some details about twistors and why they are
useful, in particular how to associate twistors with exponential Hodge structures. Short introduc-
tions to twistors can be found in [73], the full story is told in [64].

11.11.1. — Denote by o, v and ¢ the automorphisms

o: Pl - P! o(z)=—-z! 0 «— o0
y: Pt — P! v(z) =21 0+— o0
v Pl — Pl Uz) =—z 0—0; co— o0

of P'. The equalities 7 = 1 0 ¢ = ¢ o ¢ hold, « induces the identity on the unit circle, and ¢ and ¢
are equal on the unit circle. For a vector bundle 7 on P!, set

TV = Hom(T,Op1) the dual bundle
T* = T’ the Hermitian dual bundle

T¢=~*T the conjugate bundle.

A real structure on T is an isomorphism of vector bundles

such that

is equal to kL.
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11.12. Semisimplicity

In classical frameworks, motives of the form H"(X)(i) are expected to be semisimple if X is a
smooth and proper variety. For Nori motives, this is well known. In the framework of exponential
motives, this fact generalises to the statement that exponential motives of the form H"(X, f)(7)
are semisimple, provided X is smooth and f: X — A! is a proper morphism. The main objective
of this section is to prove this assertion, stated as Theorem 11.12.1 below. Again in the classical
setup, semisimplicity is proven in two steps: First one establishes the hard Lefschetz theorem, in
order to decompose the cohomology of X into primitive pieces, and to obtain a pairing

id @nd—n cup

H"(X)® H"(X) H"(X)® H¥ (X)) =25 Q(—d) (11.12.0.1)

for n < d = dim X. Using this pairing, one can associate with every subobject M C H"(X) an
orthogonal subobject M+ C H™(X). In a second step, one uses the fact that the pairing (11.12.0.1)
induces a polarisation of Hodge structures in order to show that the canonical morphism

M@ M+ — HY(X)

is an isomorphism. To prove Theorem 11.12.1, we will essentially follow this strategy, but using
twistors in place of Hodge structures. There is one additional issue which arises with exponential
motives: Hard Lefschetz gives us an isomorphism H™(X, f) = H?4~"(X, f), but the duality pairing
is a pairing between H"(X, —f) and H?*~"(X, f), and hence given a subobject M C H"(X, f)
its orthogonal M is contained in H™(X,—f). This seems to be a problem, since in general
H™(X, f) and H"(X,—f) are non-isomorphic motives. We will take care of this by constructing
an autoequivalence T : M®® (k) — M“P(k) sending H"(X, f) to H"(X,—f), so we can use it to
transport M~ to a subobject of H"(X, f). On the other hand, it will turn out that this sign is

essential in the construction of polarisations of twistors.

THEOREM 11.12.1 (Semisimplicity Theorem). — Let X be a smooth variety and f: X — Al be
a proper morphism. For all n > 0 the object H™(X, f)(i) of M®P(k) is semisimple.

11.12.2. — Let k be a subfield of C and let (a,y) be a pair consisting of an element a € k* and a
path v from 100 to a~ oo in the boundary of the real blowup of P*(C) at infinity. We can associate
with (a,v) an automorphism 7" = T'(a,~) of the category M“P(k), compatible with the tensor
product, duals, and the Betti realisation, as follows: Let Q = Q®®(k) be the quiver of exponential
relative varieties over k, introduced in 4.2.1, and let p : @ — Vecg be the Betti representation. A
quiver morphism Tg: @ — @ is given by

To([X,Y, f,n,i]) = [X,Y,af,n,i

on objects, and in the straightforward way on morphisms. In order to turn the quiver endomorphism
Tg into an endomorphism of the representation (@, p) we must, according to 4.1.9, specify an
isomorphism p o T = p, that is, a natural isomorphism of vector spaces

(X, Y, af)(i) = Hig (X, Y, f)(0)
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for every object [X,Y, f,n,i| of the quiver (). Such an isomorphism is obtained from the chosen
path v. Indeed, we can think of these vector spaces as the fibres at 1oo and at a~'oo of the sheaf
H?. (X,Y, f)(i), which are isomorphic via parallel transport along .

perv

11.12.3. —






CHAPTER 12

Examples and implications of the period conjecture

In this chapter, we present a number of examples of exponential motives and their periods.
These include notably exponentials of algebraic numbers, the square root of m, special values of
certain E-functions such as the Bessel function, and the Euler—-Mascheroni constant. In each case,
we compute the Galois group of the corresponding exponential motive and we investigate the
implications of the exponential period conjecture.

12.1. Exponentials of algebraic numbers

Arguably, the most elementary exponential period that is not expected to be a period in the
classical sense is the base of the natural logarithm e. That e is an irrational number was known
to Euler, and its transcendence was proved by Hermite in 1873. The Lindemann—Weierstrass
theorem, which we recall below, generalises Hermite’s transcendence theorem. We will show that
it is a consequence of the exponential period conjecture, and hence serves as an illustration of it.
We will also show that the period conjecture implies that e is not a period in the classical sense,
and in fact even that it is algebraically independent from all classical periods.

THEOREM 12.1.1 (Lindemann—Weierstrass). — Let a1, ..., a, be algebraic numbers, and denote
by {aq,...,an) the Q-subvector space of Q generated by them. Then the equality

trdeg Q(e™,...,e*) = dimg(a, ..., an)

holds. In particular, if a1, ..., a, are Q-linearly independent, then their exponentials e, ..., e*n
are algebraically independent.

12.1.2. — Let us now explain how one can see the Lindemann—Weierstrass theorem as an
instance of the exponential period conjecture. Given algebraic numbers aq, ..., a,, set

E(aq,...,on) =E(a1) @ -+ @& E(an),
where E(q;) denotes the one-dimensional exponential motive over Q defined by

E(a;) = H"(Spec(Q), —).
257
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In particular, E(0) = Q(0) is the unit motive. The period algebra of the motive E(aq,...,ay) is
generated by the exponentials e, ..., e e~(@1t+an) and the period conjecture predicts that

its transcendence degree over Q is the dimension of the motivic Galois group of E(az, ..., ay).

ProproSITION 12.1.3. — Let ay, ..., ay be algebraic numbers. The Galois group of the exponen-

tial motive E(ax, ..., ay) is a split torus of dimension dimg(ay, ..., o).

PROOF. For every a € Q, the motive E(«a) is one-dimensional. Its tannakian fundamental
group is thus canonically isomorphic to a subgroup of G,,. This allows us to canonically identify
the fundamental group G of E(ay,...,a,) with a subgroup of GJ},. We will show that G C G},
is equal to the subtorus T' C G, whose group of characters is the subgroup of Q generated by
at, ..., o, which we view as a quotient of Z™.

There is a canonical isomorphism of motives F(a)® E(5) = E(a+ () for all algebraic numbers
a and 8. In particular, the ®-inverse of E(«) is E(—«a). By induction, every Z-linear relation
ciag + -+ + cpa, = 0 yields an isomorphism of motives:

E(a)®' @+ @ E(an)®" 2 Q(0).

The action of the Galois group on the right-hand side is trivial, and hence it must be trivial on the
left-hand side as well. Thus, if (z1,...,2,) € G}, lies in G, then 2{*z5? - - z&» = 1. This yields the

inclusion G C T'.

In order to establish the inclusion T' C G, recall that the Galois group of a motive M contains
the Galois group of its perverse realisation. Set F'(a) = Rperv(E()), and let us show that the
Galois group of F(aq,...,apn) = F(a1) @ -+ @& F(ay,) in Pervy is already the full 7. All objects
in the tannakian category generated by F' are semisimple, and simple objects are precisely those
one-dimensional objects of the form

F(a)=F(a1)®"' ® -+ @ F(a,)®"

where @ = cia1 + - - - + ¢, is a linear combination of the algebraic numbers aq, ..., a,. The claim
now follows from the fact that for any two complex numbers o and 5 we have Hom(F'(«), F(5)) =0
unless @« = 5. In other words, the tannakian category generated by F(ai,...,a,) is equivalent
to the category of rational vector spaces with a grading indexed by the finitely generated group
(a1, ..., ap)z. O

PROPOSITION 12.1.4. — Assume that the exponential period conjecture 8.2.6 holds. Then the
exponential of a non-zero algebraic number is transcendental over the field of usual periods.

PROOF. Let P be the field generated by the periods of usual motives. We need to show that,
given a non-zero algebraic number a and a polynomial f € P[z], the relation f(e®) = 0 implies
f = 0. We choose a usual motive M over Q such that all the coefficients of f lie in the field
generated by the periods of M and we consider the exponential motive M+ = M @& E(«). Its field
of periods is generated by all the periods of M together with e*. Let Gj; and G+ denote the
corresponding motivic Galois groups. Since (M)® is a subcategory of (MT)®, there is a canonical
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surjection G+ — Gpr. Assuming the exponential period conjecture, it suffices to prove that the
inequality dim G+ > dim G s holds.

Let F and F'* be the perverse realisations of M and M™, and denote by Gp+ and G their
Galois groups. The group G is trivial, since F' comes from a usual motive, and hence is isomorphic
to a sum of copies of the neutral object in the tannakian category Pervy. The group G+ is the
same as G'g(q), and hence is isomorphic to Gy, since a # 0. The diagram

Gm 2 Gps — Gp=0

< <

G+ Gu

shows that the surjection G+ — G contains a copy of Gy, in its kernel, hence the sought

inequality of dimensions. O

PROPOSITION 12.1.5. — Assume that the exponential period conjecture 8.2.6 holds. Then, the
algebraic closure of the ring of classical periods inside the ring of exponential periods is generated
by special values of the gamma function I'(q) with g € Q \ Z<o.

PROOF. Let w be an exponential period which is algebraic over the ring of classical periods.
There exist classical periods cg, ..., c, such that

co=crw- -+ cpw"

holds. Let M be an exponential motive with w as a period, and let M; be a classical motive with
¢; as a period.

n
Mo — EP(M; ® M®7)
=1

12.2. The motive Q(—1)

There has already been some speculation about motives Q(—3) and Q(—1) over finite fields'.
Specifically, if E is a supersingular elliptic curve over a finite field and F' a field of coefficients
splitting the quaternion algebra End(E), then the 2-dimensional motive H!(E) decomposes as a
sum M @ M where M ® M is isomorphic to the Tate motive F(—1) = H?(P!).

Over a field of characteristic zero, motives M with M ® M ~ Q(—1) should not exist, at least
not in the classical sense, since the Hodge realisation of such an M would necessarily be a one-
dimensional Hodge structure of weight 1. This is why it is not expected that v/27i is a period in

IFor Q(1/2), see [67] and references given there (Milne). For Q(1/4), see [50].
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the classical sense. However, we can easily write v/27i and /7 as periods of exponential motives
over Q(¢) and over Q respectively:

- =12
V2w = e2 " dx,

(i+1)R
Vr=TI(3)= / e~ dz.
R
1
i) 2
x is the coordinate of the affine line. This suggests that the motive H 1(A,1€, %xQ) is a reasonable
candidate for (@(—%). We will show that indeed for any field £ C C and non-zero element a € k

such that a = %02 for some ¢ € k, there is an isomorphism

HI(AIIW (ZIL‘2) ® HI(AI%,’?alj) = Q(_l)

The corresponding exponential motives are H I(A}@( 2?) and H 1(A(b, x?) respectively, where

of exponential motives over k. Given any two non-zero elements a and b of k, the motives
H'(A},az?®) and H'(A},bz?) are isomorphic if and only if a = ¢?b for some ¢ € k*. It follows
that if k& contains 4, there exist motives over k whose tensor square is Q(—1), and indeed many of

them unless k is quadratically closed. Let us fix
M(ym) = H' (A", 2?)

as a particular exponential motive over k with period /7.

LEMMA 12.2.1. — Let a,b € k* and let C,, be the affine conic over k defined by the equation
as® + bt?> = 1. There exists an isomorphism of exponential motives

HY(AY ax?) @ HY(AY,ba?) ~ HY(C,p).

PROOF. By the Kiinneth formula, it suffices to show that H?(A?, az? + by?) and H(C, ) are
isomorphic. At the level of periods, this is reflected by the identity

2 7.2 T
/ e T dpdy = ——,
eiarg(a) R x ei arg(b) R vab

which follows from the change of coordinates x = rcosf and y = rsinf. Inspired by this, we
consider the morphism h: C,p x Al — A? given by h((s,t),r) = (rs,rt). Since h sends the
subvariety C, 4 x {0} to {(0,0)} and commutes with the functions 0Br? on the source and ax? + by?
on the target, it induces a morphism of exponential motives

h: H*(A?,{(0,0)}, ax® + by?) — H*(Coyp x A, Cyyp x {0},0 B r?).

Noting that the left-hand side is isomorphic to H?(A?, az? + by?) by the exact sequence (4.2.4.2)
associated with the immersions () C {(0,0)} C A? and applying the Kiinneth formula again, we get

B H*(A% ax? + by?) — HY(C,p) @ HY (AL, {0}, 7).
Now the last factor fits into an exact sequence of motives
0 — Q(0) — H' (A, {0},7?) — H*(A',r*) — 0.

We will show that the second component of h’ vanishes in H'(A! r2), and that the induced map
H%(A% az® + by*) — H'(C,p) is an isomorphism. For this it suffices to work in a realisation: for
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instance, de Rham cohomology. There h' sends the generator dxdy to (tds — sdt) ® rdr. The first
factor is a generator of H} (Cy ) and the second vanishes in H}p (A, 7?) since it is equal to 3d,2(1).
However, it is non-zero in Hlg (A, {0},7%), as one can see from the integral f0+oo e rdr=1. O

In particular, M (\/7)%% = H!(s? +t* =1).

12.2.2. — If the base field k£ contains a square root of —1, the conic C' is isomorphic to G,, by
the change of coordinates u = s + it,v = s — it, and therefore M (y/7) is a genuine tensor square
root of Q(—1). We can generalise Lemma 12.2.1 to the case where in place of M (y/7) we consider
a motive of the form H™(A", q) for a quadratic form ¢ in n variables z1,...,z,, seen as a regular

function on A™ = Speck[x1,...,z,]. Given a non-zero element ¢ € k, we define

M(yE) = H°(Speck(1/c))/Q(0) if c is not a square in k, (12.2.2.1)
Q(0) if ¢ is a square in k.

The motive M (y/c) is one-dimensional, and only depends on the class of ¢ modulo squares.

PROPOSITION 12.2.3. — Let ¢ = q(x1,...,2,) be a non-degenerate quadratic form, seen as a
regular function on A™ = Speck[z1,...,x,]. Then H™(A", q) =0 for m # n and

H"(A",q) = M(y/det q) ® M(v/7)%".

PRrOOF. It is a standard fact that there exists a linear automorphism of A™ transforming any
given quadratic form into a diagonal one. Thus, we may assume that ¢ is of the form

2 2 2
q(z1,...,2n) = @127 + a2y + -+ any

for some non-zero elements aq,...,a, € k. The discriminant of ¢ is the product aias - - - a,, which
does not depend on the diagonalization modulo (k*)2. The Kiinneth formula yields

H™(A", q) = H'(A', a12%) @ H'(A', a92®) ® - - - @ HY (A, ana?)

and H™(A", q) = 0 for m # n. The result then follows from H!(A!,a;2%) = M(\/a;,)@ M (/7). O

12.2.4 (The f-adic realisation). — Let x2: Fy — {£1} be the non-trivial quadratic character
on Fy. Given an additive character 1, one defines the Gauss sum

Glx2, %) = Y xa(z)y(). (12.2.4.1)
z€Fy
LEMMA 12.2.5. — The exponential motive H* (A, 2%) has good ramification outside p = 2 and

its (-adic realisation is the one-dimensional Qg-vector space with Frobenius action given by multi-
plication by G(x2,v).

PROOF. The (-adic perverse realisation of H' (A, 2?) is 1L, [1]. O
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12.3. Exponential periods on the affine line

Set A! = Speck[x] and let f € k[z] be a polynomial of degree at least two. In this section, we
study the motive H'(A! f) and its motivic Galois group. In particular, we want to understand
the determinant of H'(A!, f).

12.3.1. — In tannakian terms, exterior powers are constructed as follows. For any object M
of a tannakian category and any integer n > 1, the symmetric group &,, acts on the n-fold tensor
power M®" by permutation of factors. The n-fold exterior power of M is the eigenspace in M®"
of the signature character ¢: &,, — {£1}. Given a non-constant polynomial f, the n-fold tensor
power of the exponential motive H'(A!, f) can be identified with H™(A", f®") via the Kiinneth
isomorphism

k: HY(AY, /)& = H™(A", f™) (12.3.1.1)
because HY(A!, f) = 0 for ¢ # 1. The symmetric group &,, acts on A" by permutation of coordi-
nates, and this action commutes with the Thom-Sebastiani sum f&" = fH.. -8 f, hence an action

of &,, on the motive H"(A", f#"). The Kiinneth isomorphism is not compatible with the actions
of &,,, but we rather have

koo =c¢(o)-(ocok)
for 0 € &,,. In particular, x sends the e-eigenspace in H(Al, f)®" to the space of invariants, and
we can thus identify the n-fold exterior power of H'(A!, f) with
n
N\ H' (AL, f) = H (A", f5m)Sn (12.3.1.2)

where on the right-hand side we really mean invariants. If we look at the action of &, as a
Q[6,,]-module structure, the space of invariants is the image of the projector

1
DI
n!

O’EGn

seen as an idempotent endomorphism of the motive H™ (A", f&n).

THEOREM 12.3.2. — Let n > 1 be an integer and f € k[x] a polynomial of degree n + 1 with
leading term a. Define numbers b,c € k by

n(n—1)
(-1) 20 if n is odd
b= Z f(e), c= n(n—1) o .
F/(@)=0 (1) if n is even,

where the sum runs over all « € C with f'(a) = 0 counted with multiplicity. Let M(\/c) be
the one-dimensional Artin motive with period \/c, as in (12.2.2.1), M(y/7) = H'(A',2?) and
E(b) = HY(Speck,b). There is an isomorphism of exponential motives over k

det HY(AL, f) ~ M(Ve) ® M(v/7)®" @ E(b).
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12.3.3. — The following proof of Theorem 12.3.2 is in large parts copied from? [11, §5]. We
write the polynomial f € k[z] as
f(z) = an12" +apz” + -+ a1z + ag

with @ = an41 # 0. Since, for any u € k*, the motives M (y/u) ® M(y/7) and H'(A!, uz?) are
isomorphic, the theorem claims that there is an isomorphism of exponential motives over k

det H'(AL, f) ~ H" (A", g),
where q(z1,...,2,) = b+ ca? + 23 + 25+ +22.
12.3.4. — The symmetric group &,, acts on A = Spec(k[z1,...,x,]), and leaves the function

f#(z) = f(x1) + f(x2) +--- + f(x,) invariant. We start with writing down the quotient variety
and the induced function on it. For 1 < i < n, let us write S;(x) for the i-th symmetric polynomial

in the variables x;...2,, so Si(z) = x1 + -+ + xy, Sa(z) = x129 + 123 + - -+ and so on up to
Sp(z) = x129 -+ - TH. Let s1,..., s, denote another set of indeterminates. The morphism of affine
varieties

A" = Spec(k[z1, ..., 2,]) —— A" = Spec(k[s1, ..., 5,])

given by the algebra morphism s; — S;(z) identifies A”? as the quotient A”/&,,. Since f&" is a
symmetric polynomial we have fF" = F o 7 for some unique F € k[s]. The morphism 7 induces a

morphism of motives
H"(A", F) —"— H™(A", fE)6n = det H"(AL, f)

which will eventually turn ou to be an isomorphism. The key part of the proof is now to produce
an automorphism of A7, that is, a change of variables, which turns F' into a quadratic form.

12.3.5. — For each integer i > 0, consider the Newton polynomial P;(z) = x} + ab + ... + 2%
Each of the P; can be written in a unique way as a polynomial in the elementary symmetric
polynomials S;. Let us define Q; € k[s] by

Qi(S1(z), S2(x), ..., Sn(z)) = Pi(2),

so that we have

Qo(s) =n, Q1(s) = s1, Qa(s) = s7 — 2, Q3(s) = 57 — 3s152 + 353

and, in general,

Qz<§) _ Z (—l)ii(rl +”'+7Ti‘_ 1)! H(—Sj)rj.

N rileer!
r1+2ro+...+ir; =1
T1y..,73 20
The polynomial @; has degree ¢ and only contains the variables si,...,s;. We do not add a

variable s,+1 to Qn+1. If we declare that s; has weighted degree i, then @); is homogeneous of
weighted degree i. For ¢ > 1 the polynomial ); has no constant part, and the linear part of @Q); is

2To ease the comparison with loc.cit., notice that Bloch and Esnault consider connections given by V(1) = df,

so what they call f is our —f.
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s; for 1 < ¢ < n and zero otherwise. For k+1 = 4, the monomial sis; appears in @); with coefficient
(—1) if k # I, and with coefficient 14 if k = I.

12.3.6. — Let us express the numbers b and ¢ in the statement of Theorem 12.3.2 in terms
of the coefficients of f and F. The polynomial " € k[z] is the polynomial f&"(z) = agPy(z) +
arPi(z) + -+ + anPp(z) + any1Pori1(z), hence

F(s) = aoQo(s) + a1Q1(s) + -+ + anQn(s) + an+1Qn+1(s)
by definition. Setting
( —nap,(n—1)ap_1,..., (—1)”a1)

we have b = F'(a) by straightforward computation. The constant term of F' is ¢ = nay, its linear

_ 1
&= Dann

homogeneous part is a181 + 2a9S9 + - - - + na,S,. In the homogeneous quadratic part of F', we find
the terms s;s; appear with coefficient (—1)%a; for k +1 =i and k # [, and with coefficient %iai for
k = 1. If we think of the homogeneous quadratic part of g as the quadratic form associated with a

symmetric bilinear form, then the matrix of this form is

2a2 —3as (=1)"nan (=)t (n+1Dan+1
1 —3a3 4ay o (=D (n+Dan41 0
B = (V%F)(0) = 3 : : :
(=1)™nany (=) (n+1)an+1 0 0
(=)t (n+1)an+1 0 0 0

and we notice that its determinant is equal to
n(n—1)

det B = (—1) 2 (nTHCLn+1)n.

The sign (1) 2 2 comes from taking the product of the antidiagonal entries, while the signs we

n=1n — 1. In particular, viewed modulo

pick up from the matrix entries themselves cancel to (—1)
squares, det(B) takes the value

n(n—1)

(1) = €k*/k*? if n is even,
det(B) = nind) g0 .
(=) 2 S €k /k™ ifnis odd,

or det(B) = c¢ for short, with the notation of Theorem 12.3.2.

LEMMA 12.3.7. — The differential form dF on Al (or equivalently, the gradient VF of F)

vanishes at the point a and nowhere else.
PROOF. O

PROOF OF THEOREM 12.3.2. We start with an affine change of variables, setting G(s) = F(s+
a) —b. The polynomial G(s) satisfies G(0) = 0 and its gradient VG only vanishes at 0 € A”. Thus,

G contains no constant and no linear terms, and we may write G uniquely as
G(s) = Q(s) + R(s) + H(s)

where Q and R are homogeneous quadratic polynomials, ) containing the monomials of weight
n + 1 and R containing monomials of weight < n and each monomial in H has degree > 3. This
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makes sense, since indeed all monomials in F' are of weight < n + 1, hence all monomials in G, @,
R and H are so too. If a monomial of highest possible weight n + 1 appears in F', then the same
monomial appears in G, with the same coefficient. In particular, the matrix form of (V2G)(0) is
upper left triangular, with the same (non-zero!) antidiagonal coefficients as B. In other words, we
have

Q(s) = A Z 8iSp4+1—i
i1

with A = (=1)"*1(n + 1)a,+1. We will show that there exists, and in fact construct, an automor-
phism ®: k[s] — k[s] such that

P(G(s)) = Qs) (12.3.7.1)

holds. To do so, we prove by induction on j > 1 the following:

Claim. There ezists an automorphism ®: k[s| — k[s] such that ®(G) € k[s| has the form
O(G(s)) = Q(s) + H'(s)

where H' € k[s] is a polynomial in the variables s;, Sji1, ... where all monomials are of degree > 3
and of weight < n+ 1.

For j = 1, a linear unipotent automorphism does the job of ®. Indeed, setting ®(s;) = s;+ L;(s)
where L; is a suitable linear polynomial in the variables s, ..., s;—1 yields ®(Q(s) + R(s)) = Q(s),
hence

P(G(s)) = Q(s) + H'(s)

where all monomials in H' are of degree > 3 and of weight < n+1. Now fix j > 1, and suppose that
we have found an automorphism @ of k[s| satisfying the conditions in the claim. The monomial of
lowest weight which can possibly occur in H' is s?. Hence if j > "TH, then H' = 0 and we are done.
Let us suppose thus that j < ”T“ The variable s,1—; does not appear in H'(s) again for weight
reasons. Indeed, if s,41—; appears in a monomial of H’, then this monomial must have degree > 3,

hence would have weight at least (n + 1 — j) +2j > n + 1. Let us write
H,(Sj, cey Snfj) = H’(O, Sjtly--s Snfj) + SjlfJ(Sj, ey Snfj)

and define an automorphism ¥ of k[s] by W(sp41—;) = Snt1—j — (2A) 7 1(sj,. .., sp—;) and ¥(s;) =
s; for i #£ n 4+ 1 — j. We notice that monomials in ¥ have degree at least 2. We find

U(R(G(s) = P(2(Q(s)) + V(P(R(s))) + P(H(s))
= ®(Q(s)) +—sju(s) + H' (0,841, -, Sn—j) + 8§ (5)
= Q(s)+ H"(s)

where H”(s) = H'(0, Sjt1,...,5,) has the property that all of its terms are of degree > 3 and
weight < n + 1. The composite ¥ o ® satisfies thus the property of the claim for j + 1.
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Let us now fix an automorphism ® of k[s] satisfying (12.3.7.1) and interpret it as an automor-
phism of A? = Spec k[s]. The diagram

A¢ A A
N—Fb l /
Al

commutes, hence induces the sought after isomorphism of motives

H™(A",F) — H™(A",Q +b). O

COROLLARY 12.3.8. — Let G C GL,, be the motivic Galois group of H*(A', f). The determinant

induces a surjective group morphism det: G — Gy,.

PROOF. The determinant det H!(A!, f) is a rank one object of the category M®®P(k), hence
its motivic Galois group is either Gy, or a group of roots of unity. To exclude the second case,
we observe that the isomorphism in Theorem 12.3.2 implies that no tensor power of det H'(A!, f)
becomes the unit object, for example because this motive has weight n > 1. O

COROLLARY 12.3.9. — We keep the notation from Theorem 12.3.2. Up to multiplication by a
non-zero element of k, the determinant of a period matriz of the motive H' (A, f) is equal to

Ve-rz el (12.3.9.1)

EXAMPLE 12.3.10. — Let d > 2 be an integer and f = z%. According to Example 1.1.4 from

the introduction, the period matrix of the exponential motive H!(A!, xd) with respect to suitable

bases of the de Rham and Betti realisations reads
flbfl
P= (57T ()

Therefore, viewed as an element of C*/Q*, the determinant is equal to

1<a,b<d—1

" d—1
det P = detfdbl—l)li[lr@).

(3d=2)(d=1) 4

LEMMA 12.3.11. — The equality det(¢*® — 1)1<qpca—1 =14 2 d2 holds.

ProOOF. Let A denote the determinant on the left-hand side. Subtracting the first column from
each other column of the Vandermonde matrix (£%)g<q p<a—1 yields the expression

A= det({ab)oga,bgd_l = H (gb —£&%).

0<a<b<d—1
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Noting that, for fixed b, the product Ha#(gb — ¢%) is the derivative of the polynomial z¢ — 1

evaluated at = = £, one computes the absolute value

INEE | DGR LR

0<a#b<d—1

We are thus left to determine the argument of A. In terms of the notation e(x) = exp(2mix),

dear to analytic number theorists, one has
a a —a a— a L w(b—a
& — ¢t =e (FF) (e('57) —e(%5)) = 2e (57) isin(*),

and the sine is positive when a and b satisfy 0 < a < b < d—1. Then a straightforward computation
allows one to conclude:

A 2\ d(d—1) (3d—2)(d—1)
_ at+by ; _ ((d—l) ) : _
— = | | e(%)i=e 12 =1 2 . g
‘A| ( 2d ) 4

0<a<b<d—1

REMARK 12.3.12. —

d  (3d=2)(d=1)
2

Putting everything together, we get the expression det P = d'~ 24 Hz;i I'(%). Besides,
Corollary 12.3.9 specialises to the equality det P = ﬁ-w% in C*/Q*. Combined with the previous
calculation, this implies

d—1

d—1 . d—1
IIr <il> ~g (2”\/){, (12.3.12.1)
=0

thus showing that the multiplication formula for the gamma values has motivic origin. Both sides
of (12.3.12.1) are actually equal.

12.3.13 (Computation of the epsilon factor). — Let F' = F, be a finite field with ¢ elements.
Given a smooth variety X over F and a Qj-sheaf .# on X, the epsilon factor is defined as

e(X, F) = [[ det(—¢r | Hi (X7, 7)Y € Q)
j=0

where ¢ stands for the geometric Frobenius.

THEOREM 12.3.14. — Let p be a prime number and f € Fplz] a polynomial of degree n + 1.

Y(b)q? n is even

(Al af*‘c ): 1
T T )60 )xa()g™ s odd.
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12.4. Bessel motives and moments of Bessel functions

We have already encountered in the introduction, Example 1.1.5, a two-dimensional exponential
motive whose periods are special values of the modified Bessel functions. Namely, one considers
the variety G,, = Spec Q[z, 2 !] and the function f\ = —%(z — 1), where X is a non-zero algebraic

number, say a non-zero element of a number field £ C C. The Bessel motive associated with \ is
B(X\) = H' (G, f)(1)

seen as an object of M*P (k). It is a two-dimensional motive. The rapid decay homology Hi(X, f))
has a basis consisting of a simple loop around 0 and a path joining the two connected components
of fy 1(S,,) for large r > 0. Having chosen such a basis, we can identify the motivic Galois group
of B(\) with a closed subgroup of GLa. We will in this section compute various realisations and
the motivic fundamental group of B()). After that, we examine what happens if A is thought of
not as a fixed parameter, but as an additional variable. We will consider the function

f(tjg;):—%(x1+$2+...+xn_L_L_..._}_%)

1 T2 n
on Al x G" for some integers m > 1 and n > 1, and calculate periods of the exponential motive
H™ (A x G, f). By design, these periods are moments of Bessel functions. Typical examples of
such moments are

/Oo Ko (t)dt = £((3) /OO P K§(t)dt = L_5(2) — 2
0 0

where ( is the Riemann Zeta function, and L_g3 is the Dirichlet L-function associated with the
Legendre symbol n —— (—3|n). Using the theorem of the fixed part 6.5.1, we will show that
moments of Bessel functions are polynomial expressions in classical periods and special values of

the gamma function.

PROPOSITION 12.4.1. — det B(A\) = Q(1)

PROOF. The determinant of B()\) is the one-dimensional motive
det BO\) = H*(X x X, fB f)®2(2)
Consider the morphism X x X — A? given by the algebra morphism ¢: k[s, ,
sending s to 4+ y and ¢ to (zy)~!. Setting g(s,t) = s+ ’\;st we have ©(g(s,t)) = f(z) + f(y),
hence a morphism of motives
H%(A%,g) - H*(A2, f B f)®? (12.4.1.1)
induced by ¢. Since ’\4—2 is a square in k*, the motive H?(A2, g) is that of the quadratic form

(s,t) — st which has determinant —1, hence H?(A2,g) = Q(—1). It remains to check that the
morphism (12.4.1.1) is non-zero. O

PROPOSITION 12.4.2. — Let F[1] = RpervB(A) be the perverse realisation of B(X\). The sin-
gularities of the constructible sheaf F are at the points {i\, —i\}. With respect to an appropriate
basis of Fy, the local monodromy operators of the local system on C\ {xi)\} defined by F are

P+:(3291) and ,0_:(%,01),
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and the fibres of ' at the singular points are the local invariants.

PROOF. Let p: G,, x A — A be the projection and write Q for the constant sheaf with value
Q on G,,, x Al. Let j be the inclusion into G,, x A! of the complement of the closed subvariety

I'={(z,2) [ a(z) = 2z}
of G,, x Al. The sheaf F is R'p.(515*Q). Rewriting the equation fy(z) = z as

x2+2§x7120

shows that the singularities of I’ are located at those points z € C where the discriminant of the
quadratic polynomial 22 + %w — 1 vanishes, and this discriminant equals 4(z2A~2 +1). In order to
compute the monodromy of F' around the singularities 44\, consider the basis of

Vo = Fy = H1(C*,{£1})

given by a standard loop ¢ around 0, and the sum v = 4 + v_, where 74 is an arc from —1 to 1
in the upper half-plane, and ~_ is an arc from —1 to 1 in the lower half-plane. As z runs over a
loop p4+ around i\, say

pr it —> i+ Ae2mi(t=1/4)

the roots of the polynomial
2+ Zr—1=a2>+2(i+ 2=/ 1
exchange positions, moving in the lower half-plane. The monodromy action p; is accordingly

given by pi+ (@) = ¢, p4(v4) = —v— — ¢ and py(v-) = —vy_. With respect to the basis ¢,~, the
monodromy operator for the loop p4+ acts on Vg as the matrix

(6=7)
so the matrix of p4 on the dual space Fy = V{)’ is given by the transposed matrix. The computation
of the matrix of p_ with respect to the same basis is similar. Finally, since F' is an object of Pervy,
the dimensions of the fibres dim F;y and dim F_;) must add up to 2 = dim Fp, hence must consist
of all the local invariants. In terms of the basis dual to ¢, ~y, the invariants are the one-dimensional
subspaces generated by the vectors (_11) for p;+ and by (%) for p_. O

PROPOSITION 12.4.3. — The motivic Galois group of the Bessel motive B(X) is GLa.

PROOF. Let G C GLj denote the motivic Galois group of B()A) and let H C G be the tannakian
fundamental group of the perverse realisation F[1] = RpervB(A) of B(A). We first notice that H
and G are both reductive. Indeed, the perverse sheaf F[1] is a simple object in the category Pervy
since already the local system defined by F' is simple. In follows that B(\) itself is simple too, and
in any tannakian category of characteristic zero the fundamental group of any simple or semisimple
object is reductive. By Proposition 12.4.1, the group G surjects to G,, via the determinant map,
and since the perverse realisation of Q(1) is trivial, the group H is contained in SLo. Again,
since F'[1] is simple, the tautological two-dimensional representation of H as a subgroup of SLj is
irreducible, but the only algebraic subgroup of SLy with this property is SLo itself. It follows that
H = SLy and G = GL5 as claimed. O
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As a consequence of Proposition 12.4.3, the period conjecture specialises to the following state-

ment:

CONJECTURE 12.4.4. — For every non-zero algebraic number A € C, the following complex

numbers are algebraically independent:

Io(N), Ii(\), 5=Ko()),

2mi

LK1 (N).

2mi

12.4.5. — Let m > 1 and n > 0 be integers. We consider the affine variety X = A! x G? and
the regular function f : X — Al given by

flto)=—5t" ) (wg— )
q=1

for coordinate functions ¢t and z = (x1,...,2,) on X. The triple (X, &, f) is cellular in degree

n + 1, and we are interested in the motive
B(m,n) = H™ (A x Gl f)

which has dimension (7).

THEOREM 12.4.6. — The motive B(m,n) belongs to the tannakian category generated by classical
motives and B(m,0) = HY (A, t™). In particular, B(1,n) is a classical motive.

PROOF. The only singularity of the perverse realisation of B(m,n) is 0 € C, and the monodromy
around 0 of the underlying local system is of order m. O

12.5. Special values of E-functions

DEFINITION 12.5.1 (Siegel). — Let f be an entire function given by a power series
=~ a
— n._n
n=

with algebraic coefficients a,. For each n > 1, let ||a,|| denote the largest absolute value of all
Galois conjugates of a,, and let d, € Z>; be the smallest integer such that dya;,dpasg,...,dna,
are all algebraic integers. The function f is called an E-function if

e it satisfies a homogeneous linear differential equation with coefficients in Q(z),
e there exists a constant C' > 0 such that ||a,|| < C™ and d,, < C™ for all n > 1.

12.5.2. — Instead of d,, < C", Siegel [83] asks for the seemingly less stringent condition that,
for every € > 0, there is a constant C. > 0 such that d,, < C-(n!)¢ holds for all n. However, no
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examples of functions satisfying the latter condition but not the former one are known?®. An elegant

alternative way to formulate the growth condition on the coefficients is to ask for
h([ag : a1 :ag: - :ay]) = O(n)

where h stands for logarithmic height on P". Standard examples of E-functions include polynomials,
the exponential function, and the Bessel function .Jy(2%). The exponential integral functions E,
(see 12.6.1 below) are not E-functions, already because they have a singularity at 0.

THEOREM 12.5.3 (Siegel-Shidlovskii). — Let f = (fi1,..., fn) be E-functions which satisfy a
linear differential equation f' = Af for some n by n matriz A with coefficients in Q(z). The equality

trdeg@(fl (a)7 T fn(a)) = 1JI'deg(C(z)(fl (Z)v T fn(z))

holds for any non-zero o € Q which is not a pole of any of the coefficients of A.

12.6. Special values of exponential integral functions

In this section, we introduce exponential motives whose periods contain special values of the
exponential integral functions Ej, Fa,.... The theorem of Siegel-Shidlovskii about special values
of E-functions shows that a small part of the period conjecture holds for these motives.

12.6.1. — Recall that, for each integer n, the exponential integral function F, is defined, in the
half-plane Re(s) > 0, by the convergent integral

o d
En(:s):/1 g5zl

an

In particular, Fy(s) = ? As a function of s, this integral defines a holomorphic function on the
right half complex plane, which extends to a holomorphic function on C\ [—oc0,0]. The function E,
is closely related to the incomplete gamma function

(o ¢]
[(s,z) = / t5~ e tdt,
x
namely by E,(s) = s" 'I'(n — 1, s). Integration by parts shows the recurrence relation
nEni1(8) = e % — sEy(s)

which allows us to calculate E, for n < 0 from Ey, and E, for n > 1 from F;. In particular we
see that for n < 0 the function E,(s) is a rational function of e® and s, whereas for n > 1 the
function E,(s) is a rational function of s, e® and Ej(s). One can show that the field extension
of C(s) generated by {E,(s)|n € Z} has transcendence degree 2. In other words, the functions e*
and F1(s) are algebraically independent over C(s).

3Since f satisfies a differential equation, which can be thought of as a kind of linear recurrence relation for the

coefficients a,,, Siegel’s condition should imply the one we gave in the definition.
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12.6.2. — Special values of exponential integral functions E, are not very much studied, with

the notable exception of the so-called Gompertz constant
G =e- FEi(1) = 0.596347362323194074341 . ..

which is in several ways related to the Euler-Mascheroni constant, as we will see in section 12.8. It

admits two intriguing continued fraction representations

1 1
G = T and G = T
2— 7 1+ T
i 5 I+ .
6-3 16 i 2

BT — - — o— —
BT — L R

14— 49 1+ A

T T+

attributed to Stieltjes. The resulting rational approximations are however not good enough in order

to deduce that G is irrational. Irrationality of G is, as far as we know, still an open problem.

12.6.3. — Let k C C be a number field, and pick o € k*. The integral representation of E;(«)
suggests that the exponential motive

M = HY (G, {1}, ax).

contains Ej(a) among its periods. By the exact sequence for triples (4.2.4.2), the motive M fits
into a short exact sequence

0 — E(—a) — M — HY(G,,,az) — 0.

We claim that H'(G,,,ax) is isomorphic to Q(—1) = H'(G,,) as exponential motive. To see
this, consider X = G,, x Al = Speckl[r,x71,t], together with the function f(x,t) = zt. The
inclusions of G,, into X as G,, x {0}, respectively as G,, x {a}, yield morphisms of motives
HY(A, f) — HY(G,,), respectively HY(AY, f) — H*(G,,, ax), which are isomorphisms. Therefore,
we get an extension

0— E(—a) — M — Q(-1) — 0. (12.6.3.1)

A basis for rapid decay homology is given by the cycles v, and v_, defined as
Yo(t) = €2t and v_(t) =1+ ra"lt.

According to the elementary definition of rapid decay homology, v_ should be seen as a family of
cycles indexed by r > 1 . A basis for the de Rham cohomology consists of the 1-form w = 2~ !dz
on G,,, and the 0-form &y supported on the marked point {1} C G,,. With respect to these bases,
the period matrix of M reads:
[ o0 | « |
- e | Er(a)
Yo 0 27

PROPOSITION 12.6.4. — The extension of motives (12.6.3.1) is not split. With respect to the
basis dual to the basis {vo,v7-} of H1(Gn,{1},ax), the motivic fundamental group of M is the
three-dimensional group

Gu={(28%) ‘ a,d € Gp,beGg}.
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PROOF. The semisimplification of M is the motive E(—a)®Q(—1), whose motivic fundamental
group is the two-dimensional diagonal torus in GLs, since a # 0. It only remains to show that the
extension (12.6.3.1) is not split. To do so, it suffices to show that the perverse realisation of this
sequence, which reads

0 — E(—a) — Rperv(M) — E(0) — 0

is not split. The object A = Rperv(M) of Pervy has two singularities {0, a}. The fibre of A[—1]
over a point z ¢ {1,a} is the linear dual of the vector space Hi(C*,{1,a"'z}). A basis of this
space is given by a positively oriented simple loop 7, around 0, and a path 7, from 1 to a~'z. As z
moves in a loop based at r > 0 around the singular point «, the path -, gets deformed into itself.
Hence the local monodromy around « is trivial. As z moves in a loop around the singular point 0
on the other hand, v, gets deformed into a path whose homology class is v, + ;. It follows that
with respect to the dual basis {7¥,7)} of HY(G,,, {1}, ax}, the global monodromy of the local
system underlying A is given by
(§1) around 0 and (39) around .

Global invariants are the 1-dimensional subspace generated by 7Y = ((1)), which is the subspace
E(—a) of A. From the monodromy around 0 we see that the extension is not split, and more
precisely, that the tannakian fundamental group of A is equal to

Ga={(}) | acGubeE,)

with torus of singularities given by the cocharacter a — (8 (1)) U

CONJECTURE 12.6.5. — For every non-zero algebraic number «, the complexr numbers 2imw, e,

and E1(«) are algebraically independent.

1
z
n-n!

[ee]
LEMMA 12.6.6. — The power series f(z) = Z ™ is a transcendental E-function.
n=1

PROOF. It is clear that f(z) is an entire function, whose coefficients a,, = 1/n are bounded.
We only have to check that, for some constant C', the inequality

dp, =lem(1,2,3,4,5,...,n) < C"

holds. This least common multiple is conveniently expressed using the summatory von-Mangoldt
function or secondary Chebyshev function ¢ (n): We have

dn = exp(¢(n))

for all n > 1. The function 1 grows asymptotically as ¥ (x) ~ x - this is equivalent to the prime
number theorem. In particular ¥ (z) < cx for sufficiently large ¢ > 1, hence d, < e = C™. In
order to show that f is a F-function, it remains to find a linear differential equation for f. Indeed,
we have 1+ zf’(z) = e* by inspection of the power series, hence

1+ 2f'(2)) =1+ 2f(2)
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is the differential equation (e*)’ = e*. Rearranging terms yields the differential equation

2f"(2)+ (1= 2)f(2) =1

which is only affine and not linear, but we can always derive once more. O

The general solution of zu” 4+ (1 — 2)u’ = 1 is A + Bf(z) — log(z) for constants A and B.
Unfortunately, log(z) is not an E-function. The Siegel-Shidlovski theorem thus only shows that

/ / “Ydxdy

are transcendental. Once we show that f(z) and e are algebraically independent over C(z), we

special values of the function f, such as

will obtain algebraic independence over Q of, say, f(—1) and e.

12.7. Laurent polynomials and special values of F-functions

We fix a number field k¥ C C. Regular functions on G,, = A!\ {0} are Laurent polynomials
with coefficients in k, so we obtain a motive M = H'(G,,, f) from every Laurent polynomial f. In
this section, we show how to relate some of the periods of M to special values of E-functions. The
Siegel-Shidlovskii theorem allows us then to prove some transcendence results.

12.7.1. — Let f € k[z,27!] be a Laurent polynomial of the form

1
flw) = =
where d > 0 is an integer and the ¢; € O are algebraic integers. We assume that r and s are both

c_rx” "+ 4 csx?)

positive and the coefficients c_, and cs non-zero. The motive M = H!(G,y,, f) has dimension r + s.
A particular element in the rapid decay homology of (Gy,, f) is the standard loop v winding once
counterclockwise around 0. Given another Laurent polynomial g € k[z,z7!], we set
B(9.2) = 5 e gla)da,
2mi
where z is a complex variable and the integral sign means integration along the loop . The function
E(g,z) is entire and satisfies the following three relations:

aE(g,z) + bE(h,z) = E(ag + bh, 2), (12.7.1.1)
5:B(g,2) = —E(fg.2), (12.7.1.2)
E(d',2) = 2E(f'g, 2). (12.7.1.3)

In the first one, a and b are scalars in k and h is another Laurent polynomial. The second one is
obtained by differentiating under the integral sign, which is allowed since the cycle v is compact.
Finally, the third one follows from Stokes’ formula and could be rewritten as E(d.f(g),z) = 0.

PROPOSITION 12.7.2. — The function E(g,z) is an E-function.
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PROOF. We have to verify that E(g, z) satisfies a non-zero linear differential equation, and that
the coefficients a,, of the Taylor expansion

o0

an o,

n=0
lie in a common number field and their logarithmic height has at most linear growth. By (12.7.1.1)
and the fact that linear combinations of F-functions are again E-functions, we may assume that g

is a monomial, say g(x) = 2% for some integer d € Z.

Let us start with bounding the coefficients. By (12.7.1.2), they are equal to

1 § Ha@)rgta)de

21

ap = (*1)nE(fnga0) =

which is, by Cauchy’s formula, the coefficient of 27! in the Laurent polynomial f(z)"g(x). Since
we already assume g(z) = 29, the coefficient a,, is the coefficient of z'=% in f(z)". It is thus clear

that a, belongs to k. Moreover, we can write a,, in terms of the coefficients of f as

1
an:d7 E Ci1Cig =" " Ciyp s

where the sum runs over all n-tuples of integers (i1, ...,4,) € [—r, s]" satisfying i1 +---+1i, = 1 —d.
Define C' = max{||c_|,...,||en||}- The estimate
lan|l < (r—}—s)”max{”cilch--ocinH ‘ —r <y, iy < s} <(r+s)"-C"

is what was needed in Definition 12.5.1. It remains to show that E(g, z) satisfies a non-trivial
differential equation. This is a straightforward consequence of the relations (12.7.1.1), (12.7.1.2)
and (12.7.1.3). Indeed, the functional equation tells us that the C(z)-linear space of entire functions
spanned by {E(g,2) | g € k[z,#!]} is finite-dimensional, of dimension at most r + s. Therefore,

for any fixed g, the functions 88;- {E(g,2) |0 <i<r+ s} are C(z)-linearly dependent. O
12.7.3. — In the proof of proposition 12.7.2, we have explained why the function E(g, 2)

satisfies a differential equation of order < r 4+ s. Let us now describe an explicit construction of
this differential equation, in the form of a system of first order linear differential equations. Set

E,(z) = E(aP, z). Our goal is to produce an equation
o) —
SE=LE

where F is the vector of functions (Ey, ..., Erys—1) and L is a matrix with coefficients in k(z). The
functional equation (12.7.1.3) applied to g(x) = 2P reads

(b + DE(2) = 2E@"f'(€).2) = 5 3 4¢4Eprq(2) (12.7.3.1)

q=-—r
For each p € Z, we can determine uniquely a,, € k[z, 27!] such that

r4+s—1
Ep(z) = Y apg(2)Ey(2) (12.7.3.2)

q=0
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holds. This is indeed possible, trivially so for 0 < p < r + s and mductlvely on p for p < 0
and p > r + s. For our needs, we need to determine the coefficients a,, for —r < p < 0 and
r+ s < p <71+ 2s. The differential relation (12.7.1.2) in the case g(x) = z” reads

El(z) = —E(2"f(z Z ceEpiq(z (12.7.3.3)

q=—T

For each 0 < p < r + s, we can substitute the relations (12.7.3.2) into the right-hand side of
(12.7.3.3), and obtain so the sought system of differential equations. The coefficients of the matrix
L are linear combinations of the a,, € k[z, 271], hence are themselves elements of k[z, 271].

EXAMPLE 12.7.4. — Consider the Laurent polynomial f(z) = 273 +2~ !4+ 2 +23. Since f is odd,
we expect that the resulting motive M = H'(G,,, f) has some extra symmetries. The dimension
of M is 34+ 3 —1 = 5. The diferential forms dz, zdx, . .., xz°dx represent a basis of the de Rham
cohomology HJp(Gyy, 2 f). Here are the equations (12.7.3.1) for p =0,1,2,3,4,5.

Ey(z) = —3zE_3(z) — 2zE_1(2) + zE1(2) + 32E3(2)
2E1(z) = —3zE_9(z) — zEo(z) + zEa(2) + 32E4(2)
3E5(z2) = —3zF_1(2) — zE1(2) + zE5(2) + 32E5(2)
4FE3(z) = —3zEy(z) — zE2(2) + 2E4(2) + 32E¢(2)
5E4(z2) = —=3zF1(z) — zE3(2) 4+ 2E5(2) 4+ 32E7(2)
6F5(2) = —3zF3(z) — zE4(2) + 2Eg(2) + 3zE5(2)

The linear relations (12.7.3.2) for p = —1,—2, -3 and p = 6,7,8 are obtained from these. Here
they are.

E_i(z) = —%E1(z) %E( )+ 2 F3(2) + E5(2)
E_5(2) = —1Ey(z)— ZE1(2) + $E2(2) + Ea(2)
E_3(z) = —%E_l(z) — —Eo(z) + %El(z) + E3(z)
= —2LEo(2)+ sE1(2) + 5 Ea(2) + SE3(2) — $E5(2)
Eg(z) = Eo(2)+ $E2(2) + s E3(2) — $E4(2)
Er(z) = FE1(2)+ $E3(2) + £ Eu4(2) — $E5(2)
Eg(z) = FEa(2)+ $Ea(2) + 2E5(2) — 1 F6(2)

= —3E0(2) + §E2(2) — £ Ba(2) + §Ea(2) + 2E5(2)
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Next, let us write the differential relations (12.7.3.3) for 0 < p < r + s.

Ey(2) = —E_3(2) — E_1(2) — E1(z) — E3(2)
Ei(2) = —E_s(z) — Eo(2) — Ea(2) — Ea(2)
Ey(2) = —E_i(z) — E1(2) — Es(2) — E5(2)
Bi(2) = —Eo(z) — Ea(2) — Ba(z) — Eg(2)
Ei(2) = —Ei(2) - E3(2) — Bs(2) — Er(2)
E5(z) = —Ea(2) — Eu(2) — Eg(2) — Es(2)

Substituting E_3, E_o, F_1 and Fg, E7, Eg, we obtain:
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12.8. The Euler—Mascheroni constant

In this final section, we describe a two-dimensional exponential motive over the field of ratio-
nal numbers that is a non-classical extension of Q(—1) by Q(0) containing the Euler-Mascheroni
constant v among its periods. We refer the reader to [60] for a beautiful survey of the role this
constant played in Euler’s work and subsequent developments. That ~ is an exponential period
was observed by Belkale and Brosnan in [9] using the integral representation

_ — dy
7——/0 log(z dr = — / / —dz / / x—1y+1dyd$’

which follows from the fact that —v is the value at 1 of the derivative of the gamma function.
Although the integrand has a pole at the point (0,1) which lies on the boundary of the integra-
tion domain, the integral converges absolutely. However, this makes it difficult to write down an
exponential motive out of this integral representation.
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To get rid of the pole of the integrand, we resort to blowing up the affine plane at the origin. In

terms of the integral, this just means that we change variables from (z,y) to (zy,y), thus obtaining:

/ /e Wdyd(zy) // “Wdxdy — / / “Wdxdy. (12.8.0.1)

The first of these two integrals is a special value of the E-function from Lemma 12.6.6, and it
is a transcendental number by the Siegel-Shidlovskii theorem. The second integral is the special
value E1(1) of the exponential integral function that we already studied in Section 12.6.

12.8.1 (The Euler-Mascheroni motive). — The integral representation (12.8.0.1) suggests the
following geometric picture: let X = SpecQ[z,y] be the affine plane, Y the union of four lines
given by the equation zy(x — 1)(y — 1) = 0, and f the regular function f(z,y) = zy on X. The
exponential motive H2(X,Y, f) has v among its periods by design. As we will see below, it turns
out to be three-dimensional. In the course of the computation of its period matrix, we observed that
H?(X,Y, f) should admit a two-dimensional quotient M (), still containing v among its periods,
and which sits in an non-split extension

0— Q) — M(y) — Q(—-1) — 0.

To define M(~y), we consider the blow-up 7: X — X of the affine plane at the point (1,1). Let Y
denote the strict transform of Y, let F be the exceptional divisor, and f = f o7 the induced
function on X. The motive H?(X,Y, f ) is again three-dimensional but the blow-up map 7 yields

a rank-two morphism of exponential motives

™ HX(X,Y, f) — H*(X,Y, f).

DEFINITION 12.8.2. — The Euler—Mascheroni motive M () C H%(X,Y, f) is the image of 7*.

In what follows, we will first compute all realisations of the whole motive H?(X,Y, f), then
identify the realisations of the quotient M (7).

12.8.3 (Computation of rapid decay homology). — The topological picture is the following: The
topological space X (C) = C2 has the homotopy type of a point. The subspace Y (C) consists of
four copies of the complex plane glued to a square, and hence has the homotopy type of a circle.
The set f~1(S,) = {(z,y) € C?|Re(xy) > r} is homeomorphic to C* x R x R, and is for r > 1
glued to Y(C) in the adjacent lines y = 1 and « = 1. Here is the real picture.

The space Y(C) U f~1(S,) has the homotopy type of a wedge of three circles, which bound
three 2-cells forming a basis of Ho(X(C),Y(C) U f~1(S,)). In the picture on the left-hand side,
two of these 2-cells are visible - the square shaped cell 7o and the triangle shaped cell yA. In the
blow-up pictured on the right-hand side, these two cells merge to a single cell, which maps via the
blow-up map 7 to yg — ya. The boundary of the third cell is the circle in {(z,y) € C? |2y = r}

given by the simple loop t — (€27 pe=2mi)

. There is another subtlety which is invisible in the
picture: the three sides of the triangle shaped cell are paths from (1, 1) to (1,7) in the = 1 plane,

from (1,1) to (r,1) in the y = 1 plane, and from (r,1) to (1,7) in the xy = r plane. For the first
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R N
£
tj:l 3:1 -
M "’”"«-«-M
=0 =0
7 J Ixz=1
x=0 x=1 x=0

FIGURE 12.8.1

two paths, any choice is homotopic to any other, but not so for the third since in the xy = r plane
a point is missing. Two choices for the boundary of v differ by a class in Hi(f~%(S,),Q) ~ Q.
One evident choice for v is the cell which is contained in R? C C2. The boundary morphism

8: Ha(X(C),Y(C)u f71(S,)) — Hi(Y(C)U f7(S,))

is an isomorphism. Therefore, Ho(X(C),Y(C) U f~1(S,)) has dimension 3, a basis being given

by the two cells o and 7y in the picture, and a disk 7. filling the loop t +—— (™%, re=27it),
It follows in particular that the motive H?(X,Y, f) is of dimension 3, as claimed. The quotient

H?(X,Y, f) — M(v) corresponds to the two-dimensional subspace

(va =72, %)-

Hence, M () is two-dimensional.

12.8.4 (Computation of de Rham cohomology). — Let Y(!) be the normalisation of Y, i.e. the
disjoint union of the four irreducible components of Y, and let Y2 C Y be the four singular
points of Y. Write ¢: Y() — X for the composite of the normalisation map with the inclusion,
a:Y® = YO for the inclusion of Y into the two vertical lines, and 8: Y& — Y for the
inclusion of Y into the two horizontal lines. The de Rham complex associated with (X,Y, f) is
the total complex of the double complex

d d
0 — QX)) —> Q'(X) = 02

(

d
0 — vy £ iy ®)

a*_ﬁ*i

00— QY®) ——0

|

which we describe now explicitly. The de Rham complex (2*(X),dy) is the complex

Qlz,y] — Qlz, yldz & Qlz, y|dy — Q[z, y]dzdy
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with differentials given by

de(g) = (yg + ?)i)da:nL (mg+ gz>dy
d¢(gdr + hdy) = (—xg +yh + gz — %)dwdy

and its homology is concentrated in degree 2 of dimension 1, represented by the form dzdy.

The variety Y1) is the union of four affine lines, say the spectrum of Q[zo] ®Q[z1]®Q[yo] ®Qy1]
where we name coordinates in such a way that xg is the coordinate on the line y = 0, x; the
coordinate on the line y = 1, yo the coordinate on the line z = 0, and y; the coordinate on the line
x = 1. A regular function g = g(x,y) on the plane restricts thus to

t*(9) = (g9(20,0), g(21,1),9(0,50), 9(1,11)),

and a 1-form gdx + hdy on the plane restricts to

Lt (gdm + hdy) = (g(l'o, O)d$07 9(111, l)dxlv h(oa yO)dy07 h(17 yl)dyl) .

In particular, the function f(x,y) = xy restricts to (0,21,0,y1). The differential dy: QY M)y —
Q' (Y M) is given by

dg (g0, 91, ho, h1) = (godxo, (91 + g1)dz1, hodyo, (hy + h1)dy1)) -
The homology of (Q*(Y'(1)), d;) is concentrated in degree 0 of dimension 2, generated by the constant
functions
(1,0,0,0) and  (0,0,1,0). (12.8.4.1)

Elements of Q°(Y () are quadruples of rational numbers which we arrange in a matrix in the
evident way. The map a* — 8*: QY1) = QO(Y () is given by

—g0(1) + m(0) —g1(1) + ha(1) ) |

(Oé* - /3*)(907gla ho, hl) = ( _90(O> + hO(O) _90(1) + hl(O)

A particular basis of Q0(Y () is given by the four elements

10 0 0 s (oo (o1
107 _1_1700_10711_007

where the first two are the images under a* — 3* of the basis of ker(ds) given in (12.8.4.1). From this
explicit description, it is straightforward to check that H gR(X ,Y, f) has dimension 3, and a basis
is represented by the triples (dzdy, 0,0), (0,0, dg), and (0,0,d1;) in Q*(X) @ QYY) @ QO(Yy @),

12.8.5 (The period matrix). — In order to compute a period matrix, we need represent rapid
cycles in a way which is compatible with de Rham complex. Keeping the notation of the previous
paragraph, the rapid decay homology of [X,Y, f] can also be computed as the homology of the
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total complex associated with the following double complex of singular chains:

0 Co(X, f) =4 C1(X, f) =2 Co(X,f) ~— -
0 Covy®, f) L oy W, f) <—— -

a*—B*T
0 CO(Y(Q))

The complexes in the top and middle row are the reduced singular chain complexes of the quotient
spaces X (C)/f~1(S,) and Y(C)/(f 0 ¢)~(S,) for some large real » > 1. Up to homotopy, this
choice of r is unimportant. In this setup, a cycle v in Ho(X,Y, f) is represented by a triple

(T,L,P) € Co(X, f) @ CL (YW, f) @ Co(Y @)

where T represents a preimage of v under the map Ha(X, f) — H2(X,Y, f), and L and P satisfy
dl' = 1, L and dL. = a, P — 5, P. The three cycles 7o, vA and v, correspond to the following triples:

Yo (Ty+Ts,—Ly + Lo — Ly + Ly, Poo — Por — Pro + Pr1)

Ya (T3, —Ls + Lg, P11)

Y (T0,0,0)
The cycles 11,75, ... are drawn in Figure 12.8.2 except for the cycle Ty which is just 7, seen as an
element in Cy(X, f).

\Q‘ L.

N

F1Gure 12.8.2. Cycles on X, Y and Z

We can now turn to the computation of the integrals of dzdy, dgg, and §11, each over the three
topological cycles 7o, va, and v,. The integrals over 7o are

/ €7f500 = / eif500 =1,
0 Poo—Po1—Pro+P11
/ e o, = / e o =el,
o(n| Poo—Po1—Pio+P11
1 1
/ e Tdedy = / e Tdedy = / / e Ydxdy = v+ Ei(1),
YO T +T5 0 0

and the integrals over ya are
/ e 600 = / e /600 =0,
BN Py
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/ e 1oy = / e o =et,

A Py

/ el dxdy :/ e dady :/ / e Ydxdy = Er(1).
BN T3 1 1

2mit

Over 7., only the integral over e~fdzdy is non-zero. Setting = = e and y = re~ 2™ we find

1,1
/ e ldxdy = 27rz'/ / e e e "2 qtdr = 2mi(1 — e ")
Yo 0 JO

and this quantity converges to 27i as r — 0o. The following table (aka. period matrix) summarises
the results:

[ o] b | doay
U e 70 | R N U e
A 0 |e ' | Ea(1)
Yo 0 0 21
12.8.6 (The Euler-Mascheroni motive as an extension). — Let us examine the structure of the

motive M () in detail. We keep the notation from 12.8.1 and denote by E the exceptional divisor
of the blow-up 7: X — X. Let Z C Y be the union of two lines defined by (z — 1)(y — 1) = 0,
and denote by Z C X the strict transform of Z. We consider the following commutative diagram

of exponential motives with exact rows and columns:

0

The middle column comes from the long exact sequence of the pair of immersions YCYUECX
and the excision isomorphism H™(Y U E,Y fﬁ’uE) ~ H"(E,ENY,1). The right-hand column is
obtained in the same way replacing Y by Z, and the top and bottom isomorphisms follow from the
equality £ N Y = ENZ. The horizontal short exact sequences are part of the long exact sequences
associated with the triples Z C Y C X and ZCYCX respectively. The zeroes on the right-hand
side are explained by cohomological dimension. The zeroes on the left-hand side can be obtained
by writing out the long exact sequences of the pairs Z C X and ZCX.
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The motive H 1(17, Z ) f) is isomorphic to Q(0). The motives on top and bottom of the vertical
sequences are all of dimension 1, and hence 7* is of rank 2 = 3 — 1. It follows that M(v) is of

dimension 2, and sits in a short exact sequence
0— Q(0) - M(y) — im(my) — 0.

The sequence 0 — HY(E,E N 2,1) — H*(X,Z,f) — H*(X,f) — 0 is exact, and the motive
H?(X, f) is isomorphic to Q(—1) by Proposition 12.2.3. Hence the image of the map 7 is Q(—1).

PROPOSITION 12.8.7. — The Euler—Mascheroni motive is a non-trivial extension of Q(—1)

by Q(0). In other words, there is a short exact sequence
0— Q) - M(y) - Q(—-1) =0
of exponential motives, and the vanishing Hom(M (), Q(0)) = 0 holds.

PROOF. In order to show that M () is a non-trivial extension, it suffices to check that some
realisation of M(7) is a non-trivial extension. Let us look at the Hodge realisation. The Hodge
realisation of the exact sequence is a sequence of mixed Hodge modules whose fibre over z # 0, 1 is
the sequence of mixed Hodge structures presented in the lower row of the following diagram.

o)

HY(Y U f7}(2),Y)

H' (Y Uf Y 2)UE,YUE)

(%)

H'(P', {0,00}) H(X,Y U f () —= HX(X,Y U [ (z)) — H*(P',{0,00})

The vertical maps are morphisms induced by triples, and the top horizontal morphism is the induced
by the blow-up map 7 restricted to ¥ U f~1(z) U E. The morphism labelled (x) is also induced by
the blow-up map, and hence the diagram commutes. The image of the morphism (x) is the fibre
over z of the Hodge realisation of M (+y). The top horizontal morphism is an isomorphism of Hodge
structures, so the fibre over z of the Hodge realisation of M () is the Hodge structure

HY (G, {1,2%}) = H' (f7(2),{(1,2), (2, 1)})

which is an extension of Q(—1) by Q, non-split unless z is a root of unity. O

COROLLARY 12.8.8. — The motivic fundamental group of M (~y) with respect to an appropriate

basis is equal to the group
Gue ={(68) | a € G, be G}

Therefore, the exponential period conjecture implies that ~v and 2wi are algebraically independent.

PRrROOF. The semisimplification of the motive M (7y) is isomorphic to Q(0) & Q(—1), and hence

the reductive quotient of Gy(,) is the group

Gooaeo-1n =1{(89) | e €Gn}.

Since M () is a non-trivial extension, the unipotent radical of G () is a non-zero subgroup of Gy,

7)

and hence equal to G,. O
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COROLLARY 12.8.9. — The motivic fundamental group of H*(X,Y, f) with respect to an appro-

priate basis is equal to the group

GH2(X,Y,f) = { <(1) ) ’ b,CE Ga, CL,dE Gm} .

Therefore, the exponential period conjecture implies that the numbers e1, Eq1(1), v, and 2mi are

algebraically independent.

REMARK 12.8.10. — The shape of the period matrix suggests that H?(X,Y, f) has a subobject
or a quotient isomorphic to the motive associated with F;(1), as introduced in the previous section.
Indeed, this is the case. Let Z be the union of the lines x = 1 and y = 1. The exact sequence
(4.2.4.2) for the pair of inclusions Z C'Y C X yields an exact sequence

0 —>H1(Y>Z7f|Y) —>H2(X>Y7f) —>H2(X7Z7f) —0

12.8.11 (Computation of Hodge realisation). — The perverse sheaf underlying the exponential
Hodge realisation of M has two singularities, S = {0, 1}.

COROLLARY 12.8.12. — The exponential period conjecture implies that ~v is transcendental over
the field of usual periods.

PrOOF. Arguing as in the proof of Proposition 12.1.4, we are reduced to showing that, for
each usual motive M over Q, the dimension of the motivic Galois group of M+ = M @ M (y) is
bigger than that of the motivic Galois group of M. For this, we use that the perverse realisation
Rperv (M *) has fundamental group G,. Letting G+ and G denote the motivic Galois groups
of M* and M and Gp+ and G the fundamental groups of their perverse realisations, there is a

commutative diagram
Go=2Gp+ — Gp =0

L

The one-dimensional group (G, is thus contained in the kernel of the surjection G;+ — G, hence

G+

the sought-after inequality dim G+ > dim Gjy. d



CHAPTER 13

Gamma motives and the abelianisation of the (Galois group

At the outset of this monograph stands Lang’s conjecture 1.3.4 about the transcendence de-
gree of the field generated by the values of the gamma function at rational numbers with a fixed
denominator. As we saw in Example 1.1.4 from the introduction, they all appear as periods of the
exponential motives

M, = H'(Ag, z"™).
Note that, if n divides m, the map z — 2™/™ induces an inclusion M, C M,,. We call gamma

motive the ind-exponential motive colim,, M,,.

13.1. The Serre tori

We convene that all Hodge structures are polarisable, rational Hodge structures. We say that
a Hodge structure is of CM-type if its Mumford-Tate group is commutative.

By a CM field we understand a subfield ¥ C C which is

With this definition, @ C C is a CM field. It is important to us that CM fields are actual
subfields of C, and hence come with a distinguished embedding k£ — C.

13.1.1. — Tori over QQ are in one to one correspondence with finitely generated free Z-modules
equipped with a continuous action of Gal(Q/Q). To a torus T corresponds its group of characters
Xpr = Hom(T@, G,, @), and to a Z-module X with Galois action corresponds the torus Tx =
Hom(X,G,,). Let T be a torus over Q with character group X. To give a representation 7" — GLy
of T on a vector space V is to give a decomposition of Q-vector spaces

VeoQ=gw,
x€X
which is compatible with Galois actions, in the sense that g(W,) = Wy, holds for all g € Gal(Q/Q).
To such a decomposition corresponds the representation p defined by

for all elements t: X — Gy, of T, characters x: Ig — Gm’@ and vectors w € W,. A priori, this

representation is only defined over Q, and it is the compatibility condition that ensures that it is
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defined over Q. In these terms, the image of the representation p: T' — GLy corresponds to the
subgroup of X generated by

{xeX|W,#0} CX
which is indeed a Galois submodule. In particular p is faithful if and only if the characters y with
Wy, # 0 generate X.

13.1.2. — Let k be a CM field, and write ¥ for the set of complex embeddings of k. The Serre
torus Sy associated with k is the torus over Q whose group group of characters is

X = {X € Map(X,Z)| 0 — x(o) + x(@) is constant.}

with its natural Gal(Q/Q)-action. It is a torus of dimension [k : Q] — 1, except when k = Q, in
which case Sy = G,,. An inclusion of CM fields £ C k' induces a map res: ¥’ — ¥ between the
respective sets of complex embeddings sending ¢’: k' — C to its restriction to k. This restriction
map in turn induces a Galois equivariant injective group homomorphism X; — Xy sending x to
x o res, and hence a surjective morphism of tori
(1,5 n00) s (1,3 mny ).
o€y ocy!
We call Serre torus the protorus

S = lim Sg,
kCC

where the limit runs over all CM fields k£ C C ordered by inclusion. The composite of finitely many
CM fields is CM, hence this limit filtered, and to give a finite-dimensional representation of S is to
give a finite-dimensional representation of Sy for some sufficiently large CM field k.

13.1.3. — Let k£ C C be a CM-field, and let V' be a finite-dimensional representation of Sj.
We will construct a Hodge structure on the vector space V. According to the general discussion of
representations of tori, the action of S on V corresponds to a decomposition

VeoQ= w,
XEXk

which is compatible with Galois actions. We declare the Hodge decomposition of V' to be
vl = B W,®5C,

where og: k — C is the inclusion.

13.1.4. — Let V be a Hodge structure of weight w, and let k£ be a CM-field. A complex
multiplication of k on V is a Q-algebra homomorphism ¢ : k& — End(V) such that V is a one-
dimensional k-vector space via ¢. In other words, dimgV = [k : Q]. Given such a complex

multiplication, we obtain

PRrROPOSITION 13.1.5. — Let V' be an irreducible Hodge structure. The following are equivalent:



13.2. GROUPS OF CIRCULANT MATRICES 287

(1) The Hodge structure V is of CM-type, that is to say the Mumford-Tate group of V is
commutative.

(2) The Q-algebra k = End(V) is a CM-field, and V' has complex multiplication by k.
THEOREM 13.1.6. —

13.1.7. — The Fermat curve C' C P? of degree n > 1 is the plane curve defined by the equation
2" +y" = z". It is smooth of genus 3(n — 1)(n — 2). A basis of the de Rham cohomology group

H}(C) is given by the forms
Wrs = xrflysfndx

for integers 1 < r,s < n — 1 satisfying r + s # n. They are meromorphic forms on C. The forms
{wrs |7+ s < n} are holomorphic, and hence form a basis of H o, Qlc)

13.2. Groups of circulant matrices

Let n > 3 be an integer. We introduce a torus 7T;, C GL,, of dimension 1+ @ and a surjective
map m,: T, — Sg(u,) With kernel Z/nZ. For every quotient m of n, we construct a surjective
morphism T,, — T}, fitting into a map of short exact sequences

Tn

0 —— Z/nZ T,

SQ(un) — 1

Tm

0 —= Z/mZ T

SQ(m) — 1

where the vertical map on the left is the canonical projection, and the vertical map on the right is
induced by the inclusion Q(jy,) — Q(un) as explained in 13.1.2.

13.2.1. — Let n > 3 be an integer. An n X n matrix of the form
Co €t C2 -+ Cp-1
Cn—1 €o Cl -+ Cp—2
C = Ch—2 Cp—1 Cop -+ Cp-3
c1 c2 €3 -+ Cp

is called a circulant matrix. The polynomial fo(X) = co + 1 X + -+ + ¢ 1 X" is called its
associated polynomial. The determinant of C is the product f(1)f(¢)--- f(¢"!), where ( is a
primitive n-th root of unity. Circulant matrices are precisely those matrices which commute with
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the particular circulant matrix

010 0
0 01 0
h=1| 0 0 O 01,
100 -+ 0
and every circulant matrix is a linear combination of h°,hl,...,h»~!. In particular, circulant

matrices form a subalgebra of the ring of all n x n matrices that is isomorphic to the group algebra
of Z/nZ. We denote by Circ,, C GL,, the algebraic group of invertible circulant matrices. As an
algebraic group over QQ, this group is a torus of dimension n, which splits over the cyclotomic field
of n-th roots of unity. A splitting is given by the isomorphism Circ,, — GJ}, of algebraic groups

over Q(uy,) sending a circulant matrix C' to the n-tuple ( fo(dd ) where ( is a primitive

§=0,...,n—1°
n-th root of unity. The group of characters of Circ, is the free group generated by the set of n-th

roots of unity, with its obvious Galois action.

DEFINITION 13.2.2. — Let n > 3 be an integer. We denote by T,, C Circ, the subtorus of
circulant matrices C' satisfying the following two conditions:

(1) For every divisor 1 < d < n of n and every residue k& modulo d
> o=

=k () 0 otherwise
o<j<n

1 ifk=0(d)

13.3. The gamma motive

In this section, we shall compute the motivic Galois group of M,, and explain the relation with
the Serre torus of the cyclotomic field Q(uy,). From this we will deduce that Lang’s conjecture is
equivalent to the exponential period conjecture 8.2.6 for the motive M,. This can be seen as a
mise au gout du jour of Anderson’s theory of ulterior motives [1].

13.3.1 (Motives of Fermat hypersurfaces). — Given two integers n,m > 2, we consider the
following variants of the Fermat hypersurface:

Y ={lwo: -2 €P™ | 2l + .. +ap, = ag),
X={lz1: - ap] € P 2]+ g, =0},
U={(z1,...,2m) €A™ | 2] + -+ 2 = 1}.

We shall regard them as varieties over the cyclotomic field k = Q(u,,) and write e.g. X™ 2 in-

stead of X when we want to emphasise the degree and the dimension. Observe that the map
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[1: ...: @y — [0: 1t ... ¢ 2] induces a closed immersion ¢: X < Y, whose open complement
is U under the identification A™ ~ P™+1\ {2y = 0}.

Following Anderson [1, 10.2], we make the group A = @, uy, act on Y by

(E1s-o s &m) o w1t oot ay) = [wo: &1t - G-
This action stabilizes both X and U. We identify the character group of A(C) with (Z/n)™
associating with an element a = (a1,...,a,) € (Z/n)™ the character ({1,...,&m) — [112 &
Setting
U={a=(a,...,am) € (Z/n)" | a; #0, a1 + -+ an, = 0},

there is a direct sum decomposition of classical motives

H" (X)) =cHP" Yo P H]?, (13.3.1.1)
ac¥
It follows that the primitive cohomology ngmf (X) is cut out in H™2(X) by the projector
Oprin = - D 2 (@, M)A
AeA C) ac¥
The map [x1: ...: &) —> [0: 21: ...: 2] induces a closed immersion ¢: X — Y, whose

open complement is U, under the identification A™ ~ P™+1\ {25 = 0}. Noting that X is a smooth

divisor on Y, the Gysin exact sequence of motives reads:
- — H(Y) — H'(U) — H YX)(~-1) — H(Y) — ... (13.3.1.2)

Moreover, (13.3.1.2) is A-equivariant, so we can replace each term with its image under the projector

Oprim and still get an exact sequence. Since Oy annhilates the cohomology of Y, it follows that:
H™ L U) = H™2(X)(-1).

prim prim

We introduce the differential form

Q=" (=D wgdry A Ndag A Ady,.

13.3.2 (Tensor powers of the gamma motive). — We now have all the ingredients to prove that,

2
for each integer m > 2, the tensor power M2™ contains a submotive isomorphic to nglm (X)(—1).

ProrosiTION 13.3.3. — There is an isomorphism of exponential motives
(ME™ypn =y gHm-2(XM2) (1), (13.3.3.1)

prim

PrOOF. The proof is an elaboration on the ideas that were already used in Lemma 12.2.1. We
first recall that, by the Kiinneth formula,

Consider the morphism h: U x A' — A™ given by

h((z1,.. s &m), ) = (TT1, ..., TTim).
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Since h sends the closed subvariety U x {0} C U x A! to the origin O € A! and commutes with

the functions 0 Hr™ on U x Al and 27 + ... + 2%, on A™, it induces a morphism of motives
H™A™ 0,20 4 ... +2™) — H™U x A", U x {0}, 08 ").

The source is isomorphic to H™(A™,z] + ...+ x]') by the long exact sequence (4.2.4.2) and the
target decomposes as a tensor product according to the Kiinneth formula, so we get a map:

MZ™ — H™ Y (U) @ H' (A, {0},r™). (13.3.3.2)

We need to show that the morphism
(M)l —s H™1(U) @ H' (A, ") (13.3.3.3)

obtained from (13.3.3.2) by restricting to the submotive (M2™)#n C ME™ and composing with
the projection H'(A', {0},r") — H'(A',r") is identically zero. This will yield a morphism

(M) — H™Y(U) (13.3.3.4)

and the proof will show as well that (13.3.3.4) is injective with image Hg;bl_ml(U)
To carry out this program we look at the de Rham realisation. A basis of HJ; (A™, z7+.. . 42,)

is given by the differentials

wi:x-{l_l...x-zg’tfldxl...dxmj l: (]177]771) € {1,...,71— ].}m,

which are p,-invariant if and only if n divides |j| = j1+...+jn. By a straightforward computation,

the morphism A sends this basis to

m
/=1

= (—1)mx{1_1 e x{;{flﬂ ® rlil=1qr.,

Let us now assume that n divides [j|. By induction, the relation

ron—lg. _ (ail)r(a—l)n—ld,r_ = dmn (_%r(a—l)n)

implies that the differentials 7" ~!dr and (a_ll)!r”_ldr are cohomologous for all integers a > 1.

Taking into account that 7"~ !dr spans the kernel of the projection H}g (A, {0}, r™) — H1s (Al r™),
it follows that (13.3.3.3) realises to the zero map in de Rham cohomology, hence it is itself zero.

The argument also shows that the resulting morphism
(Rar (M) ™) — HigH(U)

sends the basis [w;], where j runs through the indices such that n divides |j|, to

- j1— Jm—
ugr—)l)![”“ A

To conclude, it suffices to show that these classes form a basis of Hgf_{_grim(U ) O
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REMARK 13.3.4. — Let us analyse the content of the proposition for m = 2. Set ¢ = en. The
variety X2 C P! is the finite set of points P. = [1: ¢?"~!] for r € Z/n. The group A = u? permutes
these points as follows:

2miaq 2miag

(e7n e n ) Pr= Poyaytr

In particular, if a1 + a2 = 0, then P, is sent to P,_a4,. Now recall that the gamma function satisfies

; J s 271
HnHra-=)= — = — -
G n) sin(%) ¢+
REMARK 13.3.5. — Here is how the fact that (M2™)#n is isomorphic to a usual motive is reflected

at the level of the irregular Hodge filtration. A basis of Rqr(MS™) is given by the elements
o ey @ @y e, 1<Gi<n— 1, (13.3.5.1)

n ’

_j1+‘;1.+jm ). This type is integral if and only if j;+. . .+7m

which are pure of Hodge type ( m

is a multiple of n. Since ¢ acts on (13.3.5.1) by multiplication by &/t Fim  the p,-invariant
differentials are exactly those having integral Hodge type.






APPENDIX A
Tannakian formalism

A.1. Neutral tannakian categories

Recall that a dual of an object M of a tensor category is an object MV, together with a
coevaluation morphism c¢: 1 — M ® MV such that the composition

Hom(X @ M,Y) — Hom(X @ M @ M"Y @ MV) — Hom(X,Y @ M)

is bijective. If each object admits a dual, we say that the symmetric monoidal category is closed.

A.2. Dictionary

A.2.1. — A tannakian category has a finite fundamental group if and only if it is generated as
an abelian linear category by finitely many objects.

It suffices to observe that in any tannakian category T with tannakian fundamental group
G, the full subcategory T consisting of those objects which have finite fundamental groups is a
tannakian subcategory, corresponding to representations of G /GP.

A.2.2. — Let T be a tannakian category together with a fibre functor w, and let X be an object
of T. A Jordan—Hdlder sequence for X is a filtration by subobjects

0=XoCX1C--CXp=X (A.2.2.1)

which has maximal length. Note that such a filtration always exists since the length is bounded
by the dimension of the vector space w(X). All successive quotients X;/X;_; of a Jordan-Holder
sequence are simple objects of T, and we call semisimplification of X the associated graded object

n
X= =P Xi/Xi1.
=1

Two distinct Jordan—Holder filtrations produce the same semisimplification up to reordering of the
factors. The object X generates a tannakian subcategory (X)® of T and the semisimplification X
generates a tannakian subcategory (X®)® of (X)®. If Gx and Gxss denote the tannakian funda-
mental groups of X and X® respectively, the surjective homomorphism Gx — Gxss corresponding
to the inclusion (X®)® C (X)® identifies G yss with the maximal reductive quotient of Gx. Let us
choose a basis of w(X) adapted to the filtration (A.2.2.1). Then we can regard Gx as a subgroup of
GL(w(X)) consisting of upper triangular block matrices with the reductive tannakian fundamental
groups of the simple pieces of X®° on the diagonal.

293
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REMARK A.2.3. — The assignment X —— X* is not functorial. For particular tannakian
categories such as mixed Hodge structures or motives there is however a functorial filtration (the

weight filtration) that induces a non-canonical splitting of the maximal reductive quotient.

A.3. Exactness criteria

A3.1. — Let H - G 2+ F be morphisms of affine group schemes over a field K. We say
that the sequence 1 - H — G 2, F — 1is exact if the following holds:

(1) The morphism i is a closed immersion.
(2) The morphism p is a faithfully flat.

(3) The composite p o i is equal to the trivial morphism H — Spec K — F

(4) The morphism H — ker(p) = Spec K X G obtained from the universal property of the

pull-back

is an isomorphism.

LEMMA A.3.2. — Let h: G1 — G2 be a morphism of affine group schemes over a field and denote
by w": Rep(G2) — Rep(G1) the induced functor between their categories of representations.

(1) The morphism h is a closed immersion if and only if every object of Rep(G1) is a sub-
quotient of an object in the essential image of w".

(2) The morphism h is faithfully flat if and only if W is fully faithful and its essential image
1s stable under subquotients.

PROOF. [26, Proposition 2.21] O

A.3.3. — One such criterion is given in [34, Appendix] and another one in section 4 of [29].
The following proposition is a compromise between the two. Notice that condition (1) alone is
not sufficient to ensure exactness. It is indeed equivalent to the statement that ker(p) is equal to
the normal subgroup of G' generated by im(i), or also, that the GIT quotient ker(p)/im(i) has no
non-constant regular functions. The typical example for this situation is the case where H is a
parabolic subgroup of N = G and F = {1}.

PrRoOPOSITION A.3.4. — A sequence of affine group schemes H 256G 25 F over a field of

characteristic zero K satisfying poi =1 is exact if the following two conditions are satisfied:

(1) For every representation V of G, the equality VH = Vker®) holds.
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(2) Every one-dimensional representation of H which is obtained as a subquotient of some
representation of G can be obtained from a one-dimensional representation of G. In other

words, the restriction map Hom(G,G,,) - Hom(i(H),G,,) is surjective.

PRrROOF. Let us write IV for the kernel of p, and suppose without loss of generality that H, G,
and F' are linear groups and that H is a subgroup of N C G via the inclusion i. We can deduce

from condition (2) that, for every representation V' of G, the equality
P(V)H =p(V)N (A.3.4.1)

holds. Indeed, a line (v) in V' which is stable under H corresponds to a character x: H — G,.
By hypothesis, we can extend this character to x: G — G,,. Let K(x~!) be the one-dimensional
representation of G with character Y ~!. Then, v® 1 € V ® K(x~!) is fixed by H, hence by N. It
follows that the line (v) is also stable under N. That the equality H = N follows from (A.3.4.1)
is an observation of dos Santos [29, Lemma 4.2 and 4.3]. The argument goes as follows: The
quotient G/H is a quasi-projective algebraic variety with G-action, G acting by left translation on
right cosets. By Chevalley’s theorem, there exists a representation V' of G and a G-equivariant
immersion a: G/H — PV. The point a(1) € P(V) is fixed by H, hence by N. This means that
the equality NH = H holds in G, hence H = N. O
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