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ABSTRACT. We answer in the negative Siegel’s problem for G-functions, as for-
mulated by Fischler and Rivoal. Roughly, we prove that there are G-functions
that cannot be written as polynomial expressions in algebraic pullbacks of
hypergeometric functions; our examples satisfy differential equations of order
two, which is the smallest possible. In fact, building on recent progress on
the generalized André—Pink—Zannier conjecture, we construct infinitely many
non-equivalent rank-two local systems of geometric origin that are not algebraic
pullbacks of hypergeometric local systems, thereby providing further counterex-
amples to Dwork’s conjecture and answering a question by Krammer. The
main ingredients of the proof are a Lie algebra version of Goursat’s lemma, the
monodromy computations of hypergeometric local systems due to Beukers and
Heckman, as well as results on invariant trace fields of Fuchsian groups.
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1. INTRODUCTION

In his 1929 memoir on applications of Diophantine approximation, Siegel [Sie29]
introduced two classes of functions of a single variable z that he named G-functions
and F-functions, as they were reminiscent of the geometric and the exponential
series, respectively. The present work focuses on G-functions: roughly, these are
power series F/(2) =Y. ., an2" with algebraic coefficients a,, € Q such that

(1) F(z) converges in a neighborhood of 0 and satisfies a linear differential
equation with coefficients in Q(z2);

(2) the sequence d,, of “common denominators” of ay,...,a, grows at most
exponentially with n.
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Siegel gave many examples of G-functions, with the primary ones being the so-called
hypergeometric functions, defined explicitly as

. ._ > (al)n s (a'p-',-l)n z"
(101) p+1Fp[a1, ceey Opt1; bl, ceey bp ‘ Z] = Z mm’

for parameters a; € Q and b; € Q \ Z<o, where (), is the Pochhammer symbol,
given by (z)o = 1 and (2), = 2(z +1)---(x +n—1) for n > 1. For example,
1Fo[1;0]2] = 7,5 2" is the usual geometric series.

Hypergeometric functions have a rich history. For p = 1, their coefficients seem to
have been first studied by Wallis in 1656 [Wal56, Scholium to Prop. 190], who coined
the term hypergeometric progression in contrast to the usual geometric progressions.
These functions were then studied by Stirling, Euler, Gauss, Riemann, and many
others; we refer the reader to [Dut84] for the early history of hypergeometric functions.
More recently, they were revisited by Katz in his influential works [Kat90, Kat96]
on differential equations and rigid local systems on a punctured projective line.

Conjecturally, G-functions are precisely the elements of Q[z] satisfying differential
equations of geometric origin, i.e. products of irreducible factors of Picard—Fuchs
differential equations arising from one-parameter families of algebraic varieties over Q;
see [And89, Intro. Conj.]. That solutions of Picard—Fuchs differential equations are
indeed G-functions was proved by André [And89, Intro. Thm. B}, and the converse is
the wide open Bombieri-Dwork conjecture. For this reason, G-functions have close
ties to arithmetic geometry [And25]. The main result of this paper is a concrete
statement about G-functions: we show the existence of a G-function that cannot be
expressed as a polynomial in algebraic pullbacks of hypergeometric functions.

n=0

1.1. Main results. The set of G-functions is closed under addition and multipli-
cation, as well as algebraic substitutions of the variable. Therefore, starting from
the hypergeometric G-functions (1.0.1), one can produce many new G-functions in
this way. The analog of Siegel’s problem for E-functions, as stated by Fischler and
Rivoal in [FR22, Question 7.1], asks whether this produces all G-functions:

Question 1.1.1 (Siegel’s problem for G-functions). Is it possible to write ev-
ery G-function as a polynomial with coefficients in Q in functions of the form

(1.1.1) w(z) - priFplar, ... app1;b1,...,0, | A(2)],

for integers p > 0, parameters a; € Q and b; € Q \ Z<o, and algebraic functions
u(z) and A(z) such that A(z) is holomorphic at z = 0, and A(0) = 07

The reason for the conditions on A is that G-functions are, by definition, centered
at zero. One can also work with a slightly more general notion that accommodates
poles and log terms, but we will ignore this subtlety in the introduction.

Remark 1.1.2. This is almost the exact analog of Siegel’s original problem
for E-functions, which was only recently answered in the negative by Fresan and
Jossen [FJ21]. The main difference is that there is much more flexibility in the case
of G-functions: while composing G-functions with algebraic functions A(z) as above
gives again G-functions, the same is seldom true for F-functions.

Fischler and Rivoal showed that Question 1.1.1 likely had a negative answer. In
fact, combining [FR22, Thm. 7.2] with the argument on page 90 of loc. cit. due to
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André, the exponential Grothendieck period conjecture from [FJ24, Conj.1.3.2] im-
plies that there are counterexamples to a weaker version of Question 1.1.1, assuming
further that the algebraic functions A have a common singularity at which they all
tend to co. Our main result provides unconditional and explicit counterexamples.
We say that a G-function is of differential order k if k is the minimal order of a
non-zero differential operator with coefficients in Q(z) annihilating it.

Theorem 1.1.3. The answer to Question 1.1.1 is negative. More precisely, there
exist G-functions of differential order 2 that cannot be written as a Q-polynomial
expression in functions of the form (1.1.1).

In fact, we prove that there are infinitely many such G-functions of differential
order 2, even up to reparametrizations of the coordinate z; this is Theorem 5.3.1,
which answers a question of Krammer’s.

As an explicit example, we show in Proposition 4.3.4 that the series expansion
at 0 of all solutions in Q[2] to the differential equation
P'(z) , z-10

2 E 18
where P(z) = (z — 1)(z — 2)(z — 82), are counterexamples. In particular, one such

solution is the G-function
: 1851 11 44 .
F(z)=1— 5 o 889 4 851985 0984489

(1.1.2) P(2)F"(z) +

F=0,

)

2052°  726192° 2143718784 175784940288

Remark 1.1.4. The André—Chudnovsky—Katz theorem that the minimal differen-
tial equation of a G-function has regular singularities and rational exponents, as
summarized in [And00, §3], implies that every G-function of differential order 1 is
algebraic, so the counterexamples to Question 1.1.1 in the above theorem have the
smallest possible order. One of the main points of the present work is to provide
examples of minimal order, which may moreover be explicitly computed as above.

1.2. A sketch of proof. Our strategy to prove Theorem 1.1.3 begins the same way
as that of Fresan and Jossen [FJ21] in the case of E-functions, in that we reformulate
the problem in terms of Tannakian categories. More precisely, we want to construct
two Tannakian categories H C G and reduce to proving that this inclusion is strict.

Following André [And89], we define G as the category of Q(z)(d,)-modules
arising from algebraic geometry in Definition 3.1.1. The construction of H is
slightly trickier than that from [FJ21], which is simply generated by the differential
equations of hypergeometric E-functions, since we must consider G-functions of the
form F(A\(z)) where F' are hypergeometric functions and A(z) algebraic functions.
Instead, we work with the Tannakian category H in Definition 3.2.1 generated
by Q(z)(0.)-modules of the form 7o, 75H, built from hypergeometric connections
with regular singularities H using correspondences

c
(1.2.1) ’”/ \ﬁ
P P,

where C' is a smooth projective curve and 7 and ms are finite Galois covers. We

deduce from a theorem by Katz [Kat90, §5.4] that H is a full subcategory of G.
At this point, our strategy for showing that H is not the whole G diverges from

that of Fresan and Jossen. Roughly, they prove that the similar inclusion H C E is
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strict by an ingenious analysis of the geometry of the singularities of the Fourier
transforms of objects of their category H. Because of the algebraic pullbacks in our
definition of H, the singularities tell us almost nothing in the present situation.

Our strategy is then to find some other invariant of objects of H. We do so by
analyzing the trace fields of objects of H (more precisely, their adjoint trace fields,
which have better properties; this difference will be suppressed in the introduction).
Under the Riemann-Hilbert correspondence, an object of H corresponds to a local
system on P!\ S for some finite subset S C P!(Q), and we may look at the field
generated by traces of elements of 1 (P! \ S) acting on the associated representation.

We first observe that the work of Katz on rigid local systems easily implies that
the trace field of a hypergeometric connection H is abelian (Proposition 2.3.2).
Naively, one may think (as we did initially) that it is enough to find a rank-two
connection V of geometric origin on P!\ .S whose trace field is not abelian. This does
not work, since the objects of H include arbitrary summands of tensor products of
hypergeometric local systems, and it is not clear at all that the property of having
abelian trace field is invariant under taking summands.

We get around this by applying a Lie algebra version of Goursat’s lemma due to
Fresan and Jossen, and deduce that if a simple object V of G belongs to H, then it
is Lie-generated by a single hypergeometric connection H, under a correspondence
as in (1.2.1). We then apply the computation by Beukers and Heckman (quoted
as Theorem 2.4.1 below) of the differential Galois groups of all regular-singular
hypergeometric connections; this allows us to deduce that, if V is of rank two with
the maximal possible differential Galois group, then the same must be true of H.

From here, we can apply the trace field argument as outlined above using certain
techniques related to the adjoint trace fields of rank-two local systems and Fuchsian
groups (Lemma 2.2.5). Therefore, to conclude the proof of Theorem 1.1.3, it suffices
to find such a V with non-abelian trace field. Indeed, one can find many examples
coming from rational Shimura curves.

1.3. Previous work. Siegel’s problem for G-functions is closely related to a conjec-
ture by Dwork [Dwo90, Conj. 7.4], which asked whether every G-function of order 2
with infinite monodromy may be written as

p1(2) -2 Filay, az; 01 | A(2)] + p2(2),

for some algebraic functions A\(z), u1(2), u2(2). A counterexample to Dwork’s con-
jecture was first found by Krammer [Kra96] by considering a Shimura curve and
crucially using Takeuchi’s classification [Tak77, Table 1] of arithmetic triangle groups.
Several more counterexamples were then given by Bouw and Méller [BM10], coming
from rational Teichmiiller curves. Our trace field criterion provides yet more coun-
terexamples to Dwork’s conjecture. With our techniques, we can also prove that
the examples of Krammer and Bouw and Moller negatively answer Question 1.1.1.

As already pointed out by Krammer [Kra96, §12] in 1996, his work provides only
finitely many counterexamples, up to reparametrizations of P!, to Dwork’s conjecture;
the same is true of that of Bouw and Moller. In Section 5, we show that there are
infinitely many “non-hypergeometric” G-functions (even up to reparametrizations
of P1), thereby answering the question raised by Krammer. These are provided by
local systems studied by Lam and Litt [L1.23], and applying the André-Pink—Zannier
conjecture in certain cases that were proven by Richard and Yafaev [RY25]. In a
recent work [vHvSZ23], van Hoeij, van Straten, and Zudilin computed explicitly



ON SIEGEL’S PROBLEM AND DWORK’S CONJECTURE FOR G-FUNCTIONS 5

the G-function corresponding to one of these local systems, and also suggested that
these give new counterexamples to Dwork’s conjecture.

As mentioned above, Fischler and Rivoal [FR22] provided a negative answer to
a weaker version of Question 1.1.1, assuming the Grothendieck period conjecture.
While the present paper was in preparation, Dreyfus and Rivoal raised a gener-
alization of Question 1.1.1 in [DR25, Question 3], and gave negative answers to
weaker versions of both the original and the generalized question. More precisely,
for each integer n they construct a G-function that is not a polynomial expression
with coefficients in C(z) of solutions of differential operators with n singularities,
and from this they deduce counterexamples under the additional assumption that
the A’s are rational functions with denominators of uniformly bounded degree.

1.4. Organization. This paper is organized as follows. In Section 2, we collect some
basic properties of G-functions, trace fields, and hypergeometric connections. In
Section 3, we construct the Tannakian categories H C G and reduce Question 1.1.1
to demonstrating that this inclusion is strict. Using the trace field argument,
Theorem 1.1.3 is proved in Section 4, where we provide counterexamples derived from
Shimura and Teichmiiller curves. Finally, in Section 5, we construct infinitely many
non-hypergeometric G-functions of order 2 using the generalized André-Pink—Zannier
conjecture for Shimura varieties of abelian type from [RY25]. Given that this paper
relies on results and techniques from various areas, we tried to include enough
background material to make it as self-contained as possible.

1.5. Notation. Throughout, Q denotes the algebraic closure of Q in C. A number
field is called abelian if its Galois closure has abelian Galois group.

We use calligraphic letters such as V to denote the vector bundle underlying a
connection, and bold letters such as V to denote local systems.

For a morphism f: X — Y of smooth complex varieties, we use f* and f, for the
pushforward and pullback of Z-modules, as in [Kat90, §5.1]. For T a Tannakian
category and an object M in T, we denote by (M)® the Tannakian subcategory
of T generated by M.
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2. PRELIMINARIES ON HYPERGEOMETRIC CONNECTIONS

After briefly recalling the definitions of G-functions and trace fields, we gather in
Proposition 2.3.2 and Theorem 2.4.1 the properties of hypergeometric connections
and their associated local systems on which the proof of the main theorem relies.
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2.1. G-functions and G-operators.

Definition 2.1.1. A G-function is a formal power series with algebraic coefficients
e —
G(z) = Z anz" € Q[z2]
n=0

that is annihilated by a non-zero differential operator L € Q[2](9,) and satisfies the
following growth conditions: for each n > 1, writing d,, > 1 for the smallest integer
such that d,aq,...,d,a, are algebraic integers, there exists a real number C' > 0
such that |o(a,)] < C™ and d,, < C™ hold for all o € Gal(Q/Q) and all n > 1.

The set of G-functions is closed under addition and multiplication; this is more
or less straightforward from the definition and was already observed in [Sie29]. It is
also closed under the Hadamard product

(FxG)(2) =) anbnz"
n=0

for F(z) =" janz" and G(z) = Y.~ ,bnz", as proved in [And89, Thm. D].

Definition 2.1.2. Let C{z}} denote the subring of C[z] consisting of power series
with positive radius of convergence. Write M for the differential algebra of convergent
Laurent series with monodromy [FJ21, §1.1], defined as

M := C{z}[(2")aec; log(2)]-

We denote by G the differential subalgebra of M consisting of complex linear
combinations of elements of the form

2% log(2)" F,(2),
for rational numbers a;, integers b; > 0, and G-functions F;.

Definition 2.1.3. A differential operator L € Q(z)(0,) is called a G-operator if L
admits a basis of solutions in the algebra G.

See [FJ21, §1.7] for the equivalence of this definition with the more Diophantine
one in terms of Galochkin’s condition which is usually found in the literature.

2.2. Trace fields and adjoint trace fields.
Definition 2.2.1. Let I" be a finitely generated group and p: I' - GL,(C) a
complex representation of I'.

(1) For any automorphism o € Aut(C), let o(p) denote the composition
I 2 GL,(C) - GL,(C).

The field of definition of p is k := C%, where G C Aut(C) denotes the
subgroup defined as G := {0 € Aut(C) | o(p) ~ p}.
(2) The trace field of p is the subfield of C generated by the traces of p(7), i.e.

Q({trp(y)|y€T}) cC.

We emphasize that, in our setup, the trace field is naturally a subfield of C;
in what follows, when we say that two trace fields are equal we mean that
they are the same subfield of C, and not just abstractly isomorphic.
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(3) The adjoint trace field of p is the trace field of the adjoint representation
ad(p): I' — GL(gl,,).

Note that as a representation of T', ad(p) decomposes as triv@ad’(p), where
triv denotes the trivial representation and ad’(p) the representation of T
on sl, C gl,, the subspace of traceless matrices. Then the adjoint trace
field of p is also equal to the trace field of ad’(p).

Remark 2.2.2. The adjoint trace field is contained in the trace field. Indeed,
let v € T" and suppose that p(y) has eigenvalues a1, . .., a;, counted with multiplicity.
Then the endomorphism ad(p)(y) has trace

> aay! = (o et ag ) = trp(y) ().
1<i,j<n
Remark 2.2.3. We highlight that, for I" and p as above, there is another natural
field which is the minimal field K C C such that p has a model over K. This in
general strictly contains the trace field of p—there is a Brauer obstruction class.
There seems to be some discrepancies in the literature about the naming of these
fields: we refer the reader to the discussion in [Cal24]. In any case, we will not use
the auxiliary field K in this paper, and hope that no confusions will be caused.

Lemma 2.2.4. The field of definition of a semisimple representation p coincides
with its trace field.

Proof. Let K and F' be the trace field and field of definition of p, respectively. We
keep the notation G C Aut(C) from Definition 2.2.1. Since o(p) ~ p holds for o € G,
we deduce trp(y) = tro(p)(y) = o(tr p(7)), and hence the inclusion K C F.

On the other hand, recall from [Boul2, §20 6, VIIL.376, Cor. (a)] that two
semisimple representations over a field of characteristic zero are isomorphic if and
only if they have the same characters. This implies that 7(p) is isomorphic to p for
all 7 € Aut(C/K), and hence Aut(C/K) C G. Therefore, K = F, as required. O

Lemma 2.2.5 (Maclachan—Reid). Let ' be a finitely generated subgroup of SLo(C),
and p: I' — SLo(C) the tautological representation. Suppose p is Zariski dense and
not unitary. Then, the adjoint trace field of p is an invariant of the commensurability
class of I, i.e. it is invariant under passing to finite index subgroups.

Proof. This is essentially [MR03, Lem. 3.5.6], as we now explicate. Our group I is
non-elementary [MRO03, Def. 1.2.1], i.e. its image in PSLy(C) does not have a finite
orbit in its action on the extended hyperbolic 3-space H? U C. Indeed, this amounts
to saying that no finite index subgroup of I' fixes a point in H? U C. For the sake of
contradiction, suppose that a finite index subgroup I'" C T fixes a point x € H? U C.
Recall that, for the action of SLy(C) on H? and C, the stabilizer of z € H? is SU(2),
and the stabilizer of z € C is a Borel subgroup. The first case implies that p
is unitary, and the second implies that I' is not Zariski dense. As both of these
contradict the assumptions, I' is non-elementary.

It then follows from [MRO03, Thm.3.3.4, Lem. 3.5.6] that Q({tr(+?) |~y € T'}) is
an invariant of the commensurability class, which is called the invariant trace field
in [MRO03, Def. 3.3.6]. But for a subgroup of SLy(C), the adjoint trace field of p is
precisely this invariant trace field because of the relation tr(y?) = —2+tr(Ad(y)). O
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2.3. Hypergeometric connections. We briefly review some facts and conventions
regarding hypergeometric connections. Let n > 1 be an integer and a,b € Q™. The
hypergeometric differential operator with parameters a and b is

n n

Hyp(a; b) := H(z@z +b;—1)—=z H(z@z +a;).

i=1 j=1
The hypergeometric functions ,4+1Fp[aq, ..., ap+1;01,- -, by | 2] from (1.0.1) in the in-
troduction are annihilated by the operators Hyp(ai, ..., apt1;b1,...,bp, 1). Thanks
to the closure under Hadamard products, to show that hypergeometric functions
are G-functions, it suffices to show that series of the form

Z (Z)n o

n=1 ( )n
are G-functions for a € Q and b € Q \ Z<(. Following Siegel [Sie29, Satz 5], this
reduces to showing that the least common multiple of 1,2,...,n is bounded by C™

for some constant C, which is a weak form of the prime number theorem.

Associated with the hypergeometric differential operator Hyp(a;b) there is a
connection H(a;b) of rank n on P'\{0, 1,00}, called a hypergeometric connection.
It has regular singularities at 0,1, oo, and is irreducible if and only if a; — b; ¢ Z for
all indices ¢ and j by [Kat90, Cor. 3.2.1]; by the Riemann-Hilbert correspondence,
there is an associated local system on P!\ {0, 1,00}, which we denote by H(a;b).

Assume now that n =p+ 1 for p > 0 and b,+1 = 1. We set «; = exp(2my/—1a;)
and B3; = exp(2m/—1b;), draw based loops around 0, 1, 00 as in [BH89, p. 328], and
denote by go, g1, goo the monodromy matrices of H(a; b) along these loops. (Notice
that the roles of o, 8; and a;,b; are interchanged with respect to [BH89].)

Proposition 2.3.1 ([BH89, Prop. 3.2, Thm. 3.5]). The elements go, g1, goo Satisfy

det(t — goo) = H(t — ),

det(t — g5 *) (t—Bi),

(2

rk(gr —Id) = 1, det(g1) = exp(2mv/=1) _(b; — a;)).

=1

I
e

Moreover, for each eigenvalue of goo, there is a unique Jordan block with this
eigenvalue, and the same is true of go.

We prove a result on the adjoint trace fields of rank-two hypergeometric local
systems for later use.

Proposition 2.3.2. The adjoint trace field F' of an irreducible hypergeometric local
system H(aq, az;b1,1) satisfies:

(1) F is contained in a cyclotomic field;

(2) F cannot be Q(v/D) for any odd squarefree integer D > 7.

Proof. The first part follows from Katz’s theorem on rigid local systems, as we
now explain. By Lemma 2.2.4, the trace field coincides with the field of definition.
In view of Remark 2.2.2, it then suffices to prove that the field of definition is
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contained in a cyclotomic field. For brevity, let us write H for H(a, as;b1,1). Since
the a; and b; are rational numbers, the eigenvalues of the local monodromies of H
around 0,1, 00 are roots of unity, and hence there exists a torsion rank-one local
system y such that H' := H ® x has trivial determinant. Since H has traces in a
cyclotomic field if and only if H' does, we are reduced to proving the statement
for H'. Let F' C C be the field generated by the eigenvalues of the local monodromies
of H" around 0, 1, oo, which is evidently contained in a cyclotomic field. We claim
that the field of definition of H' is contained in (and in fact equal to) F. Indeed, it
suffices to show that Aut(C/F) is contained in

G :={o € Aut(C)|oc(H') ~H'}.

The key point is that H' is physically rigid [Kat90, Thm. 3.5.4], i.e. it is determined
by its local monodromies. From this, we may now conclude: any o € Aut(C/F)
fixes the conjugacy classes of local monodromies of H', and hence H' itself.

We now prove the second part. Suppose that the adjoint trace field of H is Q(v/D)
for some odd squarefree integer D > 7. Write A = a1 /g, p = 1, v = 1 /(a12),
which are roots of unity of orders ¢, m,r, respectively. Then the traces of g, 90, 91
on the adjoint representation are given by

2+ A 24+t 24 v+l

respectively. Now A + A~! has degree ¢(£)/2 over Q, and similarly for u + p~*

and v+v~!. The assumption D > 7 implies that Q(\/ﬁ) is different from Q(¢+¢~1)
for any root of unity ¢, so A+ A71, u+ p~t, v + v~ must all be rational. In other
words, each of the integers ¢, m,r is one of 1,2, 3,4, 6.

As above, we twist H by a character to obtain a local system H’ with trivial
determinant. Doing so, the local monodromies at co, 0,1 have eigenvalues

(2.3.1) {an 2012 an By 20V 2Y (8L, BTV (w2 02

respectively, for some choices of square roots B% / 2, v1/2. Note that all the roots of
unity appearing in (2.3.1) have orders dividing 24. Since twisting by a character has
no effect on the adjoint trace field, we must have that Q(v/D) is contained in the
trace field of H'; by the above computation, we deduce that Q(\/E) is contained in

@(CQZL + 42741)7

where (o4 is a primitive 24-th root of unity. Note that [Q(Cos + C5yt) : Q(WD)] = 2,
and by transitivity of the discriminant, we have

Disc(Q(v'D)/Q)? | Disc(Q(Cas + ¢331)/Q).

Finally, one can check that the discriminant of Q(Cay + Cy') is 2% - 32, Since the
discriminant of Q(v/D) is D when D =1 (mod 4) or 4D when D = 2,3 (mod 4), we
conclude that D < 6, which is a contradiction. Therefore, the adjoint trace field
of H cannot be such a Q(v/D), as claimed. O

2.4. Differential Galois groups. This subsection reviews some results related to
the differential Galois groups of hypergeometric connections H(a;b), which are the
Zariski closures of the monodromy groups of the corresponding local system H(a; b).

We call a hypergeometric connection H(a; b) Kummer induced (resp. Belyi induced,
inverse Belyi induced) if it is the direct image of a hypergeometric connection along
a Kummer covering (resp. a Belyi covering of type (a, b), or an inverse Belyi covering
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of type (a,b), for a pair of positive integers (a, b)) of G,,\{1} as in [Kat90, (3.5)]).
We will sometimes simply say induced to include all these possibilities.

Theorem 2.4.1 ([BH89, Thm.6.5], also [Kat90, Thm. 3.5.8]). Assume that the
hypergeometric connection H = H(ay,...,an;b1,...,bn_1,1) is irreducible (i.e.
a; —bj ¢ Z for alli,j) and is neither Kummer induced nor Belyi induced nor inverse
Belyi induced. Let G be the differential Galois group of H. Write v = > b; — > a;.

(1) The group G is reductive, and G° = G,

(2) The group G®9* is either the trivial group, SL,,, SO,,, or (if n is even) Sp,,.

(3) If exp(2m/—17) # £1, then G*4°* = {1} or SL,,.

(4) If exp(2my/—17) = —1, then G>% = {1} or SL,, or SO,,.

(5) If exp(2my/—17) = 1, then G*4* = SL,, or (for n even) Sp,,.

3. TANNAKIAN REFORMULATION OF SIEGEL’S PROBLEM

In this section, we introduce the Tannakian categories H C G and argue that
the existence of an object of G that does not belong to H implies a negative answer
to Siegel’s problem for G-functions (see Corollary 3.2.7).

3.1. The category G. For a Zariski open U C P!, let Conn,s(U) denote the
category of integrable connections on U with regular singularities along P!\ U.
Let Mod,(Q(2)(9,)) be the category obtained as the inductive limit of Conn,(U),
as U ranges over all Zariski open subsets of U C P! that are defined over Q, under

the natural restriction functors.

Definition 3.1.1 ([And89, II, §2.3]). We define G as the smallest full subcategory of
the abelian category Mod,s(Q(2)(9.)) containing all direct summands of Hig (X/S)

for X a smooth proper scheme over S = Spec(Q(z)), as well as iterated extensions
of such.

As mentioned in the introduction, G is a subcategory of the category of G-opera-
tors discussed with the same notation in [FJ21, Def. 2.9]. In particular, objects of G
have a basis of solutions in the differential algebra G from Definition 2.1.2. These
two categories are conjecturally the same; see [And89, Intro.].

Proposition 3.1.2. The categories Mod,s(Q(2)(9:)) and G are Tannakian, and

the Tannakian group of each object M of Mod,s(Q(2)(0.)) is isomorphic to the
differential Galois group of M.

Proof. The category G is a tensor subcategory of Mod,s(Q(2)(9;)), so it suffices to
show that the latter is Tannakian. To do so, we need to construct a Q-valued fiber

functor w: Mod,s(Q(2)(9z)) — Vectg.

On each Conn,s(U), the nearby cycle functor at 0, denoted by Wy, is a faithful
exact tensor functor, 4.e. a Q-valued fiber functor. Then, the nearby cycle functor
Vg induces a Q-valued fiber functor on the inductive limit Mod,s(Q(2)(9.)).

For the final claim, as explained in [Kat87, §1.1], all fiber functors over Q are
(non-canonically) isomorphic, and the corresponding Tannakian groups are the
differential Galois groups. (]

Remark 3.1.3. Any object M in G comes from some connection M on an open U,
i.e. My is sent to M under the natural functor from Conn,s(U) to Mod,s(Q(2)(9,)).
By the differential Galois group of M, we mean that of M. This group does not

depend on the choice of U.



ON SIEGEL’S PROBLEM AND DWORK’S CONJECTURE FOR G-FUNCTIONS 11

Following [And00, §3.6], a Z4:1-module M, i.e. a Q[2](d.)-module, is said to be
of type G if its generic fiber M[z71], considered as a Q(z)(9,)-module, lies in G,
and similarly for Zpi-modules. Conversely, every object in G can be seen as the
generic fiber of some Z,1-module of type G. In the rest of this paper, we will not
make the distinction between Z-modules of type G and objects of G.

3.2. The category H.

Definition 3.2.1. We denote by H the Tannakian subcategory of Mod,s(Q(2)(9.))
generated by objects of the form o, w7 H, where m and 7y are finite (ramified)
Galois covers fitting into a correspondence

1 1
]P’@ P~

where C is a smooth projective curve, and H = j,H(a;b) is the direct image of a
hypergeometric connection by the inclusion j: P'\{0,1, 00} — P!

Note that H contains all connections with finite monodromy on P! minus finitely
many Q-points, since the trivial connection O is hypergeometric.

Proposition 3.2.2. The category H is contained in G.

Proof. By a theorem of Katz [Kat90, Thm. 5.4.4], every hypergeometric connection H
can be realized in the cohomology of a family of algebraic varieties on P!\ {0, 1, 00},
and hence belongs to G. If H is realized inside the cohomology of the generic
fiber of X — P!, then 7} is realized inside the cohomology of the generic fiber
of a resolution of singularities of the product X xp1 C. Finally, it is proved in
[And89, 11§2.3, Prop. 2] that direct images preserve differential modules of geometric
origin, so ma.7m]H belongs to G. O

In the following, we often omit the subscript Q when it is clear that we are

considering maps and objects defined over Q.

Lemma 3.2.3. The category H can be generated by objects of the form ma.miH,
where H is not of the form o, M for a ramified cover p: X — P! and a Dx-module M.

Proof. Assume that H is of the form ¢, M for a ramified cover ¢: X — P!. Arguing
as at the beginning of the proof of [Kat90, Prop. 3.5.2], we first see that ¢ is at most
ramified at 0, 1, co. The statement of [Kat90, Prop. 3.5.2] then gives that M is also
a hypergeometric Z-module, X = P!, and ¢ is either a Kummer cover of G,, or a
Belyi or inverse Belyi map. Let C1,...,Cy be the irreducible components of the
normalization of the fiber product C" = C X, p1 ., P!, and consider the compositions

@i C; = C 5 P and 9;: C; — € T P! as in the following diagram:
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By base change, we conclude that

k
mmsH = P pi i M.
i=1
Therefore, the differential module 71,75 H is generated by those constructed from M
using correspondences. O

Lemma 3.2.4. Every semisimple object of H is contained in the Tannakian sub-
category generated by objects mo, i H, where H is an irreducible hypergeometric
connection which is not induced.

Proof. The proof is similar to that of [FJ21, Prop.3.10]. It suffices to show that
any simple object M of H is contained in the Tannakian subcategory generated by
objects ma.miH, where H is an irreducible hypergeometric connection.

By definition of H, the object M is a subquotient of a tensor construction from
hypergeometric connections, i.e.

)} ®mq

* * ®m
(72,1277 1 H(a1; by @ @ [mo ke Har; bx)]

for some connection N with finite monodromy, some integers m;, some mor-
phisms o ; and m ; fitting into a correspondence, and some hypergeometric con-
nections H(a;; b;) (now a; et b; denote vectors in Q™ for some n; > 1). For ease of
notation, we assume that M is a subquotient of an object mo, 77 H (a;b), leaving the
general argument to the reader. By [Kat90, Cor. 3.7.5.2], the semi-simplification
of H(a;b) is given by

H(a;0)* =~ H(ao; bo) & D K ()

i=1
for some irreducible hypergeometric connection #H(ap;bg) and some Kummer con-
nections K(¢;) = (Og,,,d + ¢;dz/z) with rational ¢; € Q. We deduce that

(moui (a3 0))™ = (mzumiH(ao; bo))™ & P (maumi K (e))™.
i=1

Hence, M is either a subquotient of some ma. 7} K (¢;), which are connections with
finite monodromies, or a subquotient of w7} H(ag;by), where now H(ag,bp) is
irreducible. Similar to Lemma 3.2.3, we can assume that H(ag; bo) is not induced,
and this completes the proof. O

Proposition 3.2.5. Fvery G-function appearing in the formulation of Ques-
tion 1.1.1, i.e. any polynomial expression in

w(z) - pr1Fplar, ..., apy1;b1,. .., b | A(2)]
with coefficients in Q, is the solution of an object in H.

Proof. Using the fact that if fi, fo € G are solutions of differential modules &, &s,
then f; + f5 and f1fs are solutions of £ @ & and & ® &, it suffices to show that

(3.2.1) F(z) = pr1Fplar, ... aps1;b1, ..., 0, | A(2)]

is a solution of an object in H, where a;, € Q, b; € Q \ Z<y, and A(z) is algebraic
over Q(z), holomorphic at 0, and A(0) = 0.
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Since A is algebraic, there exists a monic irreducible polynomial P(t,z) € Q(2)[t]
of minimal degree satisfying P(A(z), z) = 0. Let X C A7 _ be the zero locus of P(t, z),
and denote by p; and ps the projections from X to A} and Al, respectively.

Let C be the normalization of the Zariski closure of X in ]P’[2T: 7:5]" The mor-
phisms p; and py also give rise to m; and 75 as follows:

C
Pl Pl.

Claim 3.2.6. There exist an analytic open neighborhood U of 0 € ]P’g‘m and an
analytic open subset W C C*" such that

(1) m2|w maps W biholomorphically to U, and
(2) w1 (W) contains A(0) € Pp*".

Proof of Claim 3.2.6. Since A(z) is holomorphic at 0, there exists a preimage ¢ € C*™
of (A(0),0) € X" an analytic open neighborhood W of ¢, and a local coordinate z
at ¢, such that the local parametrization on W is given by (A(2), 2) for z in some
open neighborhood U of 0. (]

Let V be a hypergeometric connection annihilating ,.1F,[a, b; z]. By the above
claim, the function F'(z) is a solution of (ma|w )« (71w )*V|z, (w)-

At last, there exists a Galois cover 7 : C — C such that w07 and m o 7 are both
finite Galois covers. Since (m2)«(71)*V is a subconnection of (w3 o 7). (7 0 T)*V,
the function (3.2.1) is also locally a solution of (mg 0 7). (7 o 7)*V. O

Similar to [FJ21, Lem. 5.6], we conclude from Proposition 3.2.5 the following:

Corollary 3.2.7. Suppose M is an irreducible object of G which is not in H, and
moreover that M is smooth at 0. Then there is a G-function which is a solution
of M and which cannot be written in the form specified by Question 1.1.1.

Proof. Recall that M admits a basis of solutions in the differential algebra G, and
denote by Hyp C G the subalgebra consisting of the functions in the formulation
of Question 1.1.1. For the sake of contradiction, suppose that s(m) lies in Hyp
for some element m € M and some solution s: M — G. Then Proposition 3.2.5
implies that there exist an object My of H, an element mqg € My, and a solution
s0: Mo — Hyp with s(m) = so(mg). We may assume that My is generated by my.
Since M is irreducible, the solution s is injective. Thus, m and s(m) have the
same annihilator ideal in Q[2](d.), and this ideal contains the annihilator ideal
of mg € Mp. There is therefore a unique morphism of Q[z](9,)-modules My — M
sending mg to m. As m is non-zero and M is irreducible, this morphism is surjective.
Being a quotient of My, the object M lies in H, which leads to a contradiction.
Finally, s(m) is a G-function, since it belongs to G and is a solution of the
module M around a smooth point. O

4. PROOFS OF MAIN RESULTS

The goal of this section is to prove Theorem 1.1.3, and to do so it suffices, by
Corollary 3.2.7, to construct an object of G which is not in H. To this end, we first
derive a key obstruction for a rank-two object of G to belong to H in Lemma 4.1.3.
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4.1. A consequence of Goursat’s lemma. Let T be a Tannakian category along
with some choice of fiber functor w. For an object A of T, we denote by G4 the
Tannakian group of A, so that the functor w induces a tensor equivalence

(4)® 2= Rep(Ga).

The Lie algebra of the algebraic group G 4 will be denoted by ga; we may also
view g4 as the adjoint representation of G 4, and going through the above equivalence
we obtain an object of (4)®, denoted by 9,

Definition 4.1.1. For objects A and B of a Tannakian category T, let gp and gagn
denote the Lie algebras of the Galois groups of B and A & B, respectively. We say
that A is Lie-generated by B if the natural morphism of Lie algebras

94eB — 9B
is an isomorphism. If A is Lie-generated by B, then there is a surjection gg — ga.
We will make use of the following version of Goursat’s lemma for Lie algebras:

Lemma 4.1.2 ([FJ21, Lem. 4.5]). Let T be a Tannakian category generated by a fam-
ily of objects B. Let A be an object of T such that g is simple and non-commutative.
Then A is Lie-generated by a single object of the family B.

We now come to the main criterion of our work.

Lemma 4.1.3 (Key criterion). Let A be a rank-two object of G with differential
Galois group SLs. Suppose that A is Lie-generated by an object of the form mwa,miH,
where H s an irreducible hypergeometric connection, which is not induced, and 1
and Ty are maps fitting into a diagram as in Definition 3.2.1. Then H is of rank
two with gy = sly.

Furthermore, the adjoint trace field of A, i.e. the trace field of adO(A), 1s 1somor-
phic to the adjoint trace field of H. Here adO(A) denotes the connection given by
the traceless endomorphisms of A.

Proof. By assumption, A is Lie-generated by w7, and hence 735 A is Lie-generated
by 75 (w2, H), as objects in the Tannakian category of differential modules on C'.
Since 7, is a finite Galois cover, by Mackey’s induction-restriction formula we have

3 (mamiH) = @ (M),
g
where the sum is over automorphisms o: C' — C covering 7o, and the superscript ¢
denotes the pullback under o.

For brevity, let us write V := n{H. Then gy = gy = gy, where the last
isomorphism follows from [Kat87, Prop.1.4.4]. On the other hand, g4 = sly is
a quotient of @, gy-. Since H is irreducible, gy is a semisimple Lie algebra by
Theorem 2.4.1; as gy surjects to slo, by inspection of the groups appearing in
Theorem 2.4.1 we deduce that H is of rank two with gy = sls.

It remains to prove the statement about trace fields, and for this, we may pass
to a non-empty open subset U C P! such that A is smooth on U, and b,V is
smooth on 7, *(U) C C. Let F,q0(3) be the adjoint trace field of H, and similarly
for m{H. So for any o, the trace field of g, Is the same as F,qo(r:4), which is a
priori a subfield of F,q0(%). On the other hand, there is a surjective morphism

I @QW 8
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where g, and g_, , are regarded as objects of the Tannakian subcategories (V7)®
- 72
and (75 A)® of G. Each g, i simple and f is surjective, so g.,1s isomorphic to a
- "2
direct sum of some of the g,,,. From this we deduce an isomorphism g_, , = g,,, for

one automorphism o since both objects have the same rank. Therefore, the trace
field of 9rsa is isomorphic to that of F,qo(xx4)-

Finally, Lemma 2.2.5 implies that the adjoint trace fields of A and H are both
invariant under passing to finite index subgroups, as we now explain. It suffices to
show this for the Galois conjugates o(A) and o(#H) for some choice of o € Aut(C);
here, by Galois conjugates we mean the connections corresponding to ¢ applied to
the local systems for A and H, respectively. Since A has infinite monodromy, it has
a Galois conjugate which is not unitary, and for ease of notation we assume this
is A itself; then H must also be non-unitary, as it Lie-generates A. Now both A
and H satisfy the assumptions of Lemma 2.2.5, and so their adjoint trace fields are
commensurability invariants.

In conclusion, we now have

FadU(A):FgA:FB

8., = Fad(miH) = Fad“(?‘-l)a
2

as required. O

It remains to explicitly construct a rank-two object A of G as in Lemma 4.1.3
that violates its conclusion, i.e. whose adjoint trace field cannot be isomorphic to
that of a rank-two hypergeometric connection.

4.2. Recollections on Shimura curves. We first collect some preliminaries
regarding Shimura curves. We will try to take a down-to-earth approach here as
that is all that is necessary for our applications. For more details on quaternion
algebras, Shimura curves, and other things, we refer the reader to the excellent and
comprehensive book of Voight’s [Voi2l, §38].

Let F be a totally real number field and B a quaternion algebra over F' which is
split at a unique infinite place o: F' — R. There is, therefore, an isomorphism

B ®p, R My(R).

There is a unique involution ~: B — B, known as the standard involution (see
[Voi2l, §3.2]), so that for any v € B, the reduced norm nrdy := ~7 lies in F. The
extension of scalars of nrd to B ®p , R = M»(R) is simply the determinant. For any
order O C B, let O; C O denote the elements of reduced norm 1; there are maps

le — (B RF, R)rfrdzl = SLQ(R) — PSLQ(R)

Let I' € PSLy(R) denote the image of this composition, so that the above map
factors as O — Oy /{£1} ~T C PSLy(R).

Proposition 4.2.1. The quotient T\$ is in bijection with the complez points of a
complex orbicurve Shp o; moreover, the latter can be defined over Q.

Proof. For a nice exposition, we refer the reader to [Mil03, p. 36]. O
Definition 4.2.2. We refer to Shp ¢ as the Shimura curve attached to (B/F, O).

Proposition 4.2.3. Let S C Shp o be the set of orbifold points, and Shy o the
complement of S. Consider the representation

p: Wl(Sh%,O) — PSLQ(R) — GLg((C),
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with the last map being the adjoint representation of PSLo(R). Then

e p has trace field equal to o(F);
o if Sh%’o is rational, then p may be lifted to a representation

(4.2.1) p: m(Shp o) — SLa(R).
Moreover, any such lift is of geometric origin.

Proof. The first part follows from [MR03, Thm. 8.3.9] and Lemma 3.5.6 of loc. cit..

For the second part, if Sh; ¢ is rational, then its fundamental group is free, so one
lifts p by choosing any lift to SLy(IR) of the images by p of the generators of 71 (Shi o).
For the claim that such a p is of geometric origin, see for example [CS08, Thm. 9.3]
(where the authors treat the more general case of quaternionic Shimura varieties),
combined with the fact that any polarized integral variation of Hodge structures of
weight one comes from a family of abelian varieties. O

Definition 4.2.4. In the case when Sh} , is rational, we refer to any of the
rank-two local systems (4.2.1) as a uniformizing local system.

4.3. Non-hypergeometric G-functions from Shimura curves. We are now
able to prove the main theorem from the introduction.

Proof of Theorem 1.1.3. By combining Lemma 4.1.2 and Lemma 4.1.3 with Propo-
sition 2.3.2, to prove Theorem 1.1.3, it suffices to find a non-unitary local system of
geometric origin with differential Galois group SLs and non-abelian adjoint trace
field on a punctured projective line.

Claim 4.3.1. Suppose Shg ¢ is a Shimura curve which

e is rational,

e and is associated with a non-split quaternion algebra B over a totally real
cubic number field F' which is non-abelian (equivalently, the Galois closure
of F' has Galois group S3 over Q).

Let IL be a uniformizing rank-two local system on Sh% o, as in Definition 4.2.4. Then
the adjoint trace field of L is o(F') C C for some embedding o: F' — C. In particular,
the adjoint trace field of L is non-abelian. Moreover, L has SLs-monodromy.

Proof of Claim 4.3.1. The claim about trace fields is contained in Proposition 4.2.3;
for the second part, by construction L is Zariski dense in SLo(R), as required. O

For explicit examples of Shimura curves satisfying the assumptions of Claim 4.3.1,
we refer the reader to [Voi09, Table 4.3]; for example, we can take the first entry of
the second column, where the cubic field F' has discriminant 148, and the signature
of the Shimura curve is (0;2%,3). The latter notation means that the Shimura
curve is rational with four orbifold points with stabilizers Z/2Z,7Z/2Z,7/27,7/3Z,
respectively. Note that F' is a non-abelian extension since the discriminant 148 is
not a square: indeed, the Galois closure of a cubic number field has Galois group
either Z/3Z = Az or S3 and both cases are distinguished by the discriminant being
a square or not. This concludes the proof of Theorem 1.1.3. O

Remark 4.3.2. In fact, there is a plentiful supply of counterexamples coming
from such Shimura curves. For example, just for Shimura curves attached to cubic
fields F' as above, [Voi09, Table 4.3] gives 45 examples; amongst these examples, the
biggest discriminant of F' is 1593.



ON SIEGEL’S PROBLEM AND DWORK’S CONJECTURE FOR G-FUNCTIONS 17

Remark 4.3.3. As mentioned in the introduction, any uniformizing local system
on a Shimura curve satisfying the hypotheses of Claim 4.3.1 gives a counterex-
ample to Dwork’s conjecture [Dwo90, p.784]. In this way, we provide many new
counterexamples to this conjecture.

Using Lemma 4.1.3, we may rule out even more Shimura curve examples by
arguing as Krammer does in [Kra96, §11]:

Proposition 4.3.4. Suppose Shp o is a rational Shimura curve attached to a
quaternion algebra B over Q, whose discriminant is not (1) or (2)(3). Then any of
the uniformizing rank-two local systems on Shi o is not an object of H.

Note that we slightly abuse terminology and say that “IL is not an object of H”
to mean the same for the associated connection under Riemann—Hilbert.

Proof. Suppose L is a uniformizing rank-two local system on ShOB’O, and that
moreover, it is an object of H. Note that, by the construction of Shimura curves,
the image of the associated representation in PSLs(R) is a discrete subgroup.
By Lemma 4.1.3, we have that L is Lie-generated by ma.miH for some rank-two
hypergeometric local system H and covers m; and w9 fitting into a correspondence
as in Definition 3.2.1. This implies that the monodromy group P (i.e. the image of
the associated representation, and not the Zariski closure) of H is commensurable
to that of L. Since the hypergeometric monodromy groups that are Fuchsian are
precisely the triangle groups, we deduce that P is

e commensurable with a triangle group, and

e arithmetic.

The arithmetic triangle groups were classified by Takeuchi [Tak77], and the only
ones associated with quaternion algebras over Q are the ones with discriminants (1)
and (2)(3), which contradicts our assumption. Therefore, L is not in H. O

Example 4.3.5. Krammer gives an example of a Shimura curve satisfying the
assumptions of Proposition 4.3.4. In this case, B is the unique quaternion algebra
over Q ramified at the primes 3 and 5, and O C B is a certain explicit order as
given in [Kra96, §10, Eq. (11)]. Then Shy ,, = P' \ {0,1,81,00}. One choice of the
uniformizing differential equation is given as Equation (10) of loc. cit., and centering
this at z = —1 we obtain (1.1.2) in the introduction.

4.4. Examples from Teichmiiller curves. In this section, we give yet more
examples of non-hypergeometric G-functions, this time coming from Teichmiiller
curves. Recall that a Teichmiiller curve is a smooth complex algebraic curve X
along with a morphism X — M, for some g > 2 such that X is geodesic for the
Teichmiiller metric on M. These are very special curves in M, and we refer the
reader to [Mol06, §1.3] for other characterizations as well as detailed properties
of such curves. Let m: € — X be the pullback of the universal family of curves
over M. The uniformization of X gives a representation m1(X) — PSLy(R), which
we refer to as the uniformizing representation.

Proposition 4.4.1 ([M6l06, Prop. 2.4]). The local system R'm.C has a rank-two
local system 1L, with trivial determinant, as a direct summand which is uniformizing
in the following sense: if we write pr: m1(X) — SLa(C) for the representation
corresponding to I, then the composition
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is conjugate to the uniformizing representation of X.
We refer to such an IL as a tautological local system on X.

Proposition 4.4.2. Suppose X is a rational Teichmiiller curve, and L is one of
its tautological local systems. If the adjoint trace field of L is Q(v/D) for some
squarefree integer D > 7, then I does not correspond to an object of H under the
Riemann—Hilbert correspondence.

Proof. As the tautological local system L corresponds to the uniformizing represen-
tation (under the composition (4.4.1)), it in particular has Zariski-dense monodromy.
Let £ denote the connection associated with L, and assume that £ is an object
of H. Then Lemma 4.1.3 implies that £ is Lie-generated by an object of the form
o« H (with notation as in the statement of the lemma), where H is a rank-two
hypergeometric connection with the same trace field as that of L, namely Q(+/D)
for some D > 7. On the other hand, Proposition 2.3.2 says that no such H exists,
and hence £ cannot be an object of H, as required. O

Remark 4.4.3. The set of Teichmiiller curves to which Proposition 4.4.2 applies is
non-empty: examples were constructed by McMullen in [McMO03, Thm. 9.8]. The
required claim about the trace fields of these Teichmiiller curves follows from the
proof of Cor. 7.3 of loc. cit.. We refer the reader to [BM10, §1] for a summary of the
properties of these Teichmiiller curves.

5. INFINITELY MANY NON-HYPERGEOMETRIC G-FUNCTIONS OF ORDER TWO

In this final section, we give infinitely many examples of non-hypergeometric
G-functions of differential order 2, thereby answering a question raised by Krammer
in the context of his counterexample to Dwork’s conjecture; see [Kra96, §12]. We
start with a very rough sketch of the argument to help orient the reader.

Let My 4 denote the moduli space of curves of genus 0 with 4 marked points,
and 7: Cp 4 — Moy 4 the universal 4-punctured genus 0 curve. The idea is to con-
sider a local system V on Cp 4 arising from a family of abelian varieties, which
was constructed in a previous work of Lam and Litt, and to show that its restric-
tions to most fibers of m: Cy4 — My 4 do not come from algebraic pullbacks of
hypergeometric local systems. Indeed, if the contrary holds, then our trace field
argument implies that the restrictions of V to infinitely many fibers come from a
single hypergeometric local system. This in turn implies that the image of Cy 4
under the period mapping associated with V intersects Hecke translates of a fixed
curve at many points, i.e. there are many unlikely intersections. This violates the
André-Pink—Zannier conjecture (which is a theorem of Richard and Yafaev in our
case of interest) in the theory of unlikely intersections, from which we may conclude.

5.1. A family of rank-two local systems.

Proposition 5.1.1. For each integer m > 1, there exists a dominant étale morphism
h: M — My 4 fitting in a Cartesian diagram

5 e 6074

(5.1.1) J l

M L) M0,4
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and a rank-two complex local system V with trivial determinant on C satisfying:

(1) for each closed point p of Mv, the Zariski closure of the image of V|C~ is SLa,
P
and the local monodromy is conjugate to

o 1)

at three of the punctures of c~p, and to

)

at the remaining puncture. Moreover, V\fcv has trace field Q(C+¢™1), where ¢
is a primitive m-th root of unity; ’

(2) there exists a family of principally polarized abelian varieties m: A — C such
that the local system 'V is a direct summand of R'7,.C. Form > 5, this local
system is not pulled back from a curve, i.e. V is not isomorphic to b*U for
any map b: C — B to a smooth curve B, and any local system U on B.

Proof. This follows from [LL23, Thm. 1.1.4, Thm. 1.1.6] and their proofs, as we now
explain. The rank-two local systems of these results of loc. cit. are obtained as
follows: for each m > 1 and A € C\ {0, 1}, consider MC_; (W), where

e MC_; denotes Katz’s middle convolution functor with respect to the unique
non-trivial rank-one local system of order 2 on G,,. For our purposes, we
simply take MC_; to mean a certain functor from the category of local
systems on P!\ {0,1, ), 00} to itself, though it can be phrased much more
generally in the language of perverse sheaves: for a definition of this functor
which stays in the realm of local systems, see [LLL23, Defn. 3.1.1];

e W is given by the direct image f°IL where f: E — P! is the double cover
ramified at 0,1, A, 00, and f° denotes the restriction f|g\{5-1{0,1,7,001};

e LL is the restriction to E \ {f71{0,1,\,00}} of a torsion rank-one local
system of order m on the elliptic curve E.

Then MC_(W) is a local system on P*\ {0,1, A\, 00}. The computations of the rank
and the local monodromies of MC_;1 (W) are recorded in [LL23, Prop. 3.1.1]; note
that it has trivial determinant. Moreover, it is MCG-finite, i.e. has a finite orbit
under the action of the mapping class group of P!\ {0, 1, \, 0o}, since the functor
MC_; is equivariant for the action of the mapping class group and local systems
with finite monodromy are MCG-finite. Hence, MC_; (W) extends to a diagram
of the form (5.1.1) by [LL24, Cor. 2.3.5]; note that loc. cit. makes the assumption
that g > 1, but this assumption is used only through [L1.24, Lemma. 2.3.2], which is
automatic in our case since MC_1 (W) has trivial determinant. It is also possible
to give a direct argument for the existence of the morphism h: M = Mpop.a as
in [Kat96, proof of Thm.5.5.4].

We now prove the claim about trace fields, or equivalently, by Lemma 2.2.4 the
fields of definition. Note that, as can be seen from its definition, MC_; is Galois
equivariant: more precisely,

MC_l(M ®C7g’ (C) >~ MC_l(M) ®Cﬁg (C,

for any local system M on P!\ {0,1, A, 00}, and any automorphism o: C — C.
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Therefore, it remains to check that f°IL has field of definition Q(¢ + ¢~ 1), for ¢
a primitive m-th root of unity. This is immediate from the definitions and the
assumption that I has order m.

The claim that the local system V comes from a family of abelian varieties follows
from [LL23, Thm. 1.1.6].

Finally, we check that V is not pulled back from a curve. Recall that the restriction
of V to each fiber P!\ {0,1, )\, 00} is a MCG-finite local system, and such V that
are of “pullback type”, i.e. pulled back from a curve, may be classified following
e.g. the analysis in [Dial3], as we now explain. Suppose for the sake of contradiction
that V is of pullback type, i.e. there exists B,b and U as in the statement of the
proposition. Note that U must be irreducible, and therefore rigid, since this is true
of any irreducible rank-two local system on P!\ {0, 1, 00}.

Then Diarra [Dial3, Prop. 2.6, Prop. 2.7] shows that the curve B may be taken to
be P\ {0,1,00}. Now let po, p1, P € Z>1 U {00} be the orders of the monodromies
of U around 0,1, oo, respectively; let us assume without loss of generality that
po < p1 < Poo. Since, for any p € M, the local system V| g, has infinite monodromies

at all four punctures, we must have p,, = oco.
Now [Dial3, Table following Remarque 3.3] gives the possible values of pg, p1,
as well as d := deg(blz ). If our (po,p1,pso) is in the second, third, or fourth

row, the trace field of U, and hence that of V, would be Q, contradicting the

assumption m > 5. Therefore, (pg, p1, Poo) must be in the first row, so that d = 2.

This forces p; = oo, since V| ¢ has four cusps with infinity monodromy. This implies
P

the trace field of U is QQ, again a contradiction, as required. O

5.2. The André—Pink—Zannier conjecture. We will next show that the existence
of only finitely many non-hypergeometric G-functions of order 2 would contradict
the André-Pink—Zannier conjecture in the cases proven by Richard and Yafaev.

Theorem 5.2.1 ([RY25, Thm.1.3]). Let sg be a point of a Shimura variety of
abelian type Shi (G, X). Let Z C Shi(G,X) be a subvariety whose intersection
with the generalized Hecke orbit of sy is Zariski dense. Then, Z is a finite union of
weakly special subvarieties.

Let us briefly introduce the objects in the statement, referring the reader to
[RY24, §2] for more details on generalized Hecke orbits. Recall that the Shimura
variety S = Shx (G, X) is the double quotient G(Q)\(X x G(Ay))/K, where (G, X)
is a Shimura datum and K a compact open subgroup of G(Ay). A point of X
is given by a morphism of real algebraic groups S := Res¢/r(Gm) — Gr, and its
Mumford-Tate group is the smallest Q-algebraic subgroup of G containing its image.
We normalize (G, X) in such a way that G is the generic Mumford—Tate group of X.
Each representation of G gives rise to a local system on S, and we refer to such a
local system as tautological.

Let so = [z0,go] be a point of S and let M be the Mumford-Tate group of z.
The generalized Hecke orbit of s¢ is the set of [¢ o zg,g] with ¢ € G(Ay) and
» € Hom(M, G) satistying ¢ o xg € X.

Very roughly, if S parametrizes abelian varieties with extra Hodge tensors, one
may think of two points being in the same generalized Hecke orbit if the corresponding
abelian varieties are isogenous, with no extra constraints on the Hodge tensors.
Along the same lines, we have the following:
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Proposition 5.2.2. Let Vg g be one of the tautological Q-variations of Hodge struc-
tures on S = Shi (G, X). Suppose so,s1 € S are such that there is an isomorphism
of Q-Hodge structures

Vsa.s0 = Vs,0s-
Then, sy is in the generalized Hecke orbit of sg.

Proof. Suppose s; = [x;,g;]. Fori = 0,1, let M(s;) denote the Mumford—Tate group
of Vg q,s,- Using the morphisms x;, we have morphisms of Q-groups

(bil M(Sl) — G.
The isomorphism Vg g, =~ V0., induces an isomorphism M (sq) = M(s;) such

that the diagram

M(so) -2 G

(5.2.1) l lid

M(sy) -2 G

commutes. Then, taking ¢ := ¢; o ¢ in the definition of the generalized Hecke orbit
suffices. O

5.3. Main result. We keep notation from Proposition 5.1.1.

Theorem 5.3.1. Let m be an integer such that ¢(m)/2 is odd > 3. Then there

exists a finite set Sexe C M(@) such that for any p € M(@) \ Sexc, the vector bundle
with connection corresponding to the local system V|5 is not an object of H.
P

Moreover, we can choose infinitely many points p1,pa, -+ € M(@) \ Sexc such
that for i # j, the local systems V|5 and V|C~ cannot be identified with each other
P; Py

via an automorphism of P! and tensoring by a rank-one local system.
Proof. We first show that there exists a finite set Seyc for which the first condition

holds. Suppose the contrary, so that there are infinitely many points p; € M (Q)
such that the connection associated with V| G belongs to H. For brevity, we write V;
Pi

for the local system V|5 on Cp,-
v

By Lemma 4.1.2 and the proof of Lemma 4.1.3 (in particular, the sentence “..we
deduce an isomorphism 9., = gw...”), for each i, there is
s g

e a correspondence diagram

o
v
W; Cpis

with 7 and 7o finite étale and Galois, where W; C P!\ {0,1, 00}, and
5;’1_ C C:,i are non-empty Zariski open subsets,

e alocal system H; on W; which is the restriction of a rank-two hypergeometric
local system on P!\ {0, 1,00}, such that

(5.3.1) ad®(m3V;) ~ ad® (71 H,).
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Now let K = Q(¢ + (1) C C be the trace field of V;, and K’ C K the adjoint
trace field. Note that [K : K'] is a power of 2, since tr(ad(v)) is the square of tr(7y)
for v € SLy. As we are assuming that [K : Q] is odd, this implies K = K’.

By (5.3.1) and Lemma 2.2.5, K is equal to the trace field of ad®(H;).

It follows straightforwardly from the rigidity of hypergeometric connections and
Proposition 2.3.1 that there are only finitely many rank-two hypergeometric local
systems with adjoint trace field K; therefore, by the pigeonhole principle, we may
assume that all the H,’s are obtained as restrictions of the same hypergeometric
local system. Abusing notation, we now denote each H; by the same symbol H.

Let {7;} € Aut(C) be a set of automorphisms whose restriction to K give the
set of embeddings of K into C; for any complex local system L and 7 € Aut(C), we
write 7(IL) for the Galois conjugate local system.

Summing over Galois conjugates, we deduce from (5.3.1) that there is an isomor-
phism of local systems

(5.3.2) GBad0 w1 (V @ado w7 (H

As V comes from a famlly of abelian varieties, @, 7;(V) underlies a polarized
Z-variation of Hodge structures (Z-PVHS). This induces a Z-PVHS structure on
the left-hand side (5.3.2), which in turn induces one on the right-hand side: note
that this latter Z-PVHS structure may depend on i. We now use these integral
structures in the case i = 1 to define corresponding period maps; let us write W
for Wi. Replacing W by an étale cover if necessary (since the Z-structures on
these local systems may not agree on the nose), we may assume that the Z-PVHS
on (P, ad®(n}7;(H)) is pulled back from W.

We deduce that there exists a period domain T'\D™, with its tautological Z-PVHS
Vryp+ (see for example [KIil7, §3.3], where I'\D™ is referred to as a connected
Hodge variety), and period maps

iv:C—T\Dt, ig: W — T\DY,

such that i Vr\p+ and igVp\ p+ are isomorphic to

P ri(ad’V) and P ri(ad’H
respectively. We may assume that iV(CN) is Mumford-Tate generic in T\D*
In fact, this period domain is a Shimura variety of abelian type (more precisely,
a Hilbert modular variety) attached to Resg SLy, up to center, as ad’(75V) has
monodromy group PGLy and trace field K; therefore I'\D™ has dimension [K : Q).
For any p € Mv, as V|5p has monodromy SLs and trace field K, it follows

that iV(C:,) is also Mumford—Tate generic. Using the correspondence between 51,1
and Wy, we deduce that the same holds for iy ().

Fix w € W such that the Hodge structure b, 7; (ad"H,,) is Mumford-Tate
generic in T\D'. We may assume that w € W; for all 4, since NW; is obtained
from W by removing countably many points.

Then (5.3.2) implies that, for each p;, there is a point ¢; € ma(n7 H(w)) C Cp,
such that there is an isomorphism of Q-Hodge structures

@ad Vi) @ad (rj(H

J
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By Proposition 5.2.2 this implies that, for each i, the point iy(g;) is in the generalized
Hecke orbit of i (w); note that iy(q;) is also Mumford-Tate generic in T\D*.

Let Z C T'\D™T be the Zariski closure of iy(q1),iv(q2),.... Applying Theo-
rem 5.2.1, we deduce that Z is a finite union of weakly special subvarieties. On the
other hand, each iy(g;) is Mumford—Tate generic, which implies that Z = I'\D™.
This is a contradiction since dim Z < dimC = 2. We have therefore shown the
existence of such a Sexc. .

Now fix an infinite sequence of points pi, pa,... € M(Q) \ Sexe, and as before
write V,; for V|5p . For ¢,j, we say that V; and V; are equivalent if they are

isomorphic after applying an automorphism of P! and tensoring with a rank-one
local system; this is an equivalence relation on the set {V;}. The same argument
using Theorem 5.2.1 shows that there must be infinitely many equivalence classes,
and we may conclude. O
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